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PREFACE

Thi s suppl enent has been prepared for use in conjunction with
the seventh editions of ELEMENTARY DI FFERNTI AL EQUATI ONS AND
BOUNDARY VALUE PROBLEMS and ELEMENTARY DI FFERENTI AL EQUATI ONS,
both by WE. Boyce and R C. DiPrinma. The supplenent contains a
sanmpling of the problens fromeach section of the text. |n npst
cases the conplete details in determning the solutions are
given while in the remai nder of the problens hel pful hints are
provi ded. The problens chosen in each section represent,
wherever possible, the variety of applications and types of
exanpl es that are covered in the witten material of the text,
thereby providing the student a conplete set of exanples from
which to | earn.

Students should be aware that followi ng these solutions is very
di fferent from designing and constructi ng one's own
solution.Using this supplenental resource appropriately for
learning differential equations is outlined as foll ows:

1. Make an honest attenpt to solve the problemw thout using
t he gui de.

2. |If needed, glance at the beginning of the solution in the
gui de and then try again to generate the conplete
sol ution. Conti nue using the guide for hints when you reach
an i npasse.

3. Conpare your final solution with the one provided to see
whet her yours is nore or |less efficient than the guide,
since there is frequently nore than one correct way to solve
a problem

4. Ask yourself why that particular problem was assignhed.

The use of a synbolic conputational software package, in many
cases, would greatly sinplify finding the solution to a given
probl em but the details given in this solutions manual are

i mportant for the student's understandi ng of the underlying

mat hemati cal principles and applications. In other cases, these
software packages are essential for conpleting the given

probl em as the cal cul ati ons woul d be overwhel m ng using

anal ytical techniques. In these cases, sone steps or hints are
given and then reference nade to the use of an appropriate

sof tware package.
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In order to sinplify the text, the foll ow ng abbreviations have
been used:

boundary condition(s)
P. boundary val ue probl en(s)

D. E. differential equation(s)

O.D.E. ordinary differential equation(s)
P.D.E. partial differential equation(s)
I.C initial condition(s)

I.V.P. initial value problen(s)

B. C.

B. V.

I wish to express nmy appreciation to Ms. Susan A. Hickey for
her excellent typing and proofreading of all stages of the
manuscript. Dr. Josef Torok has al so provided inval uabl e
assistance with the preparation of the figures as well as
assistance with many of the solutions involving the use of
synmbol i ¢ conput ati onal software

Charl es W Hai nes

Pr of essor of Mathematics and
Mechani cal Engi neering

Rochester Institute of Technol ogy

Rochester, New York

June 2000



CHAPTER

CHAPTER

CHAPTER

CHAPTER

CHAPTER

CHAPTER

CHAPTER

CHAPTER

CHAPTER

CHAPTER

CHAPTER

CONTENTS



Section 1.1, Page 8

CHAPTER 1 1

2.

11.

13.

15a.

15b.

For y > 3/2 we see that y" > 0 42227
and thus y(t) is increasing there. o7

‘://////////I'///,‘/!/'o’
For y < 3/2 we have y’ < 0 and thus JZZCCoizzzzzzzzszsss
y(t) is decreasing there. Hence D R
y(t) diverges from3/2 as t —oo. k emearrcan

" e

bserving the direction field,

we see that for y>-1/2 we have ' 1 & t

y <0, 50 the solution is HHHRHHE
) ) . ",

decreasi ng here. Likew se, SR RS R R R R R R R

for y<-1/2 we have y>0 and R R RN

. . . ‘.% S T,

thus y(t) is increasing here. ‘:;:‘hhhﬂ_m_&‘z‘cﬁuﬁéﬂ“}g

Since the slopes get closer to Y257 555555255555555
H

zero as y gets closer to -1/2, 791199114%5444%%%%7%4

we conclude that y—-1/2 as t —soo. I iy

y AT

If all solutions approach 3, then 3 is the equilibrium
dy dy

sol ution and we want a<0f0ry>3and >0 for
dy
< 3. Thus — = 3-y.
y dt y

For y =0and y =4 we have y' =0 and thus y = 0 and

y =4 are equilibriumsolutions. For y >4, y" <0 so if
y(0) > 4 the solution approaches y = 4 from above. |If

0 <y@) <4, theny >0 and the solutions “grow’ toy =4
as t —soo. For y(0) < 0 we see that y’ < 0 and the sol utions
di verge fromO.

Since y’ = yz, y =0 is the equilibriumsolution and y* > 0
for all y. Thus if y(@) > 0, solutions will diverge from
0 and if y(@0) < 0, solutions will aproach y = 0 as t —oo.

Let q(t) be the nunber of grans of the substance in the

. d 300
water at any tine. Then 0 - 300(.01) - — 3 _
dt 1, 000, 000

3001072~ 107 °q).

The equilibriumsolution occurs when " =0, or ¢ = 1O4gm
i ndependent of the amount present at t = 0 (all solutions
approach the equilibrium sol ution).
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—aS, a > 0.
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The D.E. expressing the evaporation is

16.
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<™

Now V

Thus

saa v v
N ]
I Y
L R}
aa v n v
[ R ]

-nwsw s vy

1
-t

- o wm m W W

-

T LR s
P L AT/ s
AR S,

v fF .

21.

N
N

24.

Section 1.2 Page 14

2]
1)) ©
=} J—
c o
= —
>
. o
- >
©
~
' —~~
N o
N
~ >
y ~
S|
>&
‘©
2 o
c
)
o W
- B
1
= >
1)
- 5
)
Q -
o
c
+
w o
~
5 1
wr I
N
! N
TR
O
1
5 >
° =
> c
© J—
fo
—

C =yp- 5/2, soy =52+ (yp-5/2)e .

If yo > 5/2,

the solution starts above the equilibrium

solution and decreases exponentially and approaches 5/2

the solution starts

if y<5/2,
bel ow 5/2 and grows exponentially and approaches 5/2 from

Conversely,

as t —oo.



bel ow as t —co. 3

dy/ dt

4a. Rewite Eq.(ii) as = a and thus In|y| = at+cq; or

y = ce?l.

dy dys
4b. | f = t) + k, then — = —=,
y = yai(t) at at

d
these into Eq. (i) we get % = a(yp+k) - b. Since

Substituting both

dyy
dt
Hence y = y(t) + b/a is the solution to Eq(i).

= ayq, this leaves ak - b = 0 and thus k = b/a.

6b. From Eq. (11) we have p = 900 + cet’2 |f p(0) = pg, then
C = po - 900 and thus p = 900 + (pg - 900)el/2. |f
po < 900, this decreases, so if we set p = 0 and sol ve
for T (the tinme of extinction) we obtain
e'’2 = 900/ (900-pg), or T = 21 n[900/(900-pg)].

8a. Use Eq.(26).
8b. Use Eq.(29).

10a. j—? = -rQyields dq at
Q=—ce" and Q0) = 100 yields ¢ = 100. Hence Q = 100e "t.
Setting t = 1, we have 82.04 = 100e’", which yields
r = .1980/wk or r = .02828/day.

=-r, or In|Q| = -rt + cq. Thus

13a. Rewite the D.E as dQ dt = _1, t hus upon integrating and
Qv CR
sinplifying we get Q=De/®R+ cv. QO0) =0 = D= -CV and

thus Qt) = V(1 - e /R,

13b. i mQt) = CV since lime R = 0.
t —oo t—

e}

d
13c. In this case Rf + (—g =0, Qtq) = CV. The solution of this
DE is Qt) = Ee/®R so t;) = Ee’t = Qv, or

E=ocve' 'R Thus Qt) = cve'! Fe /R = cve (11)/ R
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13a. CV =20,CR = 2.5 13c. v =20, CR=2.51t, =10
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2.

14.

16.

19.

The D.E. is second order since there is a second
derivative of y appearing in the equation. The equation

2
is nonlinear due to the y2 term (as well as due to the y
termnultiplying the y” term.

This is a third order D.E. since the highest derivative is
y” and it is linear since y and all its derivatives

2 2
appear to the first power only. The terns t and cost do
not affect the linearity of the D E.

-3t ’ -3t -3t
For yl(t) =e we have yl(t) = -3e and y’l’(t) = Qe
Substitution of these into the D. E. vyields

-3t -3t - 3t - 3t
9e + 2(-3e ) - 3(e ) =(9-6-3)e = 0.
Recal | that if u(t) = Otf(s)ds, then u’(t) = f(t).

t

Differentiating er twi ce and substituting into the D E.
. 2 rt rt 2 rt re .
yields re - e = (r-1)e . Ify=e istobea

solution of the D.E. then the last quantity nust be zero

2 . rt .
for all t. Thus r -1 = 0 since e IS never zero.

r
Differentiating t tw ce and substituting into the D. E
2 r-2 r-1 r 2 r
yields t [r(r-1)t ]+ 4t[rt ]+ 2t =[r +3r+2]t . |If
r
y =t is to be a solution of the D.E., then the last term

2
must be zero for all t and thus r + 3r + 2 = 0.



22.

26.

2
of-e

The D.E. is second order since there are second parti al
derivatives of u(x,y) appearing. The D.E. is nonlinear
due to the product of u(x,y) tines u,(or uy).

2
. au 1 2 —(th ) a u 1 - 0(2t )
Since — = -a e sinx and = -e sinx we have
ot ox2
-0t 2 -0t | ) ,
sinx] = -a e sinx, which is true for all t and x.
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Section 2.1, Page 38

1. w(t) = exp(/3dt) = e3. Thus e3'(y'+3y) = e3(t+e ) or

d . . .

a(yeg’t) = ted + e'. Integration of both sides yields
1 1 . .

yedt = gte3t §e3t + e' + ¢, and division by e3 gives

the general solution. Note that [te3'dt is eval uated by
integration by parts, with u =t and dv = e3dt.

2. w(t) = e, 3. u(t) = et.

4. u(t)

integration by parts yields the general solution.

eXIO(JOl*t) =elM =t so (ty)’ = 3tcos2t, and

6. The equation nmust be divided by t so that it is in the
formof Eq.(3): y" + (2/t)y = (sint)/t. Thus

u(t) :exp(Jzti = t2, and (t2y)’:tsint. I ntegration
then yields t%y = -tcost + sint + c.
o _ atdt . ~
7. u(t) = e'” 8. u(t) = exp(J ) = (1+t?) 2
1+t 2

11. u(t) = e' so (e'y)’ = 5elsin2t. To integrate the right
side you can integrate by parts (twice), use an integral
tabl e, or use a synbolic computational software program
to find ely = e'(sin2t — 2cos2t) + c.

13. w(t) = e' andy = 2(t-1)e® + ce'. To find the val ue
for c, set t =0 iny and equate to 1, the initial value
of y. Thus -2+¢c = 1 and ¢ = 3, which yields the solution
of the given initial value problem

2dt
15. u(t) = exp(Jt—) =t?2andy =t%4 - t/3+1/2 + c/t?
Settingt =1 andy = 1/2 we have ¢ = 1/12.

18. u(t) =t2  Thus (t%y)’ = tsint and
t?%y = -tcost + sint + c. Settingt = w/2 and
y =1vyields ¢c = n%/4 - 1.

20. u(t) = tet,
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21b. u(t) = et/2 so (et/2y)’ = 2e7'/2¢cost. Integrating (see
comments in #11) and dividi ng by et/2 yi el ds
4 8 4
y(t) = —gcost + gsi nt + cet/2.  Thus y(0) = 5 + Cc = a,
4 4 8 . 4
or c =a+ — and y(t) = —gcost + ESI nt + (a + g)e”z.

4 . . .
If (a + E) = 0, then the solution is oscillatory for all

. . 4 . .
t, while if (a+g) # 0, the solution is unbounded as

4
t > o. Thus ag = 5

21a.
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24b. u(t) = expj 2dt_ t2, so (t2y)’ = sint and

—cost c . T
y(t) :72+t—2. Setting t :—E yi el ds
4c an? an?/ 4 — cost
— = a or c:i and hence y(t) = T , Wwhi ch
T2 4 t?2

is unbounded as t — O unless an?/4 = 1 or ap = 4/ 2.

1 - cost . .
24c. For a = 4/ n? y(t) = — To find the limt as
t

t - 0 L'Hopital’s Rule nmust be used:

. . sint . _cost 1

liny(t) =lim—— =lim—— = —.

t—0 t—-0 2t t—-0 2 2

—t -t o
28. (e 'y)  =e + 3e 'sint so

_ _ _t, Si nt+cost

ety=—et —3et(f) + c or

3. _
y(t) =-1 - (E)et(si nt+cost) + ce'.

If y(t) is to remain bounded, we nust have ¢ = 0. Thus
5

3 5
0) =-1-— +c = or ¢ = + — =0 and = —.
y(0) ) Yo Yo + 5 Yo 5
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32.

35.

36.

37.

Section 2.2

uwt) = e® so the D.E. can be witten as

(e?y)’ = pele™ = pel®Mt  |f a 2, then integration

and solution for y yields y = [b/(a-k)]e'M + ce @, Then
l[imy is zero since both A and a are positive nunbers.
X—oo

If a =24, then the D. E. becones (eaty)’: b, which yields

y = (bt+c)/eM as the solution. L Hopital’'s Rule gives
. (bt+c) _ .
=lim T [im .

limy
t 50

There is no unique answer for this situation. One
possi bl e response is to assune y(t) = ce? +3 - t, then
y'(t) = —2ce™® — 1 and thus y +2y =5 - 2t.

This probl em denmonstrates the central idea of the nethod
of variation of paraneters for the sinplest case. The
solution (ii) of the hompbgeneous D.E. is extended to the
correspondi ng nonhonmobgeneous D. E. by replacing the
constant A by a function A(t), as shown in (iii).

Assune y(t) = A(t)exp(-J(-2)dt) = A(t)e?.
Differentiating y(t) and substituting into the D E
yields A(t) = t2 since the terms involving A(t) add to
zero. Thus A(t) = t3/3 + ¢, which substituted into y(t)
yi el ds the sol ution.

d
t

y(t) = A(t)exp(-]J t) = A(t)/t.

Section 2.2, Page 45

Problenms 1 through 20 follow the pattern of the exanples
worked in this section. The first eight problens, however
do not have I.C. so the integration constant, c, cannot be
f ound.

Wite the equation in the formydy = x2dx. I ntegrating
the left side with respect to y and the right side with

respect to x yields

2 3
y - X + C, or 3y2 - 23 = c.
2 3

For vy # —=3/2 multiply both sides of the equation by
3 + 2y to get the separated equation

(3+2y)dy = (3x2—1)dx. Integration then yields



10a.

10c.

13.

15.

17a.

Section 2.2 9

3y + y2 =x3 - x +c.

W need x # 0 and |y|< 1 for this problemto be
defined. Separating the variables we get (1—y%'l/%y =
X~ dx. Integrating each side yields arcsiny = I n|x|+c,
soy =sin[ln]x|+c], x # 0 (note that |y| < 1). Also,
y =+ 1 satisfy the D.E., since both sides are zero

Separating the variables we get ydy = (1-2x)dx, so

2
%; =x - x% +c. Setting x =0 and y = -2 we have 2 = ¢
and thus y2 =2x - 2x%> + or y = —\/Zx —2x> + 4. The
negative square root nust be used since y(0) = -2.

Rewriting y(x) as —/2(2-x)(x+1) , we see that y is
defined for -1 < x £ 2, However, since y’ does not exist
for x = -1 or x =2, the solution is valid only for the
open interval -1 < x < 2.

Separate variables by factoring the denom nator of the
2X

right side to get ydy = dx. Integration yields
1+x?

y2/2 = In(1+x2)+c and use of the |I.C. gives ¢ = 2. Thus

y = =+ [2In(1+x2)+4fj% but we nust discard the plus

square root because of the I1.C. Since 1 + x2 > 0, the

solution is valid for all x.

Separating variables and integrating yields
y + y2 = x2 + c. Settingy =0 when x = 2 yields ¢ = -4
or y2 +y = x> 4. To solve for y conpl ete the square on
the left side by adding 1/4 to both sides. This yields

1 1 1
y2 +y +Z =x2- 4 +AZ or (y + EJZ = x? - 15/ 4. Taki ng

the square root of both sides yields

1 -
y +AE = +/x? - 15/4, where the positive square root

must be taken in order to satisfy the |I.C.  Thus
1
y = -5—-+ \/x? - 15/ 4, which is defined for x2 > 15/ 4 or

X > 1/15/2. The possibility that x < -4/15/2 is
di scarded due to the |.C.

Separating vari ables gives (2y-5)dy = (3x2—ex)dx and
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i ntegration then gives y2 - By = x3 - e + c. Setting

x=0andy =1 we have 1 - 5=0-1+¢, or ¢ = -3.
Thus y2 - by - (x3—ex—3) = 0 and using the quadratic
formul a then gives
3 X

5+ \/25+4(x"-e"-3 5 13

y(x) = \/ ( ) 5. = +x3 X . The
2 2 4

negative square root is chosen due to the |I.C

17c. The interval of definition for y nmust be found
nunerically. Approxi mate val ues can be found by plotting

13
yi(x) = 7t x® and y,(x) = e* and noting the values of x

where the two curves cross.

19a. As above we start with cos3ydy = -sin2xdx and integrate

1 . 1 .
to get ESI n3dy = ECOSZX + c. Settingy = n/3 when

x
1

1
/2 (fromthe |I.C) we find that 0 = S + c or

1 1 1 1 .
c —, so that ESI n3y = —cos2x + > = cosX (using the
appropriate trigonometric identity). To solve for y we
nmust choose the branch that passes through the point
(n/2,7n/3) and thus 3y = w - arcsi n(3coszx), or

L 1

= = - Zarcsin(3cosX).

y =33 ( )

19c. The solution in part a is defined only for

0 < 3cos’x < 1, or -/1/3 < cosx £ +/1/3. Taking the
i ndi cated square roots and then finding the inverse
cosi ne of each side yields .9553 < x < 2.1863, or
|x-m/ 2] < 0.6155, as the approxi mate interval .

21. W have (3y2- 6y)dy = (1+3x2) dx so that y3- 3y2 =
X + x° - 2, once the |.C are used. Fromthe D.E., the
integral curve will have a vertical tangent when
3y2- 6y =0, or y =0,2. For y =0 we have
x2+x - 2= 0, which is satisfied for x = 1, which is

the only zero of the function w=x3+x - 2. Li kew se,
for y =2, x =-1.

23. Separating variabl es gives y_zdy = (2+x)dx, so



25.

27a.

27b.

Section 2.2 11

2
_ X i
-y b=ox + > +c. y(0) =1vyields ¢c = -1 and thus
-1 2 . .
y=— = 5 Thi s gives
X + 2x - 1 2 - X=X
2
dy 8 + 4x . . .
e so the mninmumvalue is attained at
dx (2-4x-Xx%)
X = -2. Note that the solution is defined for

-2 - ng <X < -2 + VQ§ (by finding the zeros of the
denom nator) and has vertical asynptotes at the end
points of the interval.

Separating variables and integrating yields 3y + y2 =
sin2x + c. y(0) = -1 gives ¢ = -2 so that

y2 + 3y + (2-sin2x) = 0. The quadratic fornula then

gives y = —2—4—x/sin2x + 1/4, which is defined for

—. 126 < x < 1.697 (found by solving sin2x = —. 25 for x
and noting x =0 is the initial point). Thus we have

d 2
AEX = Agjﬂfijﬂg,, which yields x = /4 as the only
X

. 1
SI N2X+—
( 4)
critical point in the above interval. Using the second

derivative test or graphing the solution clearly
i ndicates the critical point is a maxi mum

By sketching the direction field and using the D E we
note that y" < 0 for y > 4 and y’ approaches zero as y
approaches 4. For 0 <y < 4, y" > 0 and agai n approaches
zero as y approaches 4. Thus limy =4 if y, > 0. For

t 5
Yo < 0, yy <0 for all y and hence y becones negatively

unbounded (-e) as t increases. |If y, =0, theny =20
for all t, soy =0 for all t.

Separating variables and using a partial fraction

1 1 4
expansi on we have (— — —)dy = —tdt. Hence
y y4 3
2
In|4)Lf| = “t? 4 c, and thus | y | = eC1e2t3 = 2?3
y—4 3 y—4
where c is positive. For y; = .5 this becomnes
.5 1
y ce®®™3 and thus ¢ = —~ = =, Using this val ue
4 —y 3.5 7
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. . 4
for ¢ and solving for y yields y(t) = L. 7e_m2/3.
Setting this equal to 3.98 and solving for t yields
t = 3.29527.
. . . cy+d
29. Separating variables yields b dy = dx. If a = 0 and
y
d-b .
ay+b # 0 then dx = (E+AEL——E—)dy. I ntegration then
a a(ay+b)
yi el ds the desired answer.
d d
30c. If v = y/x then y = vx and LbA. v + x4)£ and thus the
dx dx
dv v-4 .
D.E. becomes v + x— = . Subtracting v fromboth
dx 1-v
v2-4

sides yields xED{ =
dx

1-v 1

dv = —dx. To
ve-4 X

integrate the left side use partial fractions to wite

30d. The last equation in (c) separates into

1- A B
Voo + . which yields A= -1/4 and B = -3/ 4.
v-4 v-2 v+2
. . 1 3
Integration then gives -Zln|v-2| - Zln|v+2| =1In|x|] - k, or

In|x4||v-2||v+2|3 = 4k after manipul ati ons using
properties of the In function.

3la. Sinplifying the right side of the D.E gives
dy/dx = 1 + (y/x) + (y/x)2 so the equation i s honbgeneous.

31b. The substitution y = vx leads to

dv 2 dv dx .
Vv +Xx— =1+v + vVv°or = —. Solving, we get
dx 1 + v2 X
arctanv = In|x| + c. Substituting for v we obtain
arctan(y/x) - In|x|] = c.

33b. Dividing the nunerator and denom nator of the right side

. . dv 4v - 3
by x and substituting y = vx we get v + Xx— = ——
dx 2-v
d 24+ 2v -3
whi ch can be rewitten as xu\i = Y—————!————. Not e t hat
dx 2 - v
v =-3 and v =1 are solutions of this equation. For
v # 1, -3 separating variables gives
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2 -V 1
—_— = —dx. lying a partial fraction
(v+3) (v- 1) N Appl yi ng p
deconposition to the left side we obtain
11 5 1

dx
— - ————]dv = —, and upon integrating both sides
[4 v-1 4-v+3] X P g g

. 1 5
we find thatAZInlv—ll —AZIn|v+3| = In|x| + c.

Substituting for v and performing some al gebraic
mani pul ati ons we get the solution in the inplicit form

|y-x| = c|y+3x|5. v=1andv=-3yieldy =x and
y = -3Xx, respectively, as solutions also.

35b. As in Prob.33, substitutingy = vx into the DE. we get

dv 1+3v dv v+1) 2
+ X— = , or x— = ﬁ;;;;{f_ Note that v = -1 (or
dx 1-v dx 1-v
y = -x) satisfies this D.E. Separating variables yields
1- d
4——)L5dv = 451 Integrating the left side by parts we
(v+1) X
obt ai n - Inlv+#1| = In|x]| + c. Letting v = Xrthen
X
. - X +X - X
y|eldsX—— - In|X——| =1In|x| +¢c, or y - In|y+x| = c.
y+X

This answer differs fromthat in the text. The answer in
the text can be obtained by integrating the Ieft side,
above, using partial fractions. By differentiating both
answers, it can be verified that indeed both fornms satisfy
the D. E

Section 2.3, Page 57

1. Note that q(0) = 200 gm where q(t) represents the anount of
dye present at any tine.

2. Let S(t) be the amount of salt that is present at any tine
t, then S(0) = 0 is the original amount of salt in the tank
2 is the amobunt of salt entering per mnute, and 2(S/120)
is the anmobunt of salt leaving per nminute (all anounts
neasured in grans). Thus
ds/dt = 2 - 25120, S(0) = 0.

3. We nust first find the anount of salt that is present after
10 minutes. For the first 10 minutes (if we let Qt) be the
amount of salt in the tank):

=(2) - 2, QO) = 0. This I.V.P. has the solution: @10)
= 50(1-) 9.063 Ibs. of salt in the tank after the first 10
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7a.

7b.

7c.

10.

12a.

16a.

Section 2.3

mnutes. At this point no nore salt is allowed to enter, so
the new|.V.P. (letting P(t) be the anbunt of salt in the
tank) is:

= (0)(2) - 2, P(0O) = Q10) = 9.063. The solution of this
problemis P(t) = 9.063, which yields P(10) = 7.42 |bs.

Salt flows into the tank at the rate of (1)(3) Ib/mn. and
it flows out of the tank at the rate of (2) Ib/mn. since
the volunme of water in the tank at any tinmet is 200 +
(1)(t) gallons (due to the fact that water flows into the
tank faster than it flows out). Thus the I.V.P. is dQdt =

3 - Qt), Qo) = 100.
Set =0 in Eg.(16) (or solve Eqg.(15) with S(0) = 0).

Set r = .075, t = 40 and S(t) = $1,000,000 in the answer to
(a) and then solve for k.

Set k = $2,000, t = 40 and S(t) = $1,000,000 in the answer
to (a) and then solve nunerically for r.

The rate of accunulation due to interest is .1S and the rate
of decrease is k dollars per year and thus

dS/dt = .1S - k, S(0) = $8,000. Solving this for S(t)
yields S(t) = 8000 - 10k(-1). Setting S = 0 and substitution
of t = 3 gives k = $3,086.64 per year. For 3 years this
totals $9,259.92, so $1,259.92 has been paid in interest.

Since we are assumng continuity, either convert the nonthly
paynment into an annual paynent or convert the yearly
interest rate into a nonthly interest rate for 240 nonths.
Then proceed as in Prob. 9.

Using Eq. (15) we have - S = 800(1) or

S (800t), S(0) 100,000. Using an integrating factor and
integration by parts (or using a D.E. solver) we get S(t)
t ¢c. Usingthe |I.C yields ¢ . Substituting this value
into S, setting S(t) 0, and solving nunerically for t
yields t 135.363 nonths.

Thi s problem can be done nunerically using appropriate D. E

sol ver software. Analytically we have
(.1.2sint)dt by separating variables and thus

y(t) cexp(.1t.2cost). y(0) 1 gives c , so

y(t) exp(.2.1t.2cost). Settingy 2 yields

In2 .2 .1 .2cos, which can be solved nunerically to give
2.9632. If y(0) , then as above,

y(t) exp(.2.1t.2cost). Thus if we set y 2 we get the
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sanme nunerical equation for and hence the doubling tinme has
not changed.

From Eg. (26) we have 19 = 7 + (20-7) or

k =-In=1n(13/12). Hence if (T) = 15 we get: 15 =7 +
13. Solving for T yields

T=1n(8/13)/-1n(13/12) = 1n(13/8)/1n(13/12) mn.

Hnt: let Qt) be the quantity of carbon nonoxide in the
roomat any tinme t. Then the concentration is given by x(t)
= Qt)/1200.

The required I .V.P. is dQdt = kr + P - r,

QO0) =V. Sincec =Qt)/V, the I.V.P. may be rewitten
Vc(t) = kr + P- rc, ¢c(0) =, which has the solution c(t) =
k+ +(-k-).

Set k=0, P=0,t =Tand c(T) =.5 in the solution found
in (a).

If we nmeasure x positively upward fromthe ground, then

Eg. (4) of Section 1.1 becones m= -ng, since there is no air
resistance. Thus the |.V.P. for v(t) is

dv/dt = -g, v(0) = 20. Hence

=v(t) =20 - gt and x(t) = 20t - (g/2) + c. Since x(0) =
30, ¢ = 30 and x(t) = 20t - (g/2)t? + 30. At the maxinum
hei ght v(t,) = 0 and thus
t,,= 20/9.8 = 2.04 sec., which when substituted in the

equation for x(t) yields the maxi num hei ght.

At the ground x(ty) = 0 and thus 20ty - 4.9t; + 30 = 0.

1
The I.V.P. inthis case is m%% = -30v - ng, v(0) = 20

where the positive direction is neasured upward.

d
The I.V.P. is mﬁ =g - .75v, v(0) =0 and v is
nmeasured positively dowward. Since m= 180/32, the D. E
d 2 .
becones a% = 32 - Igv and thus v(t) = 240(1l-e 2t/15) SO

that v(10) = 176.7 ft/sec.

Integration of v(t) as found in (a) yields

x(t) = 240t + 1800(e'm/15-1) where x is nmeasured
positively down fromthe altitude of 5000 feet. Set
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26a.

26b.

27a.
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t =10 to find the distance travel ed when the parachute
opens.

d
After the parachute opens the I.V.P. is mag = ng- 12v,

v(0) = 176.7, which has the solution

v(t) = 161.7e 3?Y/15 4 15 and where t = 0 now represents
the tine the parachute opens. Letting t—o yields the
l[imting velocity.

Integrate v(t) as found in (c) to find

x(t) = 15t - 75.8¢ 3%/ 4 ¢, C, = 75.8 since x(0) = 0,
X now bei ng neasured fromthe point where the parachute
opens. Setting x = 3925.5 will then yield the | ength of

time the skydiver is in the air after the parachute
opens.

Again, if x is measured positively upward, then Eq.(4) of

d
Sect. 1.1 becones ntﬁ? =-mg - kv.

Frompart (a) v(t) = -1?

+ [vg + JEi]e'kt/W' As kK - 0
o

this has the indeterm nant formof -c + o. Thus rewite
v(t) as v(t) = [-mg + (vgk + mg)e X' ™M/k which has the

i ndetermi nant formof 0/0, as k — 0 and hence
L' Hopital’s Rule may be applied with k as the variabl e.

The equation of nmotion is m(dv/dt) = wR-B which, in this
problem is

4 4 4

5na3p( dv/dt) = 5na3pg - 6muav - 5nae’p'g. The limting

vel ocity occurs when dv/dt = 0.

Since the droplet is notionless, v = dv/dt = 0, we have
4 4

the equation of notion 0 = (g)nae’pg - Ee - (g)nae’p’g,

where p is the density of the oil and p’ is the density
of air. Solving for e yields the answer.

28. Al three parts can be answered fromone solution if k

represents the resistance and if the method of solution
of Exanple 4 is used. Thus we have

d d
ma% = nvaxrz mg - kv, v(0) = 0, where we have assuned
X

the velocity is a function of x. The solution of this
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I.V.P. involves a logarithmc term and thus the answers
to parts (a) and (c) must be found using a nunerica
procedure.

Note that 32 ft/sec® = 78,545 mi hr2

This problemis the sane as Exanple 4 through Eq. (29).

. _ Vo2 gR
In this case the 1.C. is V({R) = v, soc = — — ——.
2 1+&

: . . 2 2gR

The escape velocity,v, is found by noting that vy > —

o = 1+&
in order for v?to al ways be positive. From Exanple 4,

t he escape velocity for a surface launch is

Vo(0) = v/2gR. W want the escape velocity of x, = ERto
have the relation vy (&R) = .85v,(0), which yields

£ = (0.85)'2- 1 =0.384. If R= 4000 nmles then
Xo = ER = 1536 miles.

dx
From part a) at = v = ucosA and hence

X(t) = (ucosAt + d;. Since x(0) =0, we have d; = 0 and
x(t) = (ucosA)t. Likew se g%': —gt + usinA and

therefore y(t) = —gt2/2 + (usinA)t + d,. Since y(0) =h
we have d, = h and y(t) = —gt%2 + (usinA)t + h.

Let t, be the tine the ball reaches the wall. Then
x(t =L = (ucosA)t,, and thus t , = . For the bal
(tw (ucosA)t,, W= cosA
to clear the wall y(t,) = H and thus (setting
L
ty = , =32 and h =3 in we get
W= Leosa' U y) 9
2
-16L
— ot LtanA + 3 > H.
u“cos“A
. -161. 98 si nA
Setting L = 350 and H = 10 we get 2> 4 350> 1% 5 7

or 7cos?A — 350cosAsinA + 161.98 < 0. This can be sol ved
nunmerically or by plotting the left side as a function of
A and finding where the zero crossings are.

Setting L = 350, and H= 10 in the answer to part d
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2
. -16( 350
yi el ds A—Ei——gl— + 350tanA = 7, where we have chosen the
u“cos“A
equality sign since we want to just clear the wall
. 1, 960, 000 .
Sol ving for u? we get u? = . Now u wll

175si n2A-7cos?A
have a m ni mum when the denom nator has a maxi mum  Thus
350c0s2A + 7sin2A = 0, or tan2A = -50, which vyields
A= .7954 rad. and u = 106.89 ft./sec.

Section 2.4, Page 72

1.

11.

13.

17.

If the equation is witten in the formof Eqg.(1), then
p(t) = (Int)/(t-3) and g(t) = 2t/(t-3). These are defined
and continuous on the intervals (0,3) and (3,0), but
since the initial point ist =1, the solution will be
continuous on 0 <t < 3.

p(t) = 2t/(2-t)(2+t) and g(t) = 3t%/(2-t)(2+t).

Theorem 2. 4.2 guarantees a unique solution to the D. E
t hrough any point (tg yg such that t% + yg < 1 since
Pyt y?
ay

1—t2—y2 > 0. Note also that f = (1—t2-y%1/2is defi ned
and continuous in this region as well as on the boundary

t2+y2 = 1. The boundary can’t be included in the fina

1255 defined and continuous only for

f
regi on due to the discontinuity of %— t here.
y

. 1+t 2 of 1+t 2 1+t 2

In this case f = ——— and — = > T ,
y(3-y) N o y(3y)®  yA3-y)

whi ch are both continuous everywhere except for y = 0 and

y = 3.

The D.E. nay be witten as ydy = -4tdt so that

2
%; = -2t2+c, or y2 = c-4t%  The I.C. then yi el ds

y% = ¢, so that y2 = yg - 4t? or y =+ yg-4t2, which is
defined for 4t2 < y% or |[t] < |ygl/2. Note that yj =0
since Theorem 2. 4.2 does not hold there.

Fromthe direction field and the given D.E. it is noted
that for t >0 and y <O that yY <0, soy —» - for
Yo < 0. Likewise, for 0 <y; <3, yy>0andy — 0 as
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y -3, soy - 3for 0 <yg<3andfor ys >3, y<0
and againy’ - 0 as y— 3, so y—=3 for y; > 3. For

Yo =3, y¥y=0andy =3 for all t and for yo =0, yv =0
and y = 0 for all t.

St t2+a(1-1)1Y 2

22a. For y; = 1-t, y; = -1 =

2
_ -t (t-2AY7
2
_ -tHfe-2f .
2
(t-2) 20, by the definition of absolute value. Setting
t =2iny; we get y(2) = -1, as required.

22b. By Theorem 2. 4.2 we are guaranteed a uni que solution only

2 1/ 2
where f(t,y) = U and 1y(ty) = (tPeay)

continuous. In this case the initial point (2,-1) lies

Y2are

. . . . of .
in the region t2 + 4y < 0, in which case v i s not
y
continuous and hence the theoremis not applicable and

there is no contradiction.

22c. If y = y,(t) then we nust have ct + c? = -t2/4, which is
not possible since ¢ nust be a constant.

23a. To show that ¢(t) = e’ is a solution of the D.E., take
its derivative and substitute into the D E.

24. [c o(t)]" + p(t)[co(t)] = c[¢’(t) + p(t)e(t)] = 0 since
o(t) satisfies the given D E

25. [ya(t) + yo(t)]" + p(t)[ya(t) + yo(t)] =
ya(t) + p(t)ya(t) + yo(t) + p(t)yo(t) =0 + g(t).

27a. For n = 0,1, the D.E. is linear and Egs.(3) and (4)
apply.

d 1

7y SO d7y = yndl,

dt dt 1-n° dt

whi ch makes sense when n # 0,1. Substituting into the
n

y dv n
— + t = t or
1n g TPy =alt)y

27b. Let v = y¥'" then 3—:/ = (1-n)y "

D.E yields
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V' o+ (1-n)p(t)y1'n = (1-n)g(t). Setting v = yl'n t hen

yields a linear D.E. for v.

- d -3d d 1 d
n=23sov =y? and v -2y W g B o238V
dt dt dt 2 dt
Substituting this into the D.E. gives
JLyadv 20 18 gnplitying and settin
2y at " y t2y . nplrtying g
y'2 = v then gives the linear D. E
4 1
v - —Vv = - , Where p(t) = — and
t t? t4
5
2 2+5ct
v(t) = ct*+ = = TN Jhus y = 4[5t/ (2+5ct %)Y 2
5t 5t
n=2so0v = y'l and dv = -yzd—v. Thus the D. E
dt dt
2dV 2 dv
becomes -y*— - ry = -ky® or — + rv = k. Hence
dt dt

w(t) = e and v = kir + ce’

yi el ds the sol ution.

"t Setting v = 1/y then

Since g(t) is continuous on the interval
0<t <1w may solve the |.V.P.

y'1 +2y; =1, y40) =0 on that interval to obtain
y; =12 - (1/2)e'2t, 0 <t £1. g(t) is also continuous

for 1 <t; and hence we nay sol ve y'2 + 2y, = 0 to obtain

y2:ce'2t, 1 <t. The solutiony of the original |.V.P.

nust be continuous (since its derivative nust exist) and
hence we need ¢ in y, so that y, at 1 has the same val ue

as y; at 1. Thus

ce?=1/2-e%2o0r ¢ = (1/2)(e2-1) and we obtain

1/2 - (1/2e? 0<t <1
and

<
|

1/2(e%-1)e’? 1 <t

e 2t 0<t <1

y
(1—e2)e'2t 1<t.

Eval uating the two parts of y’ at t; = 1 we see that they
are different, and hence y’ is not continuous at t, = 1.
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Section 2.5, Page 84

Problens 1 through 13 follow the pattern illustrated in
Fig.2.5.3 and the discussion follow ng Eq.(11).

d
3. The critical points are found by setting a% equal to

zero. Thus y = 0,1,2 are the critical points. The graph
of y(y-1)(y-2) is positive for O<y <1 and 2 <y and
negative for 1 <y < 2. Thus y(t) is increasing

(‘%% >0) for 0 <y <1 and 2 <y and decreasing

d
(Aa% <0) for 1 <y < 2. Therefore 0 and 2 are unstable

critical points while 1 is an asynptotically stable
critical point.

dy . . . d
6. Aa% is zero only when arctany is zero (ie, y = 0). a% >0
dy .
for y < 0 and at <0for y >0 Thusy =0is an
asynptotically stable critical point.
. dy .
7c. Separate variables to get , = kt. Integration
(1-y)
: 1 kt + -1
yi el ds =kt +c, or y =1 - = ¢ .
1-y kt + ¢ kt + c
-1
Settingt = 0 and y(0) =yq yields yg = e = or
c
1 (1-yg) kt + yq
c = . Hence y(t) = . Note that for
1-yq (L-ygpkt + 1
Yo <1y — (1-yg)k/(1-yg)k =1 ast — c. For yg>1
notice that the denom nator will have a zero for sone

val ue of t, depending on the values chosen for y, and k
Thus the solution has a discontinuity at that point.

d
9. Setting a% =0w findy =0, £1 are the critica

points. Since %% >0for y<-landy > 1 wile %% <0
for -1 <y <1 we may conclude that y = -1 is
asynptotically stable, y = 0 is semstable, andy =1 is
unst abl e.
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y = b% a? and y
0 <yc< b2/a2,

= 0 are the only critical points. For
d . .

—:/ <0 and thus y = 0 is asynptotically
stable. For y > b2/ a2, dy/dt > 0 and thus

y = b% a® i s unstabl e.

If f’(yq;) < 0 then the slope of f is negative at y,; and
thus f(y) >0 for y <y; and f(y) <0 for y >y, since
f(y;) = 0. Hence y,; is an asysntotically stable critical

point. A simlar argument will yield the result for
f’(y;) > 0.

By taking the derivative of y In(K/'y) it can be shown that

d
t he graph of % vs y has a maximumpoint at y = K/'e. Thus

dy . L . .

% is positive and increasing for 0 <y < K'e and thus y(t)
d

is concave up for that interval. Simlarly —dz/ is positive

and decreasing for K/le <y < K and thus y(t) is concave down
for that interval.

In(K'y) is very large for small values of y and thus

(ry)In(K'y) >ry(1l - y/K) for small y. Since In(K'y) and
(1 - y/K) are both strictly decreasing functions of y and
since In(K'y) = (1 - y/K) only for y = K, we may concl ude

t hat j—:/ = (ry)In(K/'y) is never less than

dy

— =ry(1 - y/K.

at y( y/ K)

If u=1In(y/K theny = Ke" and j—i/ = e”% so that the
D. E. becones du/dt = -ru.

The D.E. is dV/dt = k - omr? The volume of a cone of

height L and radius r is given by V = nr?L/ 3 where
L = hr/a fromsymretry. Solving for r yields the desired
sol uti on.

18b. Equili briumis given by k - onr? = 0.

18c.

The equilibrium height nmust be |l ess than h.
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Use the results of Problem 14

Differentiate Y with respect to E

d
Set a% = 0 and solve for y using the quadratic fornmul a.

Use the results of Problem 14

If h >rK 4 there are no critical points (see part a) and

AQX <0 for all t.
dt

If 2z =x/n then dz/dt = = 9 0 X 90 e of
n dt n2 dt

Equations (i) and (ii) then gives the I.V.P. (iii).

d
Separate variables to get L Bdt. Using
z(1-vz)
: : . dz dz
partial fractions this becomes — + 1 = - pdt.
z -z

Integration and solving for z yields the answer.
Find z(20).

Pl ot dx/dt vs x and observe that x = p and x = q are
critical points. Also note that dx/dt > 0 for

X <mn(p,gq) and x > max(p,q) while dx/dt < 0 for x
between mn(p,q) and max(p,q). Thus x = min(p,q) is an
asynptotically stable point while x = max(p,q) is
unstable. To solve the D.E., separate variabl es and use

1 d d
partial fractions to obtain [ X X ] = adt.
g-p g-X p- X
Integration and solving for x yields the solution

: . - : . dx
X = pis a senmstable critical point and since ar > 0,

x(t) is an increasing function. Thus for x(0) = 0, x(t)
approaches p ast —» o. To solve the D.E., separate
vari abl es and integrate.

Section 2.6, Page 95

3.

MX,y) = 3x2-2xy+2 and N(x,y) = 6y2-x2+3, SO h@ = -2x = N,
and thus the D.E. is exact. Integrating Mx,y) wth
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respect to x we get wy(x,y) = x3 - xzy + 2x + H(y).
Taking the partial derivative of this with respect to vy
and setting it equal to N(x,y) yields —x2+h’(y) =
6y2-x2+3, so that h'(y) = 6y2 + 3 and h(y) = 2y3 + 3y.
Substitute this h(y) into y(x,y) and recall that the
equati on which defines y(x) inmplicitly is w(x,y) = c.
Thus x° - x2y + 2x + 2y3 + 3y = c is the equation that
yi el ds the sol ution.

Witing the equation in the formMx,y)dx + N(x,y)dy = 0
gives MXx,y) = ax + by and N(x,y) = bx + cy. Now

M, = b =N and the equation is exact. Integrating

M X,y) with respect to x yields y(x,y) = (a/2)x2 + bxy +
h(y). Differentiating yw with respect to y (x constant)
and setting \py(x,y) = N(x,y) we find that h’(y) = cy and
thus h(y) = (c/2)y2. Hence the solution is given by

(al 2)x% + bxy + (c/2)y? = k.

M(x,y) = ecosy - 2sinx = N(x,y) and thus the D.E. is
exact. Integrating Mx,y) with respect to x gives
y(x,y) = e'siny + 2ycosx + h(y). Finding y,(x,y) from

this and setting that equal to N(x,y) yields h'(y) =0
and thus h(y) is a constant. Hence an inplicit solution

of the D.E. is e"siny + 2ycosx = c. The solutiony = 0
is also valid since it satisfies the D.E. for all x.

If you try to find y(x,y) by integrating Mx,y) with
respect to x you nmust integrate by parts. Instead find
y(Xx,y) by integrating N(x,y) with respect to y to obtain
y(x,y) = e¥os2x - 3y + g(x). Now find g(x) by

differentiating y(x,y) with respect to x and set that

equal to MXx,y), which yields g (x) = 2x or g(x) = x2,

As long as X2 + y2¢ 0, we can sinplify the equation by

mul tiplying both sides by (x*> + y3%2 This gives the
exact equation xdx + ydy = 0. The solution to this
equation is giveninplicitlybyx2+y2:c. If you

apply Theorem 2.6.1 and its construction w thout the
sinmplification, you get (x2 + y2)'1/2: C which can be
witten as x> + y2 = ¢ under the same assunption required
for the sinplification.

I\/b: 1 and N, =1, so the DE. is exact. Integrating
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M X,y) with respect to x yields

y(Xx,y) :3x3+xy - x + h(y). Differentiating this with

respect to y and setting y(x,y) = N(x,y) yields

h'(y) = -4y or h(y) = - 2y%2 Thus the inplicit solution
is 3x3+xy— X - 2y2:c. Setting x =1 and y = 0 gives
c =2 sothat 2y? - xy + (2+x-3x>) = 0 is the inplicit
solution satisfying the given I.C. Use the quadratic

formula to find y(x), where the negative square root is

used in order to satisfy the I.C. The solution will be

valid for 24x3 + x> - 8x - 16 > 0.

W& want l\/!,(x,y) = 2xy + bx? to be equal to
N(X,y) = 3x2 + 2xy. Thus we nust have b = 3. This

gives y(x,y) = %xzy2 + x3y + h(y) and consequently

h'(y) = 0. After multiplying through by 2, the solution
is given inplicitly by x%2 + 2x% = c.

%(x,y) = 3x2y2 and N(x,y) =1 + y2 so the equation is
not exact by Theorem 2.6.1. Miltiplying by the
integrating factor u(x,y) = 1/ xy3 we get

2
x + (I

y3

M =N =0 (it is also separable). In this case

= 0, which is an exact equation since

1 ) )
w:Ex2+h(y) and ' (y) =y 3+ ylso that

x2 - y'2+ 2lnly] = c gives the solution inplicitly.

Mul tiplication of the given D.E. (which is not exact) by
u(x,y) = xeXvyields (x% + 2x)e*siny dx + x%*cosy dy,
which is exact since M(x,y) = N(x,y) = (x%+2x) e*cosy.

To solve this exact equation it's easiest to integrate

N(x,y) = xzexcosy with respect to y to get

y(x,y) = x2e”si ny + g(x). Solving for g(x) yields the

inmplicit solution.

This problemis simlar to the derivation leading up to
Eq. (26). Assuming that p depends only ony, we find from
Eg. (25) that u' = Qu, where Q= (N, - IVi,)/Mrrust depend
ony alone. Solving this last D.E. yields u(y) as given.
Thi s method provides an alternative approach to Problens
27 through 30.
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25. The equation is not exact so we nust attenpt to find an

: . . 1 3% + 2x + 3y2 - 2
integrating factor. Since N(h®'Nﬁ _ X X Yy X _ 3

2 2
X +y

is a function of x alone there is an integrating factor

dependi ng only on x, as shown in Eq.(26). Then dw/ dx =

3u, and the integrating factor is p(x) = e¥  Hence the

equation can be solved as in Exanple 4.

26. An integrating factor can be found which is a function

of x only, yielding w(x) = e* Aternatively, you m ght

recogni ze that y' - y = e - 1is alinear first order

equati on which can be solved as in Section 2.1.

27. Using the results of Problem 23, it can be shown that
wy) =y is an integrating factor. Thus multiplying the
D.E. by y gives ydx + (x - ysiny)dy = 0, which can be
identified as an exact equation. Alternatively, one can
rewite the last equation as (ydx + xdy) - ysiny dy = O.
The first termis d(xy) and the |ast can be integrated by
parts. Thus we have xy + ycosy - siny = c.

29. Miltiplying by siny we obtain
e’siny dx + e*cosy dy + 2y dy = 0, and the first two
terns are just d(esiny). Thus, €Ssiny + y? = c.

31. Using the results of Problem 24, it can be shown that
u(xy) = xy is an integrating factor. Thus, nultiplying
by xy we have (3x% + 6x)dx + (x> + 3y?dy = 0, which can
be identified as an exact equation. Alternatively, we
can observe that the above equation can be witten as

d(xsy) + d(3x2) + d(y% = 0, so that x3y + 3x° + y3 = c.

Section 2.7, Page 103

1d. The exact solution to this I.V.P. isy = ¢(t) =t + 2 -e’t,

3a. The Euler formula is ypn+1 = Yn + h(2y, - ty + 1/2) for
n=20,1,2,3 and with tg = 0 and yg = 1. Thus
Y1 = VYo + -1(2yg - tg + 1/2) = 1.25,

yp = 1.25 + .1[2(1.25) - (.1) + 1/2] = 1.54,
y3 = 1.54 + .1[2(1.54) - (.2) + 1/2] = 1.878, and
ya = 1.878 + .1[2(1.878) - (.3) + 1/2] = 2.2736
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Use the sane formula as in Problem 3a, except now h = .05
and n = 0,1...7. Notice that only results for n = 1,3,5
and 7 are needed to conpare with part a.

Agai n, use the sanme formula as above with h = .025 and
n=20,1...15. Notice that only results for n = 3,7,11 and
15 are needed to conpare with parts a and b

y " =1/2 -t + 2y is afirst order linear DE. Rewite
the equation in the formy’ - 2y = 1/2 - t and nultiply
both sides by the integrating factor e ? to obtain
(e’?ly)’ = (1/2 - t)e?. Integrating the right side by
parts and nultiplying by e? we obtainy = ce’? + t/2.
The 1.C. y(0) =1 —- ¢ =1 and hence the solution of the
I.V.P. isy =od(x) =e? +t/2. Thus ¢(0.1) = 1.2714,
0(0.2) = 1.59182, ¢(0.3) = 1.97212, and ¢(0.4) = 2.42554.

The exact solution to this I.V.P. is
y = ¢(t) = (6cost + 3sint - 6e 2')/5.

For y(0) > 0 the 10 /t
sol utions appear to ?\
converge. For y(0)<0 : N
t he sol utions diverge. . ;\{
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13a.

15a.

15c.

16.

Section 2.7

The Euler fornula is
4-t
nyg), where tg = 0 and
1+ yp
Yo = y(0) =-2. Thus, for h = .1, we get
y1 = -2 + .1(4/5) =-1.92

Yn+1 = Yn + h(

4-.1(-1.92
yo = -1.92 + .1(;———1—————%) = -1.83055
1+ (1.92)
4-.2(-1.83055
y3 = -1.83055 + . 1( ( 2)) = -1.7302
1+( 1. 83055)
4-.3(-1.7302
ya = -1.7302 + . 1( ( l) = -1.617043
1 + (1.7302)
4 - .4(-1.617043
ys = -1.617043 + . 1( ( ) ) = -1.488494.

1 + (1.617043)2
Thus, y(.5) = -1.488494.

The Euler formula is

t2
Ynel = Yn + -1 ( 2———), where tg = 1 and yg = 0. Thus

3yn -4

3
y1 =0+ .1 ( 4) = -.075 and
3(1.1)°
yo, = -.075 + .1 (4—£———2§—7) = .166134.
3(.075)2-4

There are two factors that explain the large differences.
Fromthe limt, the slope of y, y’, beconmes very “large”
for values of y near -1.155. Also, the sl ope changes
sign at y = -1.155. Thus for part a,

y(1.7) =y7 = -1.178, which is close to -1.155 and the
slope y’ here is large and positive, creating the |large
change in yg = y(1.8). For part b, y(1.65) = -1.125,
resulting in a |arge negative slope, which yields

y(1.70) = -3.133. The slope at this point is now positive
and the remai nder of the solutions “grow’ to -3.098 for

t he approcimation to y(1.8).

For the four step sizes given, the approxinte values for
y(.8) are 3.5078, 4.2013, 4.8004 and 5.3428. Thus, since
t hese changes are still rather “large”, it is hard to
give an estinmate other than y(.8) is at |least 5.3428. By
using h = .005, .0025 and .001, we find further

approxi nate val ues of y(.8) to be 5.576, 5.707 and 5. 790.
Thus a better estimate nowis for y(.8) to be between 5.8
and 6. No reliable estimate is obtainable for y(1),
which is consistent with the direction field of Prob.9.
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It is helpful, in understanding this problem to also

calculate y'(t,) = yn(.lyi - ty). For o =2.38this term
remai ns positive and grows very large for t, > 2. On the
ot her hand, for o = 2.37 this term decreases and
eventual |y becones negative for t, = 1.6 (for h = .01).
For o = 2.37 and h = .1, .05 and .01, y(2.00) has the
approxi mati ons of 4.48, 4.01 and 3.50 respectively. A
smal |l step size nmust be used, due to the sensitivety of

the slope field, given by yn (.1y3 - t,).

Using Eq.(8) we have yp+1 = yn + h(2y, -1) = (1+2h)y, - h.
Setting n + 1 = k (and hence n = k-1) this becones
vk = (1 + 2h)yg.1 - h, for k =1,2,... . Since yg = 1,
we have y; =1 +2h - h=1+h=(1+ 2h)/2 + 1/2, and
hence y, = (1 + 2h)y; - h = (1 + 2h) 212 + (1 + 2h)/2 - h
= (1 + 2022 + 1/2;

yz3 = (1 + 2h)y, - h = (1 + 20)%2 + (1 + 2h)/2 - h

= (1 + 2h)3/2 + 1/2. Conti nui ng in this fashion (or
using i nduction) we obtain yx = (1 + 2h)k/2 + 1/2. For
fixed x > 0 choose h = x/k. Then substitute for h in the
last fornmula to obtain yk:(1+2x/k)k/2+1/2. Letting
k - o we find (See hint for Problem 20d.)
y(X) = yx = €®/2 + 1/2, which is the exact sol ution.

Section 2.8, Page 113

1.

4a.

Let s =t-1 and W(s) = y(t(s)) - 2, then whent = 1 and
y =2 we have s = 0 and w(0) = 0. Also,

diw = dlvdi = i(y-Z)d—t = d—y and hence

ds dt ds dt ds dt

dw 2 2 . . . .
ds = (s+1)® + (w+2)“, upon substitution into the given
S

D. E.

Following Ex. 1 of the text, fromEqg.(7) we have
Opep(t) = J;tf(s,(])(s))ds, where f(t,¢) = -1 - ¢ for this

problem Thus if ¢g(t) = 0, then ¢.(t) = -J;tds = -t;
2

0p(t) = -J-Ot (1-s)ds = -t + t?;
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2 2 3
t S t t
t:—L 1-s + —)ds = -t + -
d3(t) ( ) 5 23
2 3 2 3 4
¢ s s t t t
t:—L 1- s + - —)ds = -t + - — + —
04(t) ( 2 3!) 2 3! 41
(-1)ktk

Based upon these we hypothesize that: ¢,(t) = z

k=1
and use mat hematical induction to verify this formfor
o,(t). Using Eg.(7) again we have:

k!

) . B (_1)ktk+1
Opep(t) = -‘L[l + 0p(s) ] ds = -t k_lw
n k+1, k+1 i
:2((1|)<+1)t|:2(|1)lt where i = k+1. Since this

k=0 i=1
is the same formfor ¢,.4(t) as derived from¢,(t) above,
we have verified by mathematical induction that ¢,(t) is

as given.
. (- 1)<t X
4c. Frompart a, let ¢(t) =1imo,(t) = -_—
N—o0 kl
k=1
t2 3
= -t + - —
2 3!
Since this is a power series, recall fromcal culus that:
© k. k 2,2 3,3
at a“t at
eat:z =1+ at + + + ... . If we let
k! 2 3!
k=0
t?  t3
a=-1, thenwehavee'tzl-t+2-3—'+...:1+¢(t).
Hence o¢(t) = et -1.
7. As in Prob. 4,
t t
0.(t) = L(sq)o(s) +1)ds = sy =t
3 3
S t t
o(t) = [i(sPrnyas = (5 v 9)lp =t s o
4 3 5 3 5
t, 2 S S S t t t
t:Ls+—+1ds:—+—+s =t + — + —.
d3(t) ( s D (5 *+ 55 ™ Y

Based upon these we hypothesi ze that:
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n 2k-1
t
t) = ————— and use mat hematical induction

onlt) g; 1-3:5-+( 2k- 1)
to verify this formfor ¢,(t). Using Eq.(7) again we
have:

n 2k

t S
ST () YL R P

Onsa(t) o( Z , 135(2k-1) )

n 2k+1

- 2135 (2k+1)

1

~

n 2k+1
_2135 (2k+1)
k=0
n+l (2i-1
:Z—, where i = k+1. Since this is
i

~ 1:35(2i - 1)

the same formfor ¢,.1(t) as derived from¢,(t) above, we
have verified by mathematical induction that ¢,(t) is as

gi ven.
x3 x5
11. Recall that sinx = x - 3l ‘g? + Q(x ) Thus, for
2 4 té

do(t) =t - o + TS + Ot ) we have

£ 2

t -
: e e e

Section 2.9, Page 124

2. Using the given difference equati on we have for n=0,
Y1 =yd 2 for n=1, y, = 2y, /3 = yy 3, and for n=2,
y3 = 3y, 4 = yi/4. Thus we guess that y, = yy (n+l), and

n+2 = yd (n+2),

whi ch, by mathenatical induction, verifies y, = yg (n+l)
as the solution for all n.

the given equation then gives y, .1 =

5. Fromthe given equation we have y; = .5yg+6.
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10.

13.

14.

17.

Section 2.9

y, = .5y, + 6 = (.5) %, + 6(1 + %) and

1 1
(-5)3)’0 + 6(1 + 5 + Z)' In general, then

y3 = .5y, + 6

1 1

Yo =(.5"yo + 6(1 + S 2n_1)
= n 1- (12"
_(5)y0+6( 1_1/2)

(.5 "y + 12 - (.5 M2
(.5 n(yo- 12) + 12. WMathemmtical induction can now be
used to prove that this is the correct solution.

The governing equation is y,,q = py, b, which has the

1_ n
solution y, = pyq - 1p
-p

Setting yag0 = 0 and solving for b we obtain

Lo () p*%q
B 360

b (Egq.(14) with a negative b).

, where p = 1.0075 for part a.
1-p

You nmust solve Eq.(14) nunerically for p when n = 240,

-1

Substituting u, = P + v, into Eq.(21) we get
Ly Vet = p(p;1 + vy (1 - Pl Vp) or
p p

-1 1
Vorr = - Pk (gL v (- vy

p p

1- -1
= pp + Pp - (p- vy + vy pVﬁ = (2-p)vy - pVﬁ-

15a. For ug = .2 we have u; = 3. 2ug(1-ug = .512 and
U, = 3.2u4(1-uq) = .7995392. Likewi se uz = .51288406,
Uy = .7994688, ug = .51301899, ug = .7994576 and

u; = .5130404. Continuing in this fashion,

Ugg = Ugg = . 79945549 and u;g = u;; = . 51304451.

For both parts of this problema conputer spreadsheet
was used and an initial value of uy = .2 was chosen.

Different initial values or different computer prograns
may need a slightly different nunber of iterations to
reach the liniting val ue.
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17a. The limting value of .65517 (to 5 decinal places) is

17b.

18.

reached after approxinmately 100 iterations for p = 2.09.
The Iimting value of .66102 (to 5 decimal places) is
reached after approxinmately 200 iterations for p = 2.95.
The Iimting value of .66555 (to 5 decimal places) is
reached after approxinmately 910 iterations for p = 2.99.

The solution oscillates between .63285 and . 69938 after
approximately 400 iterations for p = 3.01. The solution
oscill ates between.59016 and .73770 after approxi mately
130 iterations for p = 3.05. The solution oscillates
bet ween .55801 and .76457 after approxi mately 30
iterations for p = 3.1. For each of these cases
additional iterations verified the oscillations were
correct to five decinal places.

For an initial value of .2 and p = 3.448 we have the
solution oscillating between .4403086 and .8497146.
After approximately 3570 iterations the eighth decinal
place is still not fixed, though. For the same initia
val ue and p = 3.45 the solution oscillates between the
four values: .43399155, .84746795, .44596778 and

. 85242779 after 3700 iterations.. For p = 3.449, the
solution is still varying in the fourth decinmal place
after 3570 iterations, but there appear to be four

val ues.

M scel | aneous Probl ens., Page 126

Before trying to find the solution of a D.E. it is necessary
to know its type. The student should first classify the D E
before reading this section, which indentifies the type of
each equation in Problens 1 through 32

1. Linear 2. Honobgeneous
3. Exact 4. Linear equation in x(y)
5. Exact 6. Linear

dy dy

7. Letting u = x2 yields — = 2x— and thus
dx du

du
dy

- 2yu = 2y3 which is linear in u(y).
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10.

12.

14.

16.

18.

20.

22.

24.

26.

28.

30.

32.

M scel | aneous

Li near

Integrating factor
depends on x only

Li near
Exact or honbgeneous
Honmobgeneous

Li near or honbgeneous

Separ abl e
Separ abl e
Separ abl e

Integrating factor
depends on x only

Exact

Li near equation in x(y) 31

Pr obl enms
9. Exact
11. Exact
13. Honobgeneous
15. Separable
17. Linear
19. Integrating factor

21.

23.

25.

27.

29.

depends on x only

Honobgeneous
Bernoul | i equation
Exact

Integrating factor
depends on x only

Honobgeneous

Separ abl e

Integrating factor depends on y only.



35

CHAPTER 3

Section 3.1, Page 136

10.

15.

Assume y = e'', which gives y’ = re'' and y” = r2'".

Substitution into the D.E. yields (6r-r-1)e't = 0.
Since e''#0, we have the characteristic equation
6r2-r-1 =0, or (3r+l)(2r-1) = 0. Thus

r =-1/3, 1/2 and y = cle”2 + cze'“?’.

rt

The characteristic equation is r? + 5r = 0, so the roots

arerqy =0, and r, = -5.  Thus

ot 5t 5t

y = Ccie +Cle = Cqt Ce

The characteristic equation is r?- 9r +9 =0 so that

r = (9+/81-36)/2 = (913@)/2 using the quadratic
formul a. Hence

y = c.exp[ (9+3/5)t/2] + cexp[(9-31/5)t/2].

rt
Substitutingy = e inthe DE.

we obtain the characteristic
equat i on r2+ 4r + 3 = 0, which
has the roots ry = -1, r, = -3.

-t -3t
Thus y = cie  + c.e and

-3t
’

-t
y’ = -ce - 3coe
Substituting t = 0 we then have |
cp+Ccy,=2and -c; - 3c, = -1,
yielding ¢, = 5/2 and

5 - 1
c, = -1/2. Thusy:Ee —Ee

and hence y - 0 as t — oo.

The characteristic equation is r?+8r - 9 = 0, so that
rp=1and r, = -9 and the general solution is

t - ot
y =ce +ce . Sincethel.C are givenat t =1, it

is convenient to wite the general solution in the form

(t-1) -9(t-1)
y = kqe + koe . Note that

cq = kle’1 and c, = kzeg. The advantage of the latter
formof the general solution becomes clear when we apply



36

17.

19.

21.

24.

25a.

Section 3.1

the 1.C. y(1) =1 and y’(1) = 0. This latter formof y

: (t-1) -9(t-1) .
gives y’ = kqe - 9k.e and thus settingt =1 in

y and y’ yields the equations k; + k, = 1 and

ki - 9k, = 0. Solving for k; and k, we find that

t-1 -9(t-1
y = (9e( ) + e ( ))/10. Since e'"Y has a positive

exponent for t > 1, ¥y - 0 ast — oo.
Conparing the given solution to Eq(17), we see that rlz 2
and r2 = -3 are the two roots of the characteristic
2
equati on. Thus we have (r-2)(r+3) =0, or r +r - 6 =0

as the characteristic equation. Hence the given sol ution
is for the DDE. y" +y - 6y = 0.

The roots of the characteristic equation arer =1, -1

t -t
and thus the general solution is y(t) = cle + cze .

S 3
0) =c +¢ = —and y' ' (0) =¢c - ¢ =-—, yieldin
y(0) L > 2 y' (0) L 5 4 Y ing
1t -t . 1t -t
y(t) =48 te. Fromthis y' (t) =,6 e = 0 or
2t
e =4o0rt =1n2. The second derivative test or a

graph of the solution indicates this is a mninum point.

The general solutionis y = cle_t + c2e2t. Using the I.C
we obtain c; + ¢, = o and -c; + 2¢c, = 2, so adding the two
equations we find 3c, = o + 2. If y is to approach zero

as t — oo, C, nMust be zero. Thus o = -2.

The roots of the characteristic equation are given by

(o-1)t
e .

-2t
rr =-2, - 1 and thus y(t) = cle + C Hence,

for o < 1, all solutions tend to zero as t — o. For
o > 1, the second term becones unbounded, but not the
first, so there are no values of o for which al

sol uti ons becone unbounded.

The characteristic equation is 2r2 + 3r - 2 = 0, so
r{ =-2andr, = 1/2 and y = cle'2t + czetlz. The 1.C.
. 1

yield ¢ + ¢, = 2 and -2c; +Ec2 = -B so that

¢, = (1 + 2B)/5 and c, = (4-2B)/5.
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-2t
Frompart (a), if B =2 then y(t) = e and the solution
sinply decays to zero. For B > 2, the solution becones
unbounded negatively, and again there is no m ni num
poi nt .

. -t

The second sol ution nust decay faster than e , so choose
-2t -3t .

e or e etc. as the second solution. Then proceed as

in Problem 17
Let v =y, then v’ = y” and thus the D.E. becones
2 2
tvi +2tv - 1=0o0rtv + 2tv =1. The left side is
2
recogni zed as (t v)' and thus we nay integrate to obtain
2
t v=t+c (otherwise, divide both sides of the D.E by

2 2
t and find the integrating factor, which is just t in
this case). Solving for v = dy/dt we find

2
dy/dt = 1/t + ¢/t so that y = Int + cl/t + Ci

Set v = y’, then v' = y” and thus the D.E. becones
v +tv2=0. This equation is separable and has the

2 2
solution -vi+t/2=cor v = y’ = -2/(cqy - t ) where
c,; = 2c. W nust consider separately the cases c; = 0,

2
cp,>0and ¢c; <0. If ¢y =0, theny =2/t or
y =-2/t +¢c, If ¢y >0, let ¢y = k%  Then
2

y' = —2/(k%t ) = -(Vk)[1/(k-t) + 1/(k+t)], so that

y = (UK Inl(k-t)/(k+t) [+cp 1f c; <0, let c; = -k2

2
Then y’ = 2/ (k® t°) so that y = (2/k)tan"¥(t/k) + c,
Finally, we note that y = constant is also a solution of
the D. E

Fol | owi ng the procedure outlined, let v = dy/dt and
y” = dv/dt = v dv/dy. Thus the D.E. becones

yvdv/dy + v2 = 0, which is a separable equation with the
solution v = c4/y. Next let v = dy/dt = c/y, which again

separates to give the solution y2 = cqit + cCo

Again let v = y" and v/ = vdv/dy to obtain
2y2v dv/dy + 2yv2 = 1. This is an exact equation with
solution v = + y'%y + cQ]J% To solve this equation
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we wite it in the formz+ ydy/(y+cl)1/2: dt. On
observing that the left side of the equation can be

witten as H (y+cq) - c4] dy/(y+cl)1/2vve i ntegrate and

find £ (2/3)(y-2c) (y+cp/2=1 + c,

39. If v =y’ then v/ = vdv/dy and the D.E. becones
v dv/dy + vZ = 2eY. Dividing by v we obtain

dv/idy + v = 2v'1e'y, which is a Bernoulli equation (see

Prob. 27, Section 2.4). Let Wmy) = v2 then dw dy = 2v

dv/dy and the D.E. then becomes dw dy + 2w = 4e ¥, which
is linear inw Its solutionis w=v?=ce? + 4
Setting v = dy/dt, we obtain a separable equation iny
and t, which is solved to yield the sol ution.

40. Since both t and y are missing, either approach used
above will work. In this case it’s easier to use the
approach of Problens 28-33, so let v = y" and thus v/ = y”
and the D.E. becones vdv/dt = 2.

43. The variable y is missing. Let v =y’ then v’ = y” and

the D.E. beconmes vv’ - t = 0. The solution of the
2

separabl e equation is vi=t o+ Cq. Substituting v =y
and applying the I.C. y’(1) =1, we obtainy” =t. The
positive square root was chosen because y’ > 0 at t = 1.

Solving this |ast equation and applying the I.C y(1) = 2,

’

2
we obtainy =t /2 + 3/2.
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cost sint

2. Wecost,sint) = = cos’t + sin’t = 1.

-sint cost

X

xe
4. Wx,xeX) = = xe* + x%* - xeX = x%*.

1 e* + xe*

8. Dividing by (t-1) we have p(t) = -3t/(t-1), qg(t) = 4/(t-1)
and g(t) = sint/(t-1), so the only point of discontinuity is
t = 1. By Theorem3.2.1, the largest interval is -0 <t <1,
since the initial point is ty = -2.
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p(x) = 1/(x-2) and q(x) = tanx, so x = 2, 2, 3n/2..
are points of discontinuity. Since ty =3, the interva

specified by Theorem3.2.1is 2 < x < 3n/2.

1/2 -1/2 -3/2

7 l ” 1
For y =t y’ = EI and y” = -Zj Thus

1 . 1 . . .
yy” + (y)? = ot o 2t -0 sSimlarlyy =1is also
a solution. If y =cq(1) + cztll2 is substituted in the

D.E. you will get —0102/4t3/2, which is zero only if

cy =0or c, =0. Thus the linear conbination of two

solutions is not, in general, a solution. Theorem3.2.2
is not contradi cted however, since the D.E. is not
i near.

y = ¢(t) is a solution of the DE. so L[¢](t) = g(t).
Since L is a linear operator,

L{co] (t) = cL[o](t) = cg(t). But, since g(t) = 0,

cg(t) =g(t) if and only if ¢ = 1. This is not a
contradiction of Theorem3.2.2 since the linear D.E. is
not honbgeneous.

t ’ ’ 1

Wf,g) = | =tg - g = t2%', or g - E—g =tel. This
1

has an integrating factor of N and t hus Efg - —,9=e¢

or (%g)' = e, Integrating and nmultiplying by t we

obtain g(t) = tel + ct.

From Section 3.1, el and e? are two sol utions, and

si nce VVet,e'm) # 0 they forma fundanmental set of
solutions. To find the fundamental set specified by

Theorem 3. 2.5, let y(t) = clet + cze'Zt, where c, and c,
satisfy
cp+c,=1and ¢y - 2c, = 0 for y,. Solving, we find

2 1 . : : .
Y1 :Age +A§e 2t Likewi se, c, and c, satisfy

cp+¢c,=0and c; - 2c, =1 for y, so that
e 1 .o
= —e - —e .
Y273 3
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27.

30.

32.

34.

36.
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X, we have x2(0) - X(x+2) (1) + (x+2)(x) = 0 and

xe* we have x(x+2) e x(x+2) (x+1) e*+(x+2)xe* = 0.

For y,

for vy,

From Probl em 4, Wx, xe*) = x%* = 0 for x > 0, so y, and
y, forma fundanental set of sol utions.

Suppose t hat

P(x)y" + QAX)y” + RIx)y = [P(x)y"]" + [f(x)y]". On
expandi ng the right side and equating coefficients, we
find f'(x) = R(x) and P (x) + f(x) = Qx). These two
conditions on f can be satisfied if

R(x) = Q(x) - P"(x) which gives the necessary condition
P (x) - Q(x) + R(x) =0.

We have P(x) = x, Qx) = - cosx, and R(x) = sinx and the

condi tion for exactness is satisfied. Also, fromProblem
27, f(x) = Qx) - P(x) = - cosx -1, so the D E. becones

(xy")" - [(1 + cosx)y]’ = 0. Hence

Xy’ - (1 + cosx)y =cq. This is a first order linear

D.E. and the integrating factor (after dividing by x) is
w(x) = exp[-Ix X1 + cosx)dx]. The general solution is

y = (8001 Lot u(tydt + cgl.

We want to choose p(x) and f(x) so that pu(x)P(x)y” +
() QAx)y" + WX)R(x)y = [u(x)P(x)y" 1" + [f(x)y]".
Expand the right side and equate coefficients of y”, y’
and y. This gives p' (x)P(x) + wW(x)P (x) + f(x) =
w(x)Qx) and f'(x) = W(x)R(x). Differentiate the first
equation and then elimnate f'(x) to obtain the adjoint
equation Pu" + (2P - Qu + (P - Q@ + Ru =0.

P=1x? Q=-2x and R = a(a+l). Thus
2P - Q= -4x + 2x = -2x = Q and
PP- @+R=-2+2+ o(o+l) = a(at+tl) = R

Wite the adjoint D.E. given in Problem 32 as

A

A A A A

Pu" + QU + Ru =0 where P=P, Q=2P - Q and

A

R=P - Q + R The adjoint of this equation, nanely

the adjoint of the adjoint, is
A A A A A A
Py + (2P - Qy' + (P'" - Q + Ry = 0. After

A A A
substituting for P, Q and R and sinplifying, we obtain
Py + Q' + Ry = 0. This is the sane as the original
equat i on.



37.

Section 3.3 41

From Problem 32 the adjoint of Py + Qy + Ry =0 is
Pu" + (2P - Qu + (P - @ + Rp = 0. The tw equations
are the same if 2P - Q=Qand PP - Q + R=R This

will be true if P = Q Hence the original D.E. is self-

adjoint if P = Q For Problem 33, P(x) = x% so

P (x) = 2x and Q(x) = x. Hence the Bessel equation of
order vis not self-adjoint. In a sinmlar manner we find
that Problens 34 and 35 are self-adjoint.

Section 3.3, Page 152

12.

15.

Since cos30 = 4cos’ - 3cos® we have

cos30 - (400339-3cose) =0 for all 6. FromEq.(1) we have
ky, =1 and k, = -1 and thus cos36 and 4cos® - 3cos6 are

i nearly dependent.

1 -t7°

For t>0 g(t) =t and hence f(t) - 3g(t) =0 for all t.
Therefore f and g are linearly dependent on O<t. For t<0
g(t) = -t and f(t) + 3g(t) =0, so again f and g are
linearly dependent on t<0. For any interval that

i ncludes the origin, such as -1<t<2, there is no ¢ for
which f(t) +cg(t) = 0 for all t, and hence f and g are
linearly independent on this interval.

The D.E. is linear and honogeneous. Hence, if y,; and y,
are solutions, then y;=y; +y,and y, =y, - y, are
solutions. Wyg V) = yyg - Y¥a = (Y1 + Y2 (Y1 - YD) -
(Y1 + Y2 (Y1 - Y2 = -2(yys - yiya) = -2Wyyyy), is not
zero since y, and y, are linearly independent solutions.
Hence y, and y, form a fundanmental set of solutions.
Conversely, solving the first two equations for y; and

Yo, we have y; = (ya+ty,)/2 and y, = (y3-VY4)/2, so y; and
y, are solutions. Finally, fromabove we have

Wy yo) = -Wys Vg /2.

Witing the D.E. in the formof Eq.(7), we have
p(t) = -(t+2)/t. Thus Eqg.(8) vyields
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Wt) = cexp[-] g dt] = ctZe'.
From Eq. (8) we have Wy, y,) = cexp[-] p(t)dt], where

p(t) = 2/t fromthe D.E. Thus Wy, y,5) = c/t?  Since
WY,y (1) =2 we find ¢ =2 and thus Wyq, y,) (5) = 2/25.

Let c be the point in | at which both y, and y, vani sh.

Then Wyy, ¥y () = yi(c)ys(c) - yi(c)yxc) = 0. Hence, by
Theorem 3. 3.3 the functions y; and y, cannot forma
fundament al set.

Suppose that y; and y, have a point of inflection at t,
and either p(ty) # 0 or g(ty) # 0. Since y'l'(to) = 0 and
yo(tg) = 0 it follows fromthe D.E. that p(ty)yi(ty) +

q(to)yi(te) = 0 and p(ty)ys(ty) + a(to)ys(ty) = 0. If
p(tg) = 0 and g(ty) # 0 then y (tgy) = yy(ty) =0, and
Wy ¥ (tg) = 0 so the solutions cannot forma
fundanental set. |If p(tg) # 0 and g(ty) = 0 then

yi(to) = ya(tg) = 0 and Wy, y,)(tg) = 0, so again the
sol utions cannot forma fundamental set. [If p(ty) =0
and q(tgy) = 0 then y'l(to) = q(tg)y(tg)/p(ty) and

yalto) = a(to)ya(te)/p(te) and thus

WYy Yo (tg) = yl(to)ylz(to) - yfl(to)yz(to)

yi(to)lal(te) yato)/p(to)l] -

[a(to) yi(to)/p(t)lyaty)
0.

Let -1 <tgy ty<2landtyg=ty. Ify; =1t andy2=t2
are linearly dependent then cqt; + czti = 0 and

Citg + czt(z) = 0 have a solution for c; and c, such that c;
and c, are not both zero. But this systemof equations
has a non-zero solution only if t; =0 or ty =0 or

ty =ty. Hence, the only set ¢4 and c, that satisfies the
system for every choice of tyand t; in -1 <t <1is

cqy =Cy, =0. Therefore t and t? are linearly independent
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on -1 <t < 1. Next, VVt,tZ) = t? clearly vani shes at

t = 0. Since VVt,tZ) vanishes at t = 0, but t and t2 are
linearly independent on -1 <t <1, it follows that t and

t2 cannot be sol utions of Eq.(7) on -1 <t < 1. To show

that the functions y; =t and y, = t? are solutions of

t2y“ - 2ty’ + 2y = 0, substitute each of themin the

equation. Clearly, they are solutions. There is no
contradiction to Theorem 3.3.3 since p(t) = -2/t and

q(t) = 2/t? are discontinuous at t = 0, and hence the
t heorem does not apply on the interval -1 <t <1

Oh 0<t <1, f(t) = t3 and g(t) = t3. Hence there are
nonzero constants, c¢; = 1 and ¢, = -1, such that

cf(t) + cg(t) =0 for eacht in (0,1). On -1 <t <0,
f(t) = -t3 and g(t) = t3; thus c; = ¢, = 1 defines
constants such that c4f(t) + c,g(t) = 0 for each t in

(-1,0). Thus f and g are linearly dependent on
0O<t<landon-1<t <0 W wll showthat f(t) and
g(t) are linearly independent on -1 <t < 1 by
denonstrating that it is inpossible to find constants ¢4

and c, not both zero, such that c,f(t) + c,g(t) = 0 for
all t in (-1,1). Assune that there are two such nonzero
constants and choose two points tgand t; in -1 <1t <1
such that t; < 0 and t; > 0. Then -cltg + cztg = 0 and

cﬂf+ czti = 0. These equations have a nontrivial solution
for ¢, and c, only if the deterninant of coefficients is

zero. But the deterninant of coefficients is —2t8t§ 0
for ty and t,; as specified. Hence f(t) and g(t) are
linearly independent on -1 <t <1

Section 3.4, Page 158

exp(1+2i) = el = ee?" = e(cos2 + isin2).

Recal | that 2% = /M@)o g(2-1)In2

As in Section 3.1, we seek solutions of the formy = et
Substituting this into the D.E. yields the characteristic

equation r? - 2r + 2 = 0, which has the roots r{ =1+
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and r, = 1 - i, using the quadratic formula. Thus A =1
and uw = 1 and from Eq. (17) the general solution is
y = cletcost + czetsi nt.

11. The characteristic equation is r? + 6r + 13 = 0, which

-6+1/-16
has the roots r = — 5 = -3+2i. Thus A = -3 and

u =2, so Eq.(17) becones y = cle'3

3

Ycos2t + cye *'sin2t.

14. The characteristic equation is o+ 9or - 4, which has

the real roots -4/3 and 1/3. Thus the solution has the

same formas in Section 3.1, y(t) = cle”3 + cze'4”3.

18. The characteristic equation is '

r?+ 4r + 5 =0, which has the o8
roots rq,r, = -2 +*i. Thus

_ -2t -2t =
y = cqe “cost + c,e T sint and y
y’ = (-2cq*cy) e ?'cost + *
(-cq-2cy e ?sint, so that "
y(0)= c4= 1 and y’(0)= -2cq+c,= O, sxe

9 o7 0a 08 08 1 12 A eie @ 22 24 28 28 3

or c, = 2. Hencey = e'Zt(cost + 2sint).

?
22. The characteristic equation is :: \
r2+2r +2 =0, SO ryrp=-1+i. *
Since the 1.C. are given at n/4 y
we want to alter Eq.(17) by o
: 4 il 4 o
letting ¢, = e 'dy and c, = e" 'dy. o
Thus, for A = -1 and p =1 we o
have y = e'(t'“M)(dlcost + dysint); e S
soy = -e'(t'”/4)(dlcost + d,sint) +e'(t'"/4)(-dlsi nt +d,cost).

Thus ﬁdllz + ﬁdzlz = 2 and —ﬁdl = -2 and hence
y = /2e """ (cost + sint).

23a. The characteristic equation is 3r2 - r + 2 =0, which has

1 + \/23i
e 1

the roots rq,r, = —
\/ 23
6

6
\/ 23
6

Thus u(t) =

et/6

(cqcos t + cysin t) and we obtain u(0) =c; =2
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1
and u” (0) = gcl +

ot/ \/23 2 . +/23

u(t) = (2cos t - sin t)
6 v/ 23 6
23b. To estimate the first tine that |u(t)| = 10 plot the graph

of u(t) as found in part (a). Use this estimate in an
appropriate conputer software programto find t = 10.7598.

25a. The characteristic equation is r2 +2r +6 = 0, so

r,r, =-1%1/5i and y(t) = e '(cycos\/5t + c,siny/5t).
Thus y(0) = ¢4 = 2 and y’(0) = -cq + \/Ecz = o and hence

-t oat+2 .
e (2cosx/§t + sin \/gt).
/5

y(t)

25b. y(1) e'1(2cosﬁ + O&Esin ﬁ) = 0 and hence
5

oa=-2 - i = 1.50878.
tany/ 5

+2
25c. For y(t) = 0 we nust have 2cosy/5t + ¢ siny5t = 0 or
V5

-2¢/5 .
tany5t = o2 For the given o (actually, for a > -2)
o

21/5

o+2

this yields ﬁt = m - arctan since arctan x < 0 when

x < 0.

2¢/5

o+2

25d. From part (c) arctan - 0as o0 > o, SOt — n/ﬁ.

d
31. J[e“(cospt + isinut)] = ke“(cosut + isinut)

+ e“(—usi nut + iucosut) = Xe)‘t(cosm + isinut)
+ iue“(isi nut + cosut) = e“(?»+i w) (cosut + isinut).

rt rt

: . d
Setting r = Atip we then haveae =re

33. Suppose that t = a and t = b (b>a) are consecutive zeros
of y;. W nust show that y, vani shes once and only once

inthe interval a <t < b. Assune that it does not
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vani sh. Then we can formthe quotient y,/y, on the
interval a <t <b. Note yya) # 0 and y,(b) # O,

ot herwi se y,; and y, would not be linearly independent
solutions. Next, y,/y, vanishes at t = a andt = b and
has a derivative in a <t < b. By Rolles theorem the
derivative must vanish at an interior point. But

y Y2 - YY1 -WYL Yo
71)' - P2 Z1 L2 , which cannot be zero
Y2

2 2

Yo Y2
since y; and y, are linearly independent solutions.
Hence we have a contradiction, and we conclude that y,
must vani sh at a point between a and b. Finally, we show
that it can vanish at only one point between a and b.
Suppose that it vanishes at two points ¢ and d between a
and b. By the argument we have just given we can show
that y, must vani sh between ¢ and d. But this contradicts

the hypothesis that a and b are consecutive zeros of y;.

(

We use the result of Problem34. Note that q(t) = e’> 0

for -co <t < oo. Next, we find that (q" + 2pq)/q3/2: 0.
Hence the D.E. can be transformed into an equation with

constant coefficients by letting x = u(t) = Ie'tzlzdt.
Substituting x = u(t) in the differential equation found in
part (b) of Problem 34 we obtain, after dividing by the

coefficient of dzy/ dx?, the D.E. dzy/ dx? - y = 0. Hence the
general solution of the original D.E is

. -t2
y = cc0sX + cosinx, x = Je ' 2dt.

Rewite the DE. as y” + (o/t)y’ + (B/tz)y = 0 so that

p=o/t and gq = B/tz, whi ch satisfy the conditions of
parts (c) and (d) of Problem 34. Thus

x = [(UtHY Xt =Int will transformthe D.E. into
dy2/dx2 + (o-1)dy/dx + By = 0. Note that since B is
constant, it can be neglected in defining x.

By direct substitution, or fromProblem38, x =1Int wll

transformthe D.E. into dzy/dx2 +y =0, since o =1 and
B =1 Thus y = cqcosx + c,sinx, with x =1Int, t > 0.
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12.

14.

17a.

17b.

Substituting y = e'!

into the D.E., we find that
r2. 2r +1 =0, which gives ry =1 and r, = 1. Since the
roots are equal, the second linearly independent solution

is te' and thus the general solution is vy = clet + cztet.

The characteristic equation is 25r2 - 20r + 4 = 0, which
may be witten as (5r-2)2 = 0 and hence the roots are

roro =25 Thus y = cle2”5 + Cy te?/s
L]

The characteristic equation is

r?2 - 6r +9 = (r-3)2, which has :

the repeated root r = 3. Thus

y = cle?’t + Cot e3', which gives y

y(0) =c; =0, y(t) = cy(e*+3te®)
and y’(0) = c, = 2. Hence 1

y(t) = 2ted.

The characteristic equation is
r2 4+ 4r + 4 = (r+2)2 = 0, which

has the repeated root r = -2.
Since the I.C. are given at
t =-1, wite the general solution
as y = ce 2" 4 octe (D Then o, ) o t
y' = -2c,e 2t 4 ¢ e 2t gt e (MY and hence
Ci-C, = 2 and -2c¢4+3c, = 1 which yield ¢4 = 7 and ¢, = 5.
Thus v = 7e 2(t*D) 4 5167 2(t*D 3 decaying exponential as
shown in the graph.
The characteristic equation is 4r? + 4r + 1 = (2r+1)2 = 0,
so we have y(t) = (c1+c2t)e'”2. Thus y(0) = ¢4 =1 and
y’(0) = -c4/2 + ¢, = 2 and hence ¢, = 5/2 and
y(t) = (1 + 5t/2)e /2

1 . 5 .
Frompart (a), y'(t) = - E(l + 5t/2)e t2 Ee t/2 = 0, when

1 5t 5 8 45
- — - —+4+ — =0, or ty = — and = be .
2 4 2 0" 5 Yo
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1 1
From part (a), - 5 + Cy, = b or CZ:b+E and

y(t) =[1 + (b + %)t]e'”z.

Frompart (c), y’(t) = - %[1 + (b+%)t]e't/2 + (b+%)e'”2 =0
4b
which yields t,, = —— and
Y M™ 2p+1
2b+1 4b -2b/ (2b+1) - 2b/ (2b+1)
=(1+ Co—-)e = (1 + 2b)e _
Ym = ( ) 2b+1) ( )

If rqy =r, then y(t) = (cq + czt)erlt. Since the exponenti al
is never zero, y(t) can be zero only if c; + cot = 0, which
yields at nost one positive value of t if ¢4 and c, differ

insign. If ry, >r  then
It

y(t) = ce™t + e = eftf(c, + cel"2"I)  Again, this is
zero only if c; and c, differ in sign, in which case
In(-cq/cCy)
S ()

If ry # 1, then o(t;ry,ry) = (e'2 - e )/ (ry - 1)) is
defined for all t. Note that ¢ is a |liner conbination of

two solutions, e and e"?, of the DLE. Hence, ¢ is a
solution of the differential equation. Think of r, as fixed

and let r, > rq. The linmit of ¢ asr, > rqis

i ndetermnate. If we use L'Hopital’s rule, we find
rot rot rot
. e? e! . te ?
lim ——————— - = lim =te't'. Hence, the
ro, > rq ro - rq ro, > rg

solution o(t;ry,r,) — te' as ry, - ry.

2 and

Let y, = v/t. Then y, = v/t - v/t
yo = v7t - 2v/t? + 2v/t3  Substituting in the D.E. we
obtain

t2(v7t - 2vt? + 2vitd) + 3t(vit - vit?) + vit = 0.
Sinplifying the left side we get tv” + v/ = 0, which
yields v' = ¢cy/t. Thus v = cqnt + c,. Hence a second
solution is y,(t) = (cqnt + cy,)/t. However, we may set
C, =0 and ¢c; = 1 without loss of generality and thus we
have y,(t) = (Int)/t as a second solution. Note that in
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the formwe actually cal culated, y,(t) is a |linear

conbi nation of 1/t and Int/t, and hence is the general
sol uti on.

In this case the calcul ations are somewhat easier if we
do not use the explicit formfor y (x) = si nx? at the
begi nning but sinply set y,(x) = y;v. Substituting this
formfor y,in the D.E gives x(yq)”(yqv) ’+4x3(y1v) = 0.
On carrying out the differentiations and naki ng use of
the fact that y; is a solution, we obtain

Xyv” + (2xy'1 - y)v' =0. This is a first order |inear

equation for v/, which has the solution v’ = cx/(si nx2) 2
Setting u = x2 al | ows integration of this to get

vV =0Cy cot x? + C, Setting c; =1, ¢, = 0 and multiplying
by y; = si nx? we obtain yo(X) = cosx? as the second

solution of the D. E

Substituting y,(x) = yix)v(x) in the D.E gives

x2(y1v)" + X(yqv)’ + (x2 - %)ylv = 0. On carrying out the
differentiations and making use of the fact that y; is a
solution, we obtain x%,v” + (2x%7 + xy)v’ = 0. This is

a first order linear equation for Vv’
V7 + (2yy/y; + Ux)v’ =0, with solution

Y1 1
v/(x) = cexp[-J(2=— + =)dx] = cexp[-2lny; - Inx]
Y1 X

1 c
= C = = C CSCZX,

XYy 2 x(x'lsi n2x)
where ¢ is an arbitrary constant, which we will take to be

one. Then v(x) = Jcsc® dx = -cotx + k where again k is an
arbitrary constant which can be taken equal to zero. Thus
yo(x) = yix)v(x) = (x'llzsi nx) (-cotx) = -x YZosx. The

second solution is usually taken to be x Y Zosx. Note
that ¢ = -1 woul d have given this solution.

Let y,(x) = e*v(x), then y, = €’v/ + e’v, and
y, = v’ + 2¢’v/ + €’v. Substituting in the D.E. we

obtain xe*v” + (xe*~Ne’)v’ = 0, or v” + (1-N x)v’ = 0.
This is a first order linear D.E. for v/  with integrating
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factor u(x) = exp[J(1-Nx)dx] = x "X Hence

(x ")’ = 0, and v’ = cx"& X which gives

v(x) = c/x"eXx + k. On taking k = 0 we obtain as the
second solution y,(x) = ce’/x"edx. The integral can be

eval uated by using the nmethod of integration by parts.

At each stage let u = xN or le, or whatever the power of

X that remains, and let dv = e* Note that this dv is

not related to the v(x) in y,(x). For N= 2 we have
X X

- e e

y2(x) = Cexsze x = Cex[sz - J. 2x .

dx]

- X -X
e e
-cx? + ceX[ 2x 1 dx]

_j2

:c(-xz- 2x - 2) :-2c(1+x+x2/2!).
Choosing ¢ = -1/2! gives the desired result. For the
general case ¢ = - 1/ N

(YA YD) = (Yo - YYD /Y12 = Wy, y)/y,> Abel's identity
is Wypy)) =¢ exp[—J;t p(r)dr]. Hence
0

(yJdyy)' = cyl'zexp[-J:t p(r)dr]. Integrating and setting
0
c =1 (since a solution y, can be nultiplied by any
constant) and taking the constant of integration to be
zero we obtain
expl- [*p(r) dr]
0 ds.

vA = yi(t) [

[yi(s)1?
From Probl em 33 and Abel’'s formul a we have
y 1 I nt
(*2)': EXp[J(Z/tz)dt] = e2 5 = tcscXt?). Thus
Y1 sine(t?) sine(t?)
yoly, = -(1/ 2)cot(t2) and hence we can choose y, = cos(tz)

since y; = si nz(tz).

The general solution of the D.E. isy = cie™ + ce'?

where rq,rp, = (-b =+ \/b2-4ac)/2a provi ded b? - 4ac # O.
In this case there are two possibilities. If b% - 4ac > 0
then (b? - 4ac)1/2<bandr1and r, are real and

negative. Consequently e — 0 and e'? — 0; and hence
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y - 0, ast — oo Ifb2-4ac<0thenr1andr2are
conpl ex conjugates with negative real part. Again

e > 0and e? - 0; and hence y - 0, as t — oo.
Finally, if b?- 4ac = 0, theny = ce" + c,te'™ where
ri{ =-b/2a < 0. Hence, againy - 0 ast — o. This

concl usi on does not hold if either b = 0 (since
y(t) = cqcosot + cosinmt) or ¢ = 0 (since yi(t) = cq).

Substituting z = Int into the D. E gives

dy  dy

—— + — + 0.25y = 0, which has the solution
dz?2 dz

y( Z) — cle' z/ 2

z/ 2 1/2 -1/2

+ coze so that y(t) = cqt = “+ cot I nt.

Section 3.6, Page 178

1.

First we find the solution of the honpbgeneous D.E., which
has the characteristic equation r22r-3 = (r-3)(r+1) = 0.

3t -t 2t
Hence y. = cie + c,e and we can assume Y = Ae for the

2t 2t
particular solution. Thus Y = 2Ae and Y’ = 4Ae and

substituting into the D.E. vyields

2t 2t 2t 2t

4Ae - 2(2Ae ) - 3(Ae ) = 3e . Thus -3A
3t -t 2t

A= -1, yieldingy:cle +cze - e

3 and

Initially we assume Y = A + Bsin2t + Ccos2t. However,
since a constant is a solution of the rel ated honbgeneous
D.E. we nust nodify Y by multiplying the constant A by t
and thus the correct formis Y = At + Bsin2t + Ccos2t.

t

_ - -t 2 -t
Since y. = ce + cyte we nust assunme Y = At e , SO

-t 2 -t -t -t 2 -t
that Y = 2Ate - At e and y” = 2Ae - 4Ate + At e .

2 -t
Substituting in the D.E. gives (At -4At+2A)e +

2 -t 2 -t -t
2(-At +2At)e + At e =2e . Notice that all terns on

2
the left involvingt and t add to zero and we are |eft

-t -t 2 -t
with 2A =2, or A=1. Hencey =ce +cie +1te .

The assumed formis Y = (At + B)sin2t + (& + D)cos2t,
which is appropriate for both terns appearing on the
right side of the DLE. Since none of the terns appearing
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in Y are solutions of the honbgeneous equation, we do not
need to nodify Y.

rt
First solve the honbgeneous D.E. Substitutingy = e

-t/2

gi ves r?2+r + 4 =0 Hence Yo = € [cicos(/15t/2) +
. , t -t

c,sin(y/15t/2)]. W replace sinht by (e - e )/2 and

t -t t -t
then assune Y(t) = Ae + Be . Since neither e nor e
are sol utions of the honbgeneous equation, there is no

need to nodify our assunption for Y. Substituting in the
t -t t -t
D.E., we obtain 6Ae + 4Be =¢e - e . Hence, A=1/6

and B = -1/4. The general solution is

y = e Plccos(/151/2) + csin(/15t/2)] + /6 - e /4.
[ For this problemwe could al so have found a particul ar
solution as a |inear comnbination of sinht and cosht:

Y(t) = Acosht + Bsinht. Substituting this in the D.E.
gives (5A + B)ycosht + (A + 5B)sinht = 2sinht. The
solution is A= -1/12 and B = 5/12. A sinple calculation

t -t
shows that -(1/12)cosht + (5/12)sinht = e /6 - e [4.]

-2t t
Yo = Cq€ + c,e so for the particular solution we
assume Y = At + B. Since neither At or B are solutions of
t he honbgeneous equation it is not necessary to nodify
the original assunption. Substituting Yinthe DE we
obtain 0 + A -2(At+B) = 2t or -2A = 2 and A-2B = 0.

-2t t
Solving for A and B we obtainy = cqe +Cce -t - 1/2
as the general solution. y(0) =0 - c;+cy,- 1/2=0

and y’(0) =1 - -2c; +c¢c,- 1 =1, whichyieldcy =-1/2

t -2t
and c, = 1. Thusy =e - (1/2)e -t - 1/2.

Si nce the nonhonbgeneous termis the product of a linear
pol ynom al and an exponential, assune Y of the sane form

_ 2t ;_ a2t 2t
Y = (At+B)e . Thus Y = Ae~ + 2(At+B)e” and
Y’ = 4Ae®+4(At+B)e?'. Substituting into the D.E. we
find -3At = 3t and 2A - 3B =0, yielding A= -1 and

B =-2/3. Since the characteristic equation is

r2. 2r - 3= 0, the general solution is

- 2
y = c,e% +ce’t - gem - te?!,
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- 3t
19a. The solution of the honogeneous D.E. is y. = cqe + Co.

After inspection of the nonhonbgeneous term for 2t% we
nmust assume a fourth order polynominial, for t2e73 we
nmust assume a quadratic polynom al tinmes the exponenti al,

and for sin3t we nust assunme Csin3t + Dcos3t. Thus
4 3 2 2 -3t

Y(t) = (At +At +At +Agt+A,) + (Byt +Bjt+By)e  +Csin3t+Dcos3t.

However, si nce e 3 and a constant are sol utions of the

honogeneous D.E., we nust nultiply the coefficient of e
and the polynomal by t. The correct formis

Y(t) = t(At? + At + AtZ + At + A +
t(Byt? + Bjt + By)e 3 + Csin3t + Dcos3t.

3t

-t
22a. The solution of the hongeneous D.E. is y. = e [cqcost +
cosint]. After inspection of the nonhonobgeneous term we

-t 2 -t 2
assune Y(t) = Ae + (Bt + Bt + B)e cost + (Gt + Ct

-t -t -t
+ C)e sint. Since e cost and e sint are solutions of
t he honbgeneous D.E., it is necessary to nultiply both
the last two ternms by t. Hence the correct formis

-t 2 -t
Y(t) = Ae  + t(Bgt + Bt + By)e cost +
2 -t
t(Ct + Ct + G)e sint.

28. First solve the .V.P. y" +y =1t, y(0) =0, y(0) =1
for 0 £t <m The solution of the honbgeneous D.E. is
yo(t) = cqcost + cyosint. The correct formfor Y(t) is
y(t) = At + A, Substituting inthe DDE we find Aj =1
and A; = 0. Hence, y = cycost + c,sint +t. Applying the

I.C., we obtainy =t. For t > we have y” + y = ne™"

so the formfor Y(t) is Y(t) = Ee™ ! Substituting Y(t)
inthe DE., we obtain Ee™' + Ee™' = ne™' so E = n/ 2.
Hence the general solution for t > mis Y = Djcost +
Dssint + (n/2) et 0f y and y’ are to be continuous at

t = m then the solutions and their derivatives for t < =&
and t > w nust have the sane value at t = m. These
conditions require n = -D; + /2 and 1 = -D, - =/ 2.

Hence D = -n/2, D, = -(1 + n/2), and
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t, 0<t <m
y = o(t) = , =t
-(n/2)cost - (1 + nw/2)sint + (w/2)e™ ", t > m.

The graphs of the nonhonmobgeneous termand ¢ foll ow

30. According to Theorem 3.6.1, the difference of any two
solutions of the linear second order nonhonpgeneous D. E.
is a solution of the correspondi ng honogeneous D. E.
Hence Y1 - Y2 is a solution of ay” + by’ + cy = 0. In

Probl em 38 of Section 3.5 we showed that if a >0, b > 0,
and ¢ > 0 then every solution of this D.E. goes to zero
as t = o. If b =20, then y, involves only sines and

cosines, so Y; - Y, does not approach zero as t — co.

33. From Problem 32 we wite the D.E. as (D-4)(D+l)y = 3e2t
Thus let (D+l)y = u and then (D-4)u = 3e2t. This | ast
equation is the same as du/dt - 4u = 3e2t, whi ch may be
sol ved by multiplying both sides by e_4t and integrating

2t 4t
(see section 2.1). This yields u =(-3/2)e + Ce .
Substituting this formof u into (D+l)y = u we obtain

2t 4t t
dy/dt +y = (-3/2)e + Ce . Again, multiplying by e

2t 4t -t
and integrating gives 'y = (-1/2)e + Ce + Ce , where
C, = d5.

Section 3.7, Page 183

2. Two linearly independent solutions of the honbgeneous
t Assune Y = ul(t)e2t

D.E are yq(t) = e?' and yo(t) = e .
+ u(t)e, then Y(t) = [2u(t)e® - uy(t)e '] + [uj(t)e?
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+uy(t)e '], e set uj(t)e® + uyt)e' =o. Then

Y = 4ue® + uye’t + 2uje® - upe!

and substituting in
the D.E. gives 2uj(t)e® - uj(t)e' = 2e’'. Thus we have
two al gebraic equations for uj(t) and ux(t) with the
solution uj(t) = 2e’3/3 and uj(t) = -2/3. Hence

u(t) = -2e73'/9 and ut) = -2t/3. Substituting in the

formula for Y(t) we obtain Y(t) = (-2e '/9)e? +
(-2t/3)e’! = (-2e7'/9) - (2te’'/3). Since e is a
solution of the honbgeneous D.E., we can choose
Y(t) = -2te’/ 3.

Since cost and sint are solutions of the honbgeneous
D.E., we assume Y = uq(t)cost + uy(t)sint. Thus

Y = -uq(t)sint + uy(t)cost, after setting
up(t)cost + uy(t)sint = 0. Finding Y’ and substituting
into the D.E. then yields -uj(t)sint + uyt)cost = tant.

The two equations for uj(t) and uy(t) have the sol ution:

u'l(t) = -sin%/cost = -sect + cost and
u'z(t) = sint. Thus uy(t) =sint - In(tant + sect) and
us(t) = -cost, which when substituted into the assuned

formfor Y, sinplified, and added to the honbgeneous
solution yields
y = c,cost + c,sint - (cost)ln(tant + sect).

Two linearly independent solutions of the honogeneous

D.E. are yq(t) = e3t and yo(t) = et Appl yi ng Theorem

3.7.1 with Wy, y,)(t) = -e°, we obtain

2s 3s
V(1) = e[S g, g[S 4
_eSS _eSS
_ J'[e3(t-s)_ ez(t-s)]g(s)ds_
The conplete solution is then obtained by adding

cle3t + cze2t to Y(t).

That t and te' are solutions of the honbgeneous D. E. can
be verified by direction substitution. Thus we assune

Y = tuy(t) + tetuz(t). Fol l owi ng the pattern of earlier

problems we find tuj(t) + te'u)(t) = 0 and
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uj(t) + (t+1)e'u, = 2t. [Note that g(t) = 2t, since the
D.E. nust be put into the formof Eg.(16)]. The solution
of these equations gives uy(t) = -2 and uj(t) = 2e’'.
Hence, uy(t) = -2t and uy(t) = -2¢’', and

Y(t) =t(-2t) + tet(-2e't) = -2t% - 2t. However, since t
is a solution of the honbgeneous D.E. we can choose as

our particular solution Y(t) = -2t 2

For this problem and for nany others, it is probably
easier to rederive Egs.(26) w thout using the explicit
formfor yi(x) and y,(x) and then to substitute for y;(x)

and y,(x) in Egs.(26). In this case if we take
y1 = x Y2 sinx and Yo = x'1/7cosx, then Wy, y,) = -1/x.
If the D.E. is put in the formof Eqg.(16), then
g(x) = 3x Y%inx and thus u'1 (x) = 3sinxcosx and

Uy(x) = -3sin® = 3(-1 + cos2x)/2. Hence
uq(x) = (3si nzx)/2 and uy(x) = -3x/2 + 3(sin2x)/4, and
Y(x) = 3 sinX sinx f (- 3x N 3 S|n2x) COSX
2 ﬁ 2 4 ﬁ
_ 3 sin® sinx f (- 3x N 3 sinx cosx, cCOSX

2 \/Y 2 2 \/Y

_ 3 sinx 31/x cosx

24/x 2

The first termis a nultiple of y;(x) and thus can be
negl ected for Y(x).

Putting limts on the integrals of Eq.(28) and changi ng
the integration variable to s yields

. Yo(s)g(s)ds . Yi(s)g(s)ds
Yt J:ovwl,yz)(s) "y J:ovwl,yz)(s)
J-t -yi(t)yas)g(s)ds . ,[t ya(t)yi(s)g(s)ds
to Wy, Y (S) to Wy, Y (S)

t - t d
_ J-tto [yi(s)yot) - yi(t)ys(s)]a(s) s. To show t hat

yi(s)ya(s) - vi(s)yos)
Y(t) satisfies L[y] = g(t) we nust take the derivative of
Y using Leibnitz’s rule, which says that if

G
Y(t) :J:tG(t,s)ds, then Y(t) = Gt,t) + J:tg—t(t,s)ds.
0 0
Letting t,s) be the above integrand, then Gt,t) =0

Y(t)
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G Ya(s)ya(t) - yi(t)y,(s)

and — = g(s). Likew se
ot WY1, Y2) (s)
LAt t) ¢ °G
Y’ = BT + J;()atz(t,s)ds
¢ Ya(S)ya(t) - yi(t)ya(s)
= g(t ds.
I A TAAIE :

Since y; and y, are solutions of L[y] = 0, we have

L[Y] = g(t) since all the terns involving the integral
will add to zero. dearly Y(ty) =0 and Y(ty) = 0.

25. Note that y; = e“cosut and y, = eMsi nut and thus

WY,y = uem. From Probl em 22 we t hen have:

J‘t e’cospseMsinut - eMcosut e*si nus
to 2)s

Y(t) g(s)ds
ue

1Y
w J; eM 'S)[cosus sinut - cosut sinus]g(s)ds
0

wt J'ttoe’““'s)[si nu(t-s)]g(s)ds.

29. First, we put the D.E. in standard form by dividi ng by

t2: y” - 2y'lt + 2y/t2 = 4. Assunming that y = tv(t) and

substituting in the DDE. we obtain tv” = 4. Hence

V/(t) = 4int +c,and v(t) =4[ Int dt +ct =

4(tInt - t) + cot. The general solution is

cyq(t) + tv(t) =cqt + 4(t2I nt - tz) + cztz. Since -4t2
is amltiple of y, = czt2 we can wite

y = cqit + czt2 + 4t%nt.

Section 3.8, Page 197

2. From Eq. (15) we have Rcosd = -1, and Rsind = \/ﬁ Thus
R=+/1+3 =2 and & = tan"}(-+/3) + n = 2n/3 = 2.09440. Note
that we have to “add” m to the inverse tangent value since &
must be a second quadrant angle. Thus u = 2cos(t-2n/3).

6. The notion is an undanped free vibration. The units are
in the CGS system The spring constant
k = (100 gm) (980cm sec?)/5cm Hence the D.E. for the
notion is 100u” + [(100 - 980)/5]u = 0 where u is
neasured in cmand tine in sec. W obtain u” + 196u = 0
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so
u = Acosl4t + Bsinld4t. The I.C are u(0) =0 - A=0
and u’(0) = 10 cmsec —» B = 10/14 = 5/7. Hence

u(t) = (5/7)sinl4t, which first reaches equilibrium when
14t = mw, or t = wn/ 14.

We use Eq.(33) without R and E(t) (there is no resistor or

i npressed voltage) and with L = 1 henry and 1/C = 4x10°8 since
C = .25x10°% farads. Thus the I.V.P. is @ + 4x10® Q = 0,
QO0) = 10°° coul onbs and Q(0) = 0.

The spring constant is k = (20)(980)/5 = 3920 dyne/cm
The |.V.P. for the notion is 20u” + 400u” + 3920u = 0 or
u” + 20u” + 196u = 0 and u(0) =2, u(0) = 0. Hereuis
neasured in cmand t in sec. The general solution of the
D.E. is u = Ae 10cosa+/6t + Be 1%sin4y/6t. The I.C.
u(0) =2 - A=2and u(0) =0 — -10A + 44/6B = 0. The
solution is u = e'lot[20054ﬁt + 5(si n4ﬁt)/\/€]cm
The quasi frequency is p = 4%, the quasi period is

Tqg = 2nu = n/21/6 and T4/ T = 7/21/6 since

T=2n/14 = n/7. To find an upper bound for 1, wite u
inthe formof Eg.(30): u(t) = 1/4+25/6 e Ocos(4+/61t-3).
Now, since |cos(4ﬁt-8) | <1, we have |u(t)| < .05 >
\/4+25/6 100 < 05, which yields t = .4046. A nore
preci se answer can be obtained with a conputer al gebra
system which in this case yields © = .4045. The
original estimate was unusually close for this problem
since cos(41/6t-8) = -0.9996 for t = .4046.

Substituting the given values for L, C and Rin Eq.(33),
we obtain the D.E. .2Q + 3x102 Q + 10° Q= 0. The I.C.
are Q0) = 10°% and Q(0) = 1(0) = 0. Assuming Q= e't,
we obtain the roots of the characteristic equation as
r{ = -500 and r, = -1000. Thus Q = cqe 200t + ¢,e-1000t
and hence Q0) = 100% - ¢; + ¢, = 10 and

Q(0) = 0 —» -500cqy - 1000cy, = 0. Solving for cq and c»
yields the solution.

The mass is 8/32 | b-sec?/ft, and the spring constant is
8/(1/8) =64 Ib/ft. Hence (1/4)u” + yw’ + 64u = 0 or

u” + 4y’ + 256u = 0, where u is nmeasured in ft, t in sec
and the units of y are Ib-sec/ft. W look for solutions
of the D.E. of the formu = e'! and find

r2 + 4y + 256 = 0, SO rq,rp = [-4y + \/16y2 - 1024]/2.

The systemwi || be overdanped, critically danmped or
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under danped as (16y2 - 1024) is > 0, =0, or < O,
respectively. Thus the systemis critically danped when
vy =8 Ib-sec/ft.

ot rot

The general solution of the DE. is u = Ae + Be
where rq,rp = [-y + (v2 - 4km 2]/ 2m provi ded

v?2 - 4km = 0, and where A and B are deternined by the
I.C. Wen the notion is overdanped, yz - 4km > 0 and

ri >rp Setting u =0, we obtain Ae't' = - Be'?" or
el’"2t = _ B/A  Since the exponential function is a
nonot one function, there is at nost one value of t

(when B/A < 0) for which this equation can be satisfied.
Hence u can vani sh at nost once. |If the systemis
critically danmped, the general solution is

u(t) = (A + Bt)e'“/”zm. The exponential function is never
zero; hence u can vanish only if A+ Bt = 0. If B=20
then u never vanishes; if B # 0 then u vani shes once at

t =- AB provided A/B < 0.

The general solution of Eq.(21) for the case of critical
danping is u = (A + Bt)e™'2" The I.C u(0) = uy —

A = ug and u'(0) = vg - A(-y/2m) + B = v, Hence
u=_[uy+ (Vo + W/ 2mt]e ™' 2M |f vy =0, then
u = ug(l + yt/2rr)e'7”2m, which is never zero since y and

m are postive. By L'Hopital’'s Rule u—0 as t —oo.
Finally for uy > 0, we want the condition which will

insure that v = 0 at | east once. Since the exponenti al
function is never zero we require
Ug + (vo + yug/2mt = 0 at a positive value of t. This

requires that vg + yug/2m= 0 and t hat
t = -up(vo + upy 2m -1 > 0. We know that uy > 0 so we nust
have vg + yup/2m < 0 or vg < -qug/ 2m

2my

u(2m

known values we find y = w =5 1b sec/ft.

From Problem 21: A =

= Tqy/2m  Substituting the

2k
From Eq. (13) m%:?soP:Zn/\/Zk/’s =t > k = 6.
Thus u(t) = cqcos2t + cysin2t and u(0) =2 —» ¢c; = 2 and

v
u(0) = v - ¢cp =v/2. Hence u(t) = 2cos2t + ESI n2t =
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2 2
| v %
4+7frcos(2t-w. Thus 4+AZ— =3 and v = £2/5.

27. First, consider the static case. Let Al

denote the length of the bl ock bel ow TB

the surface of the water. The weight

of the block, which is a downward force, g o
is w= p|3|3g. This is bal anced by an equal } al
and opposite buoyancy force B, which is

equal to the weight of the displaced l“

water. Thus B = (pol 2Al)g = pAl 3g so poAl = pl.  Now I et

X be the displacenent of the block fromits equilibrium
position. W take downward as the positive direction.

In a displaced position the forces acting on the bl ock
are its weight, which acts downward and is unchanged, and
t he buoyancy force which is nOM/polz(A|+ x)g and acts
upward. The resultant force must be equal to the mass of

the block tinmes the accel eration, namely p|3x7 Hence
pl3 - pol%zﬂ + XxX)g = pl%(ﬁ The D.E. for the notion of
the block is p|3x” + polzgx = 0. This gives a sinple
har moni ¢ notion with frequency (pog/pl)Y?2 and natura
period 2n(pl/pog) Y/ 2.

29a. The characteristic equation is 4r2 +r + 8 = 0, so
r = (-1+y/127)/8 and hence
\/ 127 \/ 127
u(t) = e t/8(cycos . .

\/ 127
and u’(0) =2 — —4§4702 = 2.

16 g 4127

u(t) = e sin

/127 8

29c. The phase plot is the
spiral shown and the
direction of nmotion is
cl ockwi se since the u
graph starts at (0,2) and
uincreases initially.

t + cpSin t. u(0) =0 - cp =
Thus

t.

u'

30c. Using u(t) as found in part(b), show that
ku?/2 + m(u)?/2 = (ka® + nb?) /2 for all t.
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1.

7a.

7c.

10.

11a.

We use the trigononetric identities

cos(A + B) - cos(A- B) =-2sinAsinB. If we choose
A+ B=9t and A- B=7t, then A= 8t and B = t.
Substituting in the formula just derived, we obtain
cos9t - cos7t = -2sin8tsint.

cos(A £ B) = cosA cosB + sinA sinB to obtain
+

The mass m= 4/32 = 1/8 | b-secft and the spring
constant k 4/ (1/8) = 32 Ib/ft. Since there is no
danping, the I.V.P. is (1/8)u” + 32u = 2cos3t,

u(0) = 1/6, u(0) =0 where uis neasured in ft andt in
sec.

Fromthe solution to Problem5, we have m= 1/8, Fy = 2,
moz = 256, and w? = 9, so Eq.(3) becones

, 16
u = c,coslét + c,sinlét + a7 cos3t. The I.C

u(0) = 1/6 - cq + 16/247 = 1/6 and u’(0) = 0 — 16¢c, = O,

so the solution is u = (151/1482)cos16t + (16/247)cos3t
ft.

Resonance occurs when the frequency o of the forcing
function 4sinot is the same as the natural frequency o

of the system Since wy = 16, the systemw |l resonate
when o = 16 rad/sec

The I.V.P. is .25u” + 16u = 8sin8t, u(0) = 3 and
u’(0) = 0. Thus, the particular solution has the form
t (Acos8t + Bsin8t) and resonance occurs.

For this problemthe mass m= 8/32 I b-sec?ft and the
spring constant k = 8/(1/2) 16 Ib/ft, sothe D.E. is
0. 25u” + 0.25u” + 16u = 4cos2t where u is nmeasured in ft
and t in sec. To determ ne the steady state response we
need only conpute a particular solution of the
nonhonogeneous D. E. since the solutions of the
honogeneous D.E. decay to zero as t — o. W assune
u(t) = Acos2t + Bsin2t, and substitute in the D.E.

- Acos2t - Bsin2t + (1/2)(-Asin2t + Bcos2t) + 16(Acos2t +
Bsin2t) = 4cos2t. Hence 15A + (1/2)B = 4 and

-(1/2)A + 15B = 0, fromwhich we obtain A = 240/901 and
B = 8/901. The steady state response is

u(t) = (240cos2t + 8sin2t)/901
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In order to determ ne the value of mthat maxim zes the
steady state response, we note that the present problem
has exactly the formof the problemconsidered in the
text. Referring to Egs.(8) and (9), the response is a
maxi mum when A is a mninumsince Fy is constant. A, as

given in Eq.(10), will be a m ni mum when
f(m = nf(oy? - 092 + y%0% where 0= k/im is a
m nimum W cal cul ate df/dm and set this quantity equal

to zero to obtain m= k/ 0% W verify that this val ue of
m gives a mnimumof f(n) by the second derivative test.
For this problemk = 16 Ib/ft and o = 2 rad/sec so the
val ue of mthat naximzes the response of the systemis
m = 4 sl ugs.

W nust solve the three |.V.P.: (1)u] + u; = Fgt,

0 <t <m uf0) =ui(0) =0; (2) uy + u, = F(2m-1),

T <t <2m uym = uym, uxm = uym; and

(3) uz + Uz =0, 21 < t, uy(2m) = uy(2m), ux(2m) = uy(2m).
The conditions at m and 2n insure the continuity of u and
u” at those points. The general solutions of the D E
are u; = bjcost + bysint + Fgt, u, = cqCoSt + cosint +
Fo(2n-t), and uz = dscost + dysint. The |I.C. and matching
conditions, in order, give by =0, b, + Fj = 0,

-by + nFy = -¢c4 + wFy, -b, + Fg = -¢c, - F,, ¢y = d4, and
C, - Fg = d, Solving these equations we obtain

t - sint , 0t <1
u="F3(2r - t) - 3sint , T <t <2x

- 4sint , 2m < t.

The I.V.P. is @ + 5x10° @ + 4x10° Q = 12, Q0) = 0, and
Q(0) = 0. The particular solution is of the formQ = A
so that upon substitution into the D.E. we obtain

4x10°A = 12 or A = 3x10°% The general solution of the
DE is Q= cqpe™ + ce' + 3x10°% where r; and r, satisfy

r? + 5x10% + 4x10% = 0 and thus are r; = -1000 and

r, = -4000. The |.C yield c; = -4x10 ° and ¢, = 10 ° and
thus Q = 10'6( g 4000t | 41000t 4 3) coul ombs. Substituting
t = .001 sec we obtain

Q.001) = 10'6(e'4 - 4et s 3) = 1.5468 x 10°% coul onbs.

Si nce exponentials are to a negative power Qt) — 3x10°°
coulombs as t — o, which is the steady state charge.
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The anplitude of the steady state response is seven or
eight tinmes the anplitude (3) of the forcing term This
large an increase is due to the fact that the forcing
function has the sane frequency as the natural frequency,
0y, of the system

There al so appears to be a phase |ag of approximtely 1/4
of a period. That is, the nmaxi num of the response occurs
1/4 of a period after the maxi num of the forcing
function. Both these results are substantially different
t han those of either Problenms 21 or 23.

From vi ewi ng the above graphs, it appears that the system
exhibits a beat near o = 1.5, while the pattern for
w=1.0is nore irregular. However, the systemexhibits
the resonance characteristic of the linear systemfor o
near 1, as the anplitude of the response is the |argest
her e.

-
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Section 4.1, Page 212

2. Witing the equation in standard form we obtain
y” + [(sint)/t]y” + (3/t)y = cost/t. The functions
pi(t) = sint/t, py(t) =3/t and g(t) = cost/t have

discontinuities at t = 0. Hence Theorem 4.1.1 guarant ees
that a solution exists for t < 0 and for t > O.

2t-3 2t%4+1 3t2+
8. W have Wf,, f, f3) =l 2 4t 6t+1 | = 0 for all t.

0 4 6
Thus by the extension of Theorem 3.3.1 the given
functions are linearly dependent. Thus
cq(2t-3) + 02(2t2+1) + 03(3t2+t) =
(202+3c3)t2 + (2cq+c3)t + (-3cq+c,) = 0 when
(2c, + 3c3) =0, 2¢; +c3 =0and -3c; + ¢c, =0. Thus ¢q =1
C, =3 and c3 = 2.

t t

13. That €', e, and e ?' are solutions can be verified by
direct substitution. Conputing the Wonskian we obtain,
ol ot o 2t

11 1
Wel, et e ?y=| ot gt pe2t| =e? |1-1-2|=-6¢
1 1 4

el et 4e 2
17. To show that the given Wonskian is zero, it is helpful,

in evaluating the Wonskian, to note that (si nzt)’ =
2sintcost = sin2t. This result can be obtained directly

1
since sint = (1 - cos2t)/2 = 1—0(5) + (-1/2)cos2t and

hence sin% is a |inear conbination of 5 and cos2t. Thus
the functions are linearly dependent and their Wonskian
is zero.

19c. If we let L[y] = yiv— 5y” + 4y and if we use the result

of Problem 19b, we have L[e''] = (r% - 5r2 + 4)e''. Thus
e’ will be a solution of the D.E. provided
(r2—4)(r2—1) = 0. Solving for r, we obtain the four

sol utions et, e't, e’ and e ?'. Since
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V\(et, et e, e'2t) # 0, the four functions forma
fundanent al set of sol utions.

Conparing this D.E. to that of Problem 20 we see that
pi(t) = 2 and thus fromthe results of Problem 20 we have

—|2dt _
W= cej = ce 2t

As in Problem 26, let y = v(t)et. Differentiating three
tinmes and substituting into the D.E. vyields
(2-t)e'v” + (3-t)e'v” = 0. Dividing by (2-t)e' and
letting w= v” we obtain the first order separable
t-3 1 .
w=(-1+ 2)vv. Separating t and w,

equation w = -

i ntegrating, and then solving for w yields
w= v’ = cl(t-2)e't. Integrating this twi ce then gives
v = clte't + Ct + cysothat y = ve' = cqt + cztet + c3et,
which is the conplete solution, since it contains the
given y4(t) and three constants.

Section 4.2, Page 219

12.

If -1 +i/3 =R'® then R=[(-1)2+ (/3)3Y2=2. The
angle 6 is given by Rcos6 = 2cos6 = -1 and
Rsin® = 2sin@ = \/5 Hence cos6 = -1/2 and

sing = \/§IZ whi ch has the solution 6 = 2n/3. The angle
6 is only deternmined up to an additive integer nultiple
of + 2m.

Witing (1-i) in the form Reie, we obtain

(1-i) = /2e C"42™M here mis any integer. Hence,
(1-i)1’2 _ [Zl/zei(-n/4+2nn)]1/2 = QU4 (-8 i oi
the two square roots by setting m= 0,1. They are

2% 18 and 2% "8 Note that any other integer value
of mgives one of these two values. Also note that 1-i

could be witten as 1-i = (/2! (7M4 * 2m)
We | ook for solutions of the formy = et Substituting
inthe D.E., we obtain the characteristic equation

r3. 3r?2+ 3r - 1 =0 which has roots r =1,1,1. Since

the roots are repeated, the general solution is
y = clet + cot et + cat Zet,
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rt

We | ook for solutions of the formy = e . Substituting
inthe D.E. we obtain the characteristic equation
6

r-+ 1 =0. The six roots of -1 are obtained by setting
m=0,1,2,3,4,5in (-1) Y6 = ¢ ("2M/6  They are
e|n/6:(ﬁ+l)/2, eln/2:|' el5n/6:(_ﬁ+l)/2,
e|7n/6:(_\/§_ i)/2, e|3n/2:_i, and
e'lln/s:(ﬁ - i)/2. Note that there are three pairs of
conj ugate roots. The general solution is

_ .V/3t/2 ;
y = e [cqcos(t/2) + cosin(t/2)]

+ e V321 ccos(1/2) + csin(t/2)] + cscost + Cgsint.

The characteristic equation is r2 52 +3r +1=0.

Usi ng the procedure suggested following Eq. (12) we try
r =1as aroot and find that indeed it is. Factoring

out (r-1) we are then left with r? —4r -1 = 0, which
has the roots 2 + 1/5.

The characteristic equation in this case is 12r% + 31r3 +
75r2 + 37r + 5 = 0. Usi ng an equation solver we find

1 1
r=-——, ——, -1 £2i. Thus
4 3
y = cle_”4 + cze_”3 + e (cgcos2t +cysin2t). As in

Problem 23, it is possible to find the first two of these
roots w thout using an equation sol ver.

The characteristic equation is r3+r =0 and hence

r =0, +i, -i are the roots and the general solution is
y(t) = cq + c,cost + cgsint. y(0) =0 inplies

Ci +C, =0, y(0) =1 inplies c3 =1 and y”(0) = 2
implies -c, = 2. Use this last equation in the first to
find c; = 2 and thus y(t) = 2 - 2cost + sint, which
continues to oscillate as t — oo.

The general solution is given by Eq. (21).

The general solution would nornmally be witten

y(t) =cqg + cot + c3e2t + c4te2t. However, in order to
evaluate the ¢c’s when the initial conditions are given at
t =1, it is advantageous to rewite

y(t) as y(t) = c; + ct + cge?("" D 4 c(t-1)eXt Y,
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34. The characteristic equation is ard 41 +5= 0, which has

1 .
roots -1, — = i. Thus
2
y(t) = Cle_t + etlz(czcost + Casint),
y'(t) = —cle_t + et/z[(czlz + Cc3)cost + (—C, + C3/ 2)sint]
and

y’(t) = cle_t + etlz[(—3c2/4 + Cz)cost + (—C, — 3cy/4)sint].

The 1.C. then yield ¢y + ¢, =2, -C; +Cy/2 + Cc3 =1 and
c; — 3cy/4 + c3 =-1. Solving these |ast three equations
give ¢y = 2/13, ¢, = 24/13 and c3 = 3/13.

37. The approach devel oped in this section for solving the
D.E. would nornmally yield y(t) = cqcost + cosint + c5et +

c6e't as the solution. Now use the definition of coshx
and sinht to yield the desired result. It is convenient

to use cosht and sinht rather than e' and e ! because the
|.C. are given at t = 0. Since cosht and sinht and al

of their derivatives are either 0O or 1 at t = 0, the
algebra in satisfying the I.C. is sinplified.

—|odt
38a. Since pi(t) =0, W= ce J = cC.

39a. As in Section 3.8, the force that the spring designated
by ki exerts on mass m is -3u;. By an analysis sinilar

to that shown in Section 3.8, the mddle spring exerts a
force of -2(u;-uy) on mass m and a force of -2(uy,-uy on

mass m,. In all cases the positive direction is taken in
the direction shown in Figure 4.2.4.

39c. From Eq. (i) we have uj(0) = 2uy,0) - 5uy(0) = -1 and
uy”(0) = 2ux(0) - 5uj(0) = 0. From Prob.39b we have
U; = cqCOSt + cosint + c3cosVQ§t + c4sinyQ§t. Thus
citcg = 1, c2+yﬁ§c4 =0, -cy-6c3 = -1 and —c2-6yﬁ§c4 =0,
which yield ¢y, =1 and ¢, = ¢c3 = ¢4, = 0, so that
u; = cost. The first of Egs.(i) then gives u,.

Section 4.3, Page 224

1. First solve the honbgeneous D.E. The characteristic
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equation is rdor? o 41 = 0, and the roots are r = -1,

1, 1, hence y(t) = cle't + 02et + Cat el.  Usi ng the
superposition principle, we can wite a particul ar
solution as the sum of particular solutions corresponding

tothe DDE y”-y”’-y+y = 2e’! and y”-y”-y'+y = 3. Qur
initial choice for a particular solution, Y;, of the
first equation is Ae’t; but e ' is a solution of the
honbgeneous equation so we multiply by t. Thus,

Yi(t) = At e’'. For the second equati on we choose

Y,t) =B, and there is no need to nmodify this choice.

The constants are determ ned by substituting into the
i ndi vi dual equations. W obtain A= 1/2, B = 3. Thus,
the general solution is

y = ce’l + cel + cgtel + 3+ (te’h)/2

The characteristic equation is rd o 4r? = r2(r2—4) = 0,
SO y.(t) = cq + cot + c?,e'2t + c4e2t. For the particul ar
solution correspnding to t2 we assume

Y, = tz(At2 + Bt + C and for the particular solution

corresponding to e! we assune Y, = De'. Substituti ng Yq,

inthe D.E. yields -48A =1, B =0 and 24A-8C = 0 and
substituting Y, yields -3D = 1. Solving for A B, C and

D gives the desired sol ution.

The characteristic equation for the rel ated honbgeneous

DE is r®+4r =0 withroots r =0, +2i, -2i. Hence
ye(t) = cq + cc082t + cgsin2t. The initial choice for

Y(t) is At + B, but since Bis a solution of the
honbgeneous equation we nust multiply by t and assune
Y(t) =t(At+B). A and B are found by substituting in the
D.E., which gives A=1/8, B =0, and thus the general

solution is y(t) = cq + Cc,C082t + Cg8in2t + (1/8)t2.
Applying the I.C. we have y(0) =0 - ¢4 + ¢c, =0,

y’'(0) =0 = 2c3 =0, and y’(0) =1 — -4c, + 1/4 =1,

whi ch have the solution ¢, = 3/16, ¢, = -3/16, c3 = 0.
For small t the graph will approxi mte 3(1l-cos2t)/16 and
for large t it will be approxi mated by t2 8.

The characteristic equation for the honbgeneous D.E. is

r3. 2r°+r =0 wthroots r = 0,1,1. Hence the

conpl ementary solution is y(t) =cq + c2et + c3tet. We
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consider the differential equations y” - 2y” + vy’ = t3

and y” - 2y” + vy’ = 2et separately. Qur initial choice
for a particular solution, Y; of the first equation is
Aot3 + Alt2 + At + Ay but since a constant is a solution
of the honpgeneous equation we nmust nultiply by t. Thus
Y(t) = t(AOt3 + A1t2 + At + Aj). For the second equation

we first choose Yy (t) = Be!, but since both e' and te'

are sol utions of the honbgeneous equation, we nmultiply by
t? to obtain Y, (t) = Bt%e'. Then Y(t) = Y(t) + Y,(t) by
the superposition principle and y(t) = y(t) + Y(t).

The conplenentary solution is y.(t) = cq + cze't + c3et +

cqt e'. The superposition principle allows us to consider
separately the D.LE. y'V- y” - y” +y’ = t2 + 4 and

yiv— y” - y” +y" =tsint. For the first equation our
initial choice is Yy(t) = At? + At + A, but this nust
be multiplied by t since a constant is a solution of the
honogeneous D.E. Hence Yy (t) = t(A0t2 + At + A). For

t he second equation our initial choice that
Y, = (Bt + By)cost + + (Gt + Cp)sint does not need to be

nodi fi ed. Hence
Y(t) = t(At? + At + A) + (Bt + B)cost + (Ct + Cpsint.

(D-a)(Db)f (D-a) (Df - bf) D - (a+b) Df + abf and
(D-b)(Da)f (D-b)(Df-af) = % - (b+a) Df + baf. Since
atb = b+a and ab = ba, we find the given equation hol ds
for any function f.

The D.E. of Problem 13 can be witten as

D(D1)2y =t3 + 2¢'. Since D* annihilates t and (D-1)
anni hil ates 2e', we have D5(D-1) 3y = 0, which corresponds
to Eq.(ii) of Problem21. The solution of this equation
is y(x) = Alt4 + A2t3 + A3t2 + At + A+

(Bt? + Bt + Bye'. Since A; + (Bt + Bye ' are
solutions of the honbgeneous equation related to the
original D.E., they nay be del eted and thus

Y(t) = Attt + At® + AZ + At + Bt Zet.



70

Section 4.4

22b. (D+1)%(D?+1) annihilates the right side of the D.E of

Pr obl em 14

22e. D%[f+1)2 anni hilates the right side of the D E of

Pr obl em 17

Section 4.4, Page 229

1.

The conpl enentary solution is y. = ¢y + c,cost + cgsint

and thus we assunme a particular solution of the form
Y = ug(t) + uy(t)cost + ug(t)sint. Differentiating and

assuming Eqg.(5), we obtain Y = -us,sint + uscost and
up + uxcost + ugsint =0 (a).
Continuing this process we obtain Y’ = -u,cost - ugsint,

Y” = ussint - ugcost - ujcost - ugsint and

-ussint + ugcost = 0 (b).
Substituting Y and its derivatives, as given above, into
the D.E. we obtain the third equation

-u5cost - ugsint = tant (c).
Equations (a), (b) and (c) constitute Egs.(10) of the
text for this problemand may be solved to give

uj = tant, u, = -sint, and uy = -sin’/cost. Thus
u; = -Incost, u, = cost and u; = sint - In(sect + tant)
and Y = -Incost + 1 — (sint)In(sect + tant). Note that

the constant 1 can be absorbed in c;.

Repl ace tant in Eq. (c) of Prob. 1 by sect and use
Egs. (a) and (b) as in Prob. 1 to obtain u} = sect,

u, = -1 and u3 = -sint/cost.

Repl ace sect in Problem7 with e'sint.

Since e', cost and sint are solutions of the related
honbgenous equati on we have

Y(t) = ulet + u,cost + ugsint. Egs. (10) then are
u’let + ubcost + uszsint =0

u’let - ussint + uzcost =0

u’let - ujcost — uzsint = sect.

Using Abel's identity, Wt) = cexp(-Jpl(t)dt) = ce'.
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Usi ng the above equations, WO0) =2, so c = 2 and
¢ sect W(t)
Wt) = 2e. FromEqg.(11), we have u’y(t) = ————,
2e!
0 cost si nt
where W = [ 0 -sint cost | =1 and thus

1 -cost -sint

, 1 . . ,
ui(t) = Ee Y/cost. Likew se
sect W(t) 1
up, = —————— = - —sect(cost - sint) and
2e! 2
, sect W(t) 1
Uug = —————— = - _sect(sint + cost). Thus
2e! 2
1t e °ds 1 1 1 1
= —'[ti, u, = -—t - —In(cost) and uz = -—t + —ln(cost)
24 coss 2 2 2 2

whi ch, when substituted into the assuned formfor Y, yields
the desired sol ution.

Since the D.E. is the same as in Problem 7, we may use
the conplete solution fromthat, with ty = 0. Thus

1 1
y(0) =c¢q + ¢y =2, y'(0) =cl+c3—5+5=—1and
” 1 1 ,
y”(0) :cl—cz+5—1+5:1. Agai n, a conputer

al gebra system nay be used to yield the respective
derivati ves.

Since a fundanental set of solutions of the honbgeneous
D.E. is y; = et, y, = cost, y; = sint, a particular
solution is of the formY(t) = etul(t) + (cost)uy(t) +
(sint)uy(t). Differentiating and naking the sane
assunptions that lead to Egs.(10), we obtain

r t ’ ’ .

ue’ + u,cost + ugsint =0

r t ’ . ’

ue’ - u,sint + ugcost =0

r t ’ ’ .

ue’ - u,cost - ugsint = g(t)

Sol ving these equations using either determ nants or by
elinination, we obtain uj = (1/2)e'g(t),

u, = (1/2)(sint - cost)g(t),uz = -(1/2)(sint + cost)g(t).
Integrating these and substituting into Y yields
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t t
Y(t) = %{etﬁ e'sg(s)ds + cost L (sins - coss)g(s)ds
0 0

t
—sintﬁ (sins + coss)g(s)ds}.
0
This can be witten in the form

t
Y(t) = (1/2)ﬁ (e'"S + costsins - costcoss
0

-sintsins - sintcoss)g(s)ds.
If we use the trigononetric identities sin(A-B) =
si nAcosB - cosAsi nB and cos(A-B) = cosAcosB + sinAsinB,
we obtain the desired result. Note: Egs.(11) and (12) of
this section give the sane result, but it is not
recomended to nenorize these equations.

The particular solution has the formY = etuﬂt) +
tetuz(t) + tzetugt). Differentiating, making the sane
assunptions as in the earlier problens, and solving the
three linear equations for uj, u, and ujyields
up =(1/2)t% 'g(t), u, = -te'g(t) and uy = (1/2)e 'g(t).
Integrating and substituting into Y yields the desired
solution. For instance

t tft. s 10t (t-s)
teu, = -te L se ~g(s)ds :-“Eﬁ 2t se g(s)ds, and

0 0

likewise for uy and usg If g(t) = t 2e' then g(s) = e/ s?

and the integration is acconplished using the power rule.
Note that terms involving ty becone part of the

conplimentary sol ution
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2. Use the ratio test:
C O(n+1) x™Y 2o .o+l 1 X0

lim = lim — — xO= —.
n o~ o Cnx" 2"0 n-© n 2 2
Therefore the series converges absolutely for xO < 2.
For x = 2 and x = -2 the n'" term does not approach zero
as n - o so the series diverge. Hence the radius of
convergence is p = 2.

5. Use the ratio test:

2x+1) " (n+1) 200 2

lim S22+ /(”2) = lim " 2x+10 = [Rx+10
n - o g2x+1) " nO N = ® (n+1)
Therefore the series converges absolutely for x+10 < 1
or Ix+1/20 < 1/2. At x =0 and x = -1 the series also
converge absolutely. However, for x+1/20 > 1/2 the
series diverges by the ratio test. The radius of
convergence is p = 1/2.

9. For this problemf(x) = sinx. Hence f'(x) = coskx,
f"(x) = -sinx, f"(x) = -cosx,... . Then f(0) = 0,
f'(0) =1, f"(0) =0, f"(0) =-1,... . The even ternms in
the series will vanish and the odd terns will alternate

(o]
insign. W obtain sinx = Z (-1)" x2™¥ (2n+1)!. From
n=0

the ratio test it follows that p = oo.

12. For this problemf(x) = x2  Hence f'(x) = 2x, f"(x) = 2,
and f("(x) = 0 for n > 2. Then f(-1) =1, f'(-1) = -2,
fr(-1) = 2 and x% = 1 - 2(x+1) + 2(x+1)% 21 = 1 - 2(x+1)
(x+1)2. Since the series terminates after a finite
nunber of terns, it converges for all x. Thus p = oo.

13. For this problemf(x) = Inx. Hence f'(x) = 1/x,

fr(x) = -1/x% f"(x) = 12/x3 ... , and fM(x) =
(-1)"™Xn-1)1/x" Then f(1) =0, f'(1) =1, f"(1) = -1,
fre1) = 12,... , £M1) = (-1)™Xn-1)! The Tayl or

series is Inx = (x-1) - (x-1)%2 + (x-1)¥3 - ... =

[ee]

Z (-1)"Yx-1)"n. It follows fromthe ratio test that
n=1

+



the series converges absolutely for |x-1| < 1. However, the

18.

19.

23.

25.

28.

series diverges at x = 0 so p = 1.

Witing the individual terms of y, we have

X to

y = ag + a;x + ax’ +...+ax" + ..., so

y' = a; + 2a,x + 3agx’ + ... + (n+l)a X" + ..., and

y' = 2a, + 32a5x + 43a,x° + ... + (n+2) (n+l)a X" + ...

If y* =y, we then equate coefficients of |ike powers of
obtain 2a, = a,, 3-2a3 = a;, 43a, = a,, ... (n+2)(n+l)a,,, =
a,, Which yields the desired result for n =0,1,2,3...

Set m=n-1 on the right hand side of the equation. Then
n = ml and when n = 1, m= 0. Thus the right hand side

()

becones Zan(x- 1)™1 which is the same as the left hand
m=0
side when mis replaced by n.

Mul tiplying each termof the first series by x yields

() [

XZ nax"t = z nax" = Z nax", where the | ast

n=1 n=1 n=0

equality can be verified by witing out the first few
terms. Changing the index fromk to n (n=k) in the
second series then yields

n n n
na,x— + Zanx = Z(n+1) apx .
n=0 n=0 n=0

2 m(m-1) ax™? + XZ ka,x ! =
m=2 k=1

Z (n+2) (n+1) ap X" + Z kayx® =
n=0 k=1

(o]

2 [(n+2) (n+1l) &, ., + nan]x”. In the first case we have
n=0
let n=m-21in the first summation and nultiplied each

termof the second sumation by x. |In the second case we

have let n = k and noted that for n =0, na, = 0.

If we shift the index of sunmation in the first sum by
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letting m= n-1, we have

[oe] 00

z nax" ! = Z (m+l) ap,x™  Substituting this into the
n=1 n=

gi ven equation and letting m= n again, we obtain:

[oe] 00

(n+l)a,,, x" + 2 Z ax" =0, or
n=

n=

[oe]
[(n+l)ay,; + 2a]x" = 0.
n=
Hence a,,; = -2a,/(n+l) for n =0,1,2,3,... . Thus
a; = -2a, a, = -2a,/2 = 2%ay2, az = -2a,43 = -2%y23 =
-2%y3!... and a, = (-1)"2"ayn!. Notice that for n =0

this fornmula reduces to aj so we can wite

(o) (o) [o0]
Z ax" = Z (-1)"2" ax"n! = aOZ (-2x)nl = ae
n= n= n=

Section 5.2, Page 247

(o) (o)
2. y = Z anx”; y' = z nanx”’1 and since we nust multiply
n= n=1

y'" by x in the D.E. we do not shift the index; and

[o0] (o)
y" = Z n(n-1)ax"? = Z} (n+2) (n+1) a,,x"  Substituting
n= n=

in the D.E., we obtain
(o] (o) (o]

Z (n+2) (n+1) a,, x" - z nax" - Z ax" = 0. In order to
n= n=1 n=
have the starting point the same in all three summati ons,
we let n=0in the first and third ternms to obtain the

fol | owi ng
[ee]
0 n _
(21 a, - agx? + Z[(n+2)(n+1)an+2- (n+1)a] x" = 0.
n=1
Thus a,., = a/(n+2) for n =1,2,3,... . Note that the

recurrence relation is also correct for n = 0. W show
how to cal cul ate the odd a's:
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ag = a,/3, ag = ay/5 = a,/53, a; = a7 = a;/ 7'53,...
Now notice that a; = 2a,/(2:3) = 2a,/3!, that

as = 2-4a,/ (2345) = 2%2a,/5!, and that

2:4-6a,/ (2:34567) = 231 a/7!. Likewise

ag = a9 = 2331 a)/(71)9 = 233! 8a, /9l = 2%41 ajo!.

az

Continuing we have a,mq = 2™m a,/(2ml)!. In the sane

way we find that the even a's are given by a,,= ay2" nl.
Thus

4 w X2m ‘4 * ZWﬂ X2mﬂ
y = On; oM 1”; (2m1)!
y = Z)an(x— "oy o= Znan(x-l) n-1_ Z(nﬂ) ap(x-1) ",
n= n=1 n=
and
y" = Z n(n-1)a(x-1)"? = Z (n+2) (n+1) apAx-1) "

Substituting in the D.E. and setting x =1 + (x-1) we

obtain

(o9 00

Z (n+2) (n+1) a A x-1) " - Z( n+l) a,,(x-1)" - Z nay(x-1)"

=1

(o]
where the third termcomes from

- Z) a(x-1)" = 0,
-(x-1)y = Z (n+1) @y, (x-1) " = Z na,(x-1)".
n=1 n=1

Letting n = 0 in the first, second, and the fourth suns,
we obtain

(%]
(2:1a, - 1a; - ao)(x-l)0 + Z [ (n+2) (n+1) a,,,
n=1
- (n+l)an,; - (n+l)a](x-1)" = o.
Thus (n+2)a,,o - ap4 - a3 = 0 for n =0,1,2,... . This
recurrance relation can be used to solve for a, in terns
of ag and a;, then for azin terms of aj and a;, etc. In

many cases it is easier to first take ajg = 0 and generate
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one solution and then take a; = 0 and generate the second
l'inearly independent solution. Thus, choosing ag = 0 we
find that a, = a;/2, a3 = (ayta;)/3 = a;/2, a, = (agtay)/4 =
a;/ 4, ag = (ay+tag)/5 = 3a,/20,... . This yields the
solution yy(x) = aj[(x-1) + (x-1)%2 + (x-1)%2 +

(x-1) Ya + 3(x-1) %20 + ... ]. The second i ndependent
sol ution may be obtained by choosing a; = 0. Then

a, = ag/ 2, az = (ay,ta)/3 = ay/6, a, = (agtay)/4 = ay 6,

ag = (a4taz)/5 = ag/15,... . This yields the solution

yi(X) = ag 1+(x-1) % 2+(x-1) ¥ 6+(x- 1) ¥ 6+(x-1) %/ 15+. . . ].
(o) (o) [o0)

y = Z) ax" y' = z nax™ % and y" = Z n(n-1)ax" 2
n= n=1 n=

Substituting in the D.E. and shifting the index in both
sunmati ons for y" gives

(o9 (o] [0
Z (n+2) (n+1) a,, x" - z (n+l)n a,,x" + Z ax" =
n= n=1 n=
(29
(21a, + agx® + Z[(n+2)(n+l) apep - (N+l)na,,; +a ] x" = 0.
n=1
Thus a, = -ag/ 2 and a,,, = na,/ (n+2) - ay (n+2)(n+l),
n=12... . Choosing aj =0 yields a, = 0, az = -a4/6,
ag = 2a4/4 = -a4/12,... which gives one solution as
yo(Xx) = ax - x76 - x¥12 + ...). A second linearly

i ndependent solution is obtained by choosing a; = 0. Then
= -ay2, azg=ay)f3 =-ay6, a; = 2a44 - ayy12 = -ay 24,...
whi ch gives y(x) = ag(l - x42 - x¥6 - xY24 + Col)

If y = a,(x-1)" then

xy = [1+(x-1)]y = Y ap(x-1)" + Y ay(x-1)"",
-1

y' = na,(x-1)" ", and

xy" = [1+(x-1)]y”
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14.

16a.

16c¢.

19.

Section 5.2
(o) (o)
= Z n(n-1)a,(x-1)"?2 + Z n(n-1)a,(x-1) "1
n=1 n=1

You will need to rewite x+1 as 3 + (x-2) in order to
multiply x+1 tines y' as a power series about xg = 2.

From Probl em 6 we have

2, 1 4 1.3 7 5
X) = cq(1 - X“4+ —x+...) +Co(X - — X"+ —x"+ ...).
y(x) a 5 ) o 2 160 )
Now y(0) = c; = -1 and y'(0) = c, = 3 and thus
1 3 3 1
y(x) = S1x % Sxhax- Sx3 = c143xexZ SxE x4+ L
6 4 4 6

By plotting f = -1 + 3x + x2 - 3x% 4 and g="f - x%6

between -1 and 1 it appears that f is a reasonable
approxi mation for [XO < 0.7.

The D.E. transforms into u"(t) + tzu'(t) + (t2+2t)u(t) = 0.
© 0
Assunming that u(t) = Z) at", we have u'(t) = z nat™* and
1

n= n
[ee]

u"(t) = Z n(n-1)at™?2 Substituting in the D.E and
n=

shifting indices yields

(o) (o] [o0]
Z (n+2) (n+1) a4 " + Z (n-1)a, "+ Z a, 4"
n= n= n=
(o)
+ 2a,.¢" = 0,

(o]

21-a,t % + (32a5 + 2:ay)tt + Z[(n+2)(n+l) CH
n=

+ (n+l)a, ; + a,. Jt" = 0.

It follows that a, = 0, a3 = -ag 3 and

Apso = -8,/ (nN+2) - a, J[(n+2)(n+1)], n = 2,3,4... . Ve
obtai n one solution by choosing a; = 0. Then a, = -ag 12,
ag = -a,)/5 -a4/20 = 0, ag = -az/6 - a,/30 = ay18,... . Thus
one solution is uy(t) = ag(l - t¥3 - tH12 + t918 + ...) so

yiX) = ugx-1) = a1l - (x-1)¥3 - (x-1)%12 + (x-1)%18 + ...].
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We obtain a second solution by choosing ag = 0. Then

a, = -aq/4, ag = -a,/5 - a,/20 = -ay/ 20,

ag = -a4/6 - a,/30 =0, a; = -a,/7 - azl42 = a,/28,...

Thus a second linearly independent solution is

U t) = aft - t%4 - t%20 +t728 +...] or

Yo X) uy(x-1)

a[(x-1) - (x-1)%4 - (x-1)%20 + (x-1) 7728 + ...].
The Tayl or series for x2 - 1 about x = 1 may be obtai ned by
witing x = (x-1) + 1 so x2 = (x—1)2 + 2(x-1) + 1 and

x2- 1 = (x-l)2 + 2(x-1). The D.E. now appears as

y' o+ (x-1) " + [(x-1)2 + 2(x-1)]y = 0 which is identical to
the transformed equation with t = x - 1.

22b. y = ag + ax + a2x2 + ..., y2= ag + 2apgaXx + (2aga, + ai)x2
+ ..., y=a; + 2ax + 3a3x2+ ... , and
(y)? = ai + 4aja,x + (6aja; + 4a, )x%+ ... . Substituting
these into (y')2 =1 - y2 and col l ecting coefficients of
li ke powers of x yields (ai + a(z) - 1) + (4aa, + 2aga)x +
(6ajas + 4a§ + 2apa, + ai)x2 + ... =0. Asinthe earlier
probl ems, each coefficient nmust be zero. The I.C. y(0) =0
requires that ag = 0, and thus ai + a(z) - 1 =0 gives ai = 1.
However, the D.E.indicates that y' is always positive, so
y'(0) =a; >0 inplies a; = 1. Then 4a;a, + 2aga; = 0 inplies
that a, = 0; and 6ajaz + 4a§ + 2aga, + ai = 6ajaz + ai =0
inplies that az; = -1/6. Thus y = x - X33+ L.
23. 26.
y 1 term
Y 1
exact
4 terms
L s 3 terwe i 2 terma
3 terms
2 terma 4 terms
R .1}%“" i i -
1 2
-
exact
26. W have y(x) = agy; + ajy, Where y; and y, are found in
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Problem 10. Now y(0) = a; = 0 and y'(0) = a; = 1. Thus
(0 =x - X - X X
y 12 240  2240°

Section 5.3, Page 253

1.

9a.

of .

9h.

10a.

The D.E. can be solved for y" to yield y" = -xy' - y. If
y = @x) is a solution, then @"(x) = -x@(x) - ¢x) and
thus setting x = 0 we obtain ¢(0) =- 0 - 1 =-1.

Differentiating the equation for y" yields

y" = -xy" - 2y’ and hence setting y = @(x) again yields
¢"(0) =-0- 0=0. Inasimlar fashion

y'V = -xy™ - 3y" and thus @ '(0) =- 0 - 3(-1) = 3. The
process can be continued to cal cul ate higher derivatives

of (x).

The zeros of P(x) = x2 - 2x - 3 are x = -1 and x = 3. For
Xg = 4, Xg = -4, and xg = 0 the distance to the nearest

zero of P(x) is 1,3, and 1, respectively. Thus a |ower
bound for the radius of convergence for series solutions
in powers of (x-4), (x+4), and x is p =1, p =3, and

p = 1, respectively.

Since P(x) = 1 has no zeros, the radius of convergence
for xg =01is p = oo

Since P(x) = x2 + 2 has zeros at x = iyﬁf i, the | ower
bound for the radi us of convergence of the series

sol ution about x, = 0 is p = /2.

Since Xxo =1 and P(x) = x has a zero at x =0, p=1

o 00
If we assune that y = };anxm then y' = };nanxml and
n= n=

(o]

y" = };n(n—l)anxmz. Substituting in the D.E., shifting
n=

i ndi ces of sunmmation, and collecting coefficients of like
powers of x yields the equation

(21a, + O(Zao)xO + [32a3 + (az- 1) al]xl



10b.

11.
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+ S (n+2) (n+D)a,,, + (a*n’)a]x" = 0.
n=
Hence the recurrence relation is

8y, = (n*-a’)ay/(n+2)(n+l), n =0, 1,2,... . For the
first solution we choose a; = 0. W find that

a, = —a2a0/2-1, a; =0, a4 = (22—0(2) a,/ 43 = -(22—0(2)(128.0/4!
oAy = -[(2m2)® - af]. L (2% a®)a’ag (2m 1!
a’ 2 (22-0(2)0(2 4
and aZI’TH-l = O' SO yl(x) =1 - 7)( - TX -
2 2 2 2 2
[(2m2)"-a"]...(27-a7)a" 2m
i (2m1 X -

where we have set a; = 1. For the second solution we take
ag = 0 and a; = 1 in the recurrence relation to obtain
the desired sol ution.

If ais an even integer 2k then (2m2)2 - ol = (2n"r2)2 -
2

4k™ = 0. Thus when m= k+1 all terms in the series for
yi(x) are zero after the x** term A sinilar ar gument

shows that if o = 2k+1 then all terms in y,(x) are zero

after the x2k+l.

The Tayl or series about x = 0 for sinx is

sinx = x - x3/3! + x5 - .. Assum ng t hat
(%]

y = Zanxn we find y" + (sinx)y = 2a, + 6agx + 12a4x2
n=2

+ 20a5x3 + 3anx4 + 426\7x5 + o

+ (x-x3/ 314x°/ 51 . .. ) (a0+a1x+a2x2+a3x3+a4x4+. o)

2a, + (6agtag)x + (12a4+a1)x2 + (20ag+a,-ag/ 6)x3 +

(30ag+ agz-a,/ 6) x* + (42a7+a4+a0/5!)x5 + ... = 0. Hence
a, = 0, ag = -ag/6, a, = -a4/12, ag = ay/ 120,
ag = (a;+ag)/ 180, a; = -ag/ 7! + a;/504, ... . W set

ag = 1 and a; = 0 and obtain

yi(x) = (1 - x%6 +x7120 + x*/180 + ...). Next we set
ag = 0 and a; = 1 and obtain

yo(x) = (x - x12 + x°/180 + x'/504 +...). Since
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20.

22.

Section 5.3
p(x) =1 and q(x) = sinx both have p = o, the solution
in this case converges for all x, that is, p =
X 2 3
We know that e =1 + x + x7/2! + X/3 + ..., and
2
therefore eX= 1 + x> + x¥20 + x%31 + ... . Hence, if
n
y = Za,x , we have
2 2 4 2
a; + 2a,x + 3agx + ... = (1+x" + x/2+. . .)(agtrajx+ax +...)
= ag + a;x + (a0+a2)x2 oL
Thus, a; = ag 2a, = a; and 3az = ag + a,, which yield the
desired sol ution.
(o]
Substituting y = Zanxn into the DE. we obtain
n=2
0] [oe]

n-1 n _ 2 . . . . . .
Znanx - Zanx = X". Shifting indices in the summtion
n=2 n=2

(o]
yi el ds Z[(n+1) a1 - an]xn = x2. Equating coefficients of
n=2
both sides then gives: a; - ag =0, 2a, - a; =0, 3a3 - a, =1
and (n+l)a,,; = a, for n = 3,4,... . Thus a; = a,
a, = a4/2 = ap/2, ag = 1/3 + a,/3 = 1/3 + ay/ 2-3,
ag = ag/l4 = 1/34 + ay/2:34, ..., a, = a,.¢/n = 2/nl + ay/n! and
hence
x2 x" x> x* x"
y(X) = ao(l + X + 27|++n7|) + 2(37'+47|++n7|+)
Usi ng the power series for e*, the first and second sums
can be rewitten as aoex + 2(ex -1 -x - x2/2).
(o]
Substituting y = Zanxn into the Legendre equati on,
n=2

shifting indices, and collecting coefficients of like
powers of x vyields

[2:1a, + a(a+l) ag] K0 + {32a3 - [21 - 0((01+1)]a1}x1 +

Z{(n+2)(n+1) apeo - [N(N+1) - 0((0(+1)]an}xn = 0. Thus
n=2

a, = -a(o+l)ag/ 2!, az =[2:1 - a(a+l)]aq/ 3! =
-(a-1)(a+2)a,/ 3! and the recurrence relation is
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28.
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(n+2) (n+l)a,,, = -[a(a+1l) - n(n+l)]a, = -(a-n)(a+n+l)a,,

n=23... . Settinga; =0, ag =1 yields a solution

with ag =ag =a; =... =0 and

a, = a(o-2)(a+l)(a+3)/4!, ..., asy = (—1)”&(0—2)(a-4)

(a-2m+2) (a+1) (a+3) ... (a+2ml1)/(2m!,... . The second

linearly independent solution is obtained by setting

ag = 0 and a; = 1. The coefficients are a, = a, = ag =
=0 and az = -(0-1)(a+2)/3!, ag = -(a-3)(a+4)as/ 54 =

(a-1) (a-3) (a+2) (a+4) /5!, ..

Using the chain rule we have:

dF(@) _ dFle(x)] dx = -f'(x)sin@x) = - fTX)VET;E’
do dx do

2
@ = di[-f'(x)m] Do (B - X0,
do X do

whi ch when substituted into the D.E. yields the desired
result.

Si nce [(1-x2)y’]’ = (1-x2)y" - 2xy', the Legendre
Equation, from Problem 22, can be witten as shown.
Thus, carrying out the steps indicated yields the two
equati ons:

P (1-x%) Pyl

-n(n+1) PP,

PL(1-x)P]" = -n{ml) PP,

As long as n # mthe second equati on can be subtracted
fromthe first and the result integrated from-1to 1 to
obtain

1 2, o, 2 o, 1
IﬁPd(Lx)PQ-Pd(Lx)Pd}dx::[Mn%D-nUHQ]IlﬁP$X
The left side nay be integrated by parts to yield

2 ' 2 .1 1 ’ 2 ' ' 2 '
[P1-x)P, - P,(1-x)P] +Il[Pm(1-x )P, - P,(1-x°) P.] dx,

which is zero. Thus.[tPn(x)P”{x)dx =0 for n#m

Section 5.4, Page 259

1.

Since the coefficients of y, y' and y” have no common
factors and since P(x) vanishes only at x = 0 we concl ude
that x = 0 is a singular point. Witing the D.E. in the
formy” + p(x)y" + q(x)y = 0, we obtain p(x) = (1-x)/x

and g(x) = 1. Thus for the singular point we have
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12.

17.

Section 5.4

[limx p(x) =liml-x = 1, |iﬁ]X2q(X) =0 and thus x =0
X -0 X -0 X -0

is a regular singular point.

Witing the D.E. in the formy” + p(x)y" + q(x)y = 0, we
find p(x) = x/(1-x)(1+x) 2 and q(x) = 1/(1-x?) (1+x).
Therefore x = +1 are singular points. Since
qul(x-l)p(x) and qul(x-l)zq(x) both exist, we conclude
X - X -

x =1 is a regular singular point. Finally, since
Iinl(x+1)p(x) does not exist, we find that x = -1 is an
X - -

i rregul ar singular point.

Witing the DE. in the formy + p(x)y' + q(x)y = 0, we
0

see that p(x) = e¥x and q(x) = (3cosx)/x. Thus x = is
a singular point. Since xp(x) = e*is analytic at x = 0
and xzq(x) = 3xcosx is analytic at x = 0 the point x =0

is a regular singular point.

Witing the D.E. in the formy” + p(x)y" + g(x)y = 0, we

4 ) .
see that p(x) = and gq(x) = — . Since Iimqg(x)
nx Si nx x-0
does not exist, the point xo =0 is a singular point and
since neither Iim p(x) nor lim g(x) exist either the
X - *NTt X - *NTT

points xg = #nm are al so singular points. To deternine

whet her the singular points are regular or irregular we
nust use Eq.(8) and the result #7 of nultiplication and
division of power series from Section 5.1. For xg = 0,

we have

2 2 2
X X X
Xp(x) = = = Xx[1+ — + ...
P(x) Si nx x3 [ 6 ]
X- —+,
6
3
=X + — + ,
6

whi ch converges about x; = 0 and thus xp(x) is analytic

at xg= 0. xzq(x), by sinmilar steps, is also analytic at
Xg = 0 and thus x5 = 0 is a regular singular point. For
Xg = N1, we have

(x-nmx _ (X-nm[(x-nm) + nmg

sinx —(x—nn)3

HX-nm)+—"— £ ...
(x-nm) 6

(x-nm p(x) =
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2
= [(x-nm)+n] [+1 + £§;gEl, + ...], which

converges about xy = nmand thus (x-nmp(x) is analytic

at x=nm Simlarly (x+nmp(x) and (xtnn)zq(x) are
anal ytic and thus xo = #nmt are regul ar singul ar points.

[oe]

Substituting y = Zanxn into the D.E. yields
n=0

[oe] [ee]

oo
23 n(n-1)ax"t+ 3% nax"t+ HYax""t =0 The last sum
[oe]
becones Zan_zxn'l by replacing n+l by n-1, the first term
n=2
of the middle sumis 3a;, and thus we have

00
3a; + {[2n(n-1)+3n]a, + an_z}x”'1 = 0. Hence a; = 0 and
n=
)
an = A AN
n(2n+1)
Thus all even coefficients are found in terms of ay and

all odd coefficients are zero, thereby yielding only one
solution of the desired form

which is the desired recurrance rel ation.

If & = 1/x then

dy _dy d& _ 1 dy _ pody
dx d& dx = 42 d& dg’
d d dy. d d d 1
Yoo d ey g e by pdy) 1
dx dg dg dx dé dE X
- E4ﬂ + 2§3dl

dz? g’
Substituting in the D.E. we have

ad’y sdy 20y _
P(17/&)[¢ ac? + 28 dE] + QU E[ Eda] + R(1/§y =0,

dy
dg?
The result then follows fromthe theory of singular
points at & = 0.

g'P(1/¥) + [28%P(1/8) - Equli)]g;/ + R(U/gy = 0.

Since P(x) = x2, Qx) =x and R(x) = -4 we have
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f(& =1[2P(1/¢&/¢ - Q(l/E)/EZ]/P(lli) =2/& - 1/¢& = 1/¢
and g(§ = R(1/ E)/E4P( 1/¢) = -4/ 22. Thus the point at
infinity is a singular point. Since both & (& and

Ezg(E) are analytic at £ = 0, the point at infinity is a
regul ar singul ar point.

25. Since P(x) = x2, Qx) = x, and R(x) = x2 - uz,
f(& =1[2P(1/¢&/¢ - Q(l/E)/EZ]/P(lli) =2/& - 1/¢& = 1/¢
and g(&) = R(UE&/EP(1/E) = (118 - v)/18% = 1/&* - vy &2
Thus the point at infinity is a singular point. Al though
§(§) =1is analytic at & = 0, &%g(&) = 1/8 - v%is not,
so the point at infinity is an irregular singular point.

Section 5.5, Page 265

2. Conparing the D.E. to Eq.(27), we seek solutions of the
formy = (x+1)" for x + 1 > 0. Substitution of y into
the D.E. yields [r(r-1) + 3r + 3/4](x+1)" = 0. Thus

r2+ 2r +3/4 =0, wichyieldsr =-3/2, -1/2. The
general solution of the D.E. is then

y = c1|x+1|'1/2+ cz|x+1|'3/2, x £ -1
4. 1f y=x"thenr(r-1) +3r +5=0. Sor?+2r +5 =0

and r = (-2 ++/4-20)/2 = -1 £ 2i. Thus the general
solution of the D.E. is

y = cx os(2In[x|) + cx sin(2In/x]), x # 0.

9. Again let y = x" to obtain r(r-1) - 5r + 9 = 0, or
(r-3)2 = 0. Thus the roots are x = 3,3 and
y = c1x3 + 02x3ln|x|, X #0, is the solution of the D E

13. If y =x", then F(r) = 2r(r-1) +r -3 =2r2- 1 - 3 =

(2r-3)(r+1) =0, soy = c1x3/2 + czx'1 and
3 . . . .
y’:Eclxllz- CoX 2 Setting x =1 iny and y' we obtain

3 : ,
c1+02=1and5c1—02=4, which yield ¢, = 2 and
c, =-1. Hencey = 2x¥2. x1 As x - 0" we have

y - —oo due to the second term

16. W have F(r) =r(r-1) + 3r + 5 = r2 + 2r + 5 =0. Thus
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ri,ro =-1+2 andy = x-l[clcos(ZI nx) + c,sin(2lnx)].
Then y(1) = ¢y =1 and y’ = -x'z[cos(ZI nx) + c,sin(2lnx)]

+ x_l[—si n(2l nx) 2/ x + c,cos(2l nx)2/x] so that

y' (1) =-1-2¢, = -1, or c, = 0.

Substituting y = x", we find that r(r-1) + ar + 5/2 = 0
or r? + (a-1)r + 5/2 = 0. Thus

roro=[-(a-1) % \/(cx-1)2-10] /2. In order for solutions

to approach zero as x-0 it is necessary that the real
parts of r; and r, be positive. Suppose that a > 1, then

\/(a-1)2-10 is either imaginary or real and |less than

a - 1; hence the real parts of rqy and r, will be

negative. Suppose that a = 1, then rqr, = i 1/10 and
the solutions are oscillatory. Suppose that a < 1, then
\/(u-l)2-10 is either imaginary or real and |less than
|a-1] =1 - a; hence the real parts of ry and r, will be

positive. Thus if a < 1 the solutions of the D.E. will
approach zero as x-0.

In all cases the roots of F(r) = 0 are given by Eq. (5)
and the forms of the solution are given in Theorem5.5. 1.

The real part of the root nust be positive so, from

Eg.(5), a < 0. Aso B >0, since the \/(a—1)2-4[3 term

must be | ess than -10

Assume that y = v(x)x'%  Then y' = v(x)rx" U1 + v/(x)x"
and y" = v(x)ry(r-1)xT% + 2v'(x)r x4 vr(x) x"
Substituting in the D.E. and collecting terns yields
FF2yr 4 (a+ 2r) X"V 4 [ry(r-1) +oarg + Xt v = 0.
Now we neke use of the fact that r, is a double root of
f(r) =r(r-1) + ar + B. This neans that f(ry) = 0 and
f'(r) =2r;- 1 +a =0. Hence the DE for v reduces
rq+1

X

v + x"1*1 v Since x > 0 we may divide by x

to obtain xv" + v/ = 0. Thus v(x) = Inx and a second
solution is y = x"4 nx.

The change of variable x = e transforns the D.E. into
u” - 4u’" + 4u = z, which has the solution
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Hence

x and | x|t = x"t so we can choose

u(z) = cpe?® + cze?? + (1/4)z + 1/4.

y(x) = cx® + cxqnx + (1/4)Inx + 1/ 4.
31. If x >0, then |x| =

¢y = kg If x <0, then |Xx|

-X and

x|t = (-x)"t = (-1)"%x"t and we can choose c; = (-1) %k,

or k; = (-1) "¢y = (-1)"c,.

Cy = Ko

Section 5.6, Page 271

2. If the D. E

a(x)y = 0,

is put in the
then p(x)

1
x = 0 is a singular point.

In both cases we have

standard formy” + p(x)y +
and q(x) =1 - 1/ 9x%  Thus
Since xp(x) - 1 and

xzq(x) - -1/9 as x - 0 it follows that x = 0is a

regul ar singul ar point.

In deternmining a series solution

of the D.E. it is nore convenient to | eave the equation
in the formgiven rather than divide by the x2, the
[ee]
coefficient of y". If we substitutey = Zanx””, we have
n=

(o] 00 0
1
Z (n+r) (n+r-1)ax™" + Z (n+r)ax"" + (x2 - )Z ax™" = 0,
n= n= 9 n=
[o0] (o] 0

2 + +r+2 +
Note that x Zanx”r: Z}anxnr = Zan_zxn g
n= n= n=

have [r(r-1) + r - %]aoxr
> AL(n+r) (ntr-1) + (n+r)
n=2

the first term the indici
with roots rqy = 1/3 and r,
r it is necessary to take

coefficient of x'*!

2 —
[(n+r)® - 1/9]a, = -a,.»

“8p.2

12
(n+§)-(

an

1

2
5)

be zero.
For r

1
+ [(r+1)r + (r+1) - 5]alx”1+
1 n+r _
- g]an + a, o4 X = 0. From
al equationisrz— 1/9 =0

- 1/3. For either value of
a; = 0 in order that the

The recurrence relation is
1/3 we have

an.2

(n + %)n
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Since a; = 0 it follows fromthe recurrence relation that
az = ag = a; = ... = 0. For the even coefficients it is
convenient to let n =2m m=1,2,3,... . Then

1 . .
Aoy = -a2m2/22n(m+ E)' The first few coefficients are

gi ven by
(-1)ag (-1)a, ag
%2 = T 1 1 1
2 2 4
291 + —)1 292 + —)2 27(1 + =) (2 + —) 2!
( 3) ( 3) ( 3)( 3)
(-Da (-1a
ag = : = ° , and the

> 1 6 1 1 1
23+ )3 2%+ (2 + )3+ )3

coefficent of x?™for m=1, 2,... is
(-1) "ag
Aoy = . Thus one
22 (1 + Sy(2 + 3 (m+ 3)
3 37 3
solution (on setting ag = 1) is
(o]
1/ -n" X2
yax) = x"q1 + ()27
ml m (1 +A£)(2 + E)...(m+ }) 2
3 3 3
Sincer,=- 1/3 #ryand ry - r, = 2/3 is not an integer,
we can cal cul ate a second series solution correspondi ng
tor = - 1/3. The recurrence relation is
n(n-2/3)a, = - a,., Which yields the desired solution

following the steps just outlined. Note that a; = 0, as

in the first solution, and thus all the odd coefficients
are zero.

4. Putting the D.E. in standard formy"+p(x)y'+q(x)y = 0, we
see that p(x) = 1/x and gq(x) = - 1/x. Thus x = 0 is a
si ngul ar point, and since xp(x) - 1 and x2q(x) - 0, as

X - 0, x =0 is aregular singular point. Substituting
(o)

y = Z ax""in xy" +y -y =0 and shifting indices we
re

obt ai n
(o] (0] [o]

apaq(r+n+1) (r+n) x4 Z an,q(r+n+1) x"" - Z) ax"" = o,
n=-1 n=

n=-1
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(o]

[r(r-1) + rlag " + Z [(r+n+1)?a,,, - a]x"™" = 0. The
n=
2

indicial equationis r®=0sor =0 is a double root.
Thus we will obtain only one series of the form

0]
=X X u i i
' ax".  The recurrence relation is
n=0

(n+1) 2an+1 =a, n=20,12,... . The coefficients are
a; = ag a, = a4/ 22 = ag/ 22, az = a,l 32 = ag/ 3222,
a, = aq 42 = ag 423222 . and a, = ag/ (n!) 2. Thus one

solution (on setting ag=1) isy = Z x”/(n!)z.
n=0

11. If we nake the change of variable t = x-1 and let
y = u(t), then the Legendre equation transfornms to
(t2 + 2t)u"(t) + 2(t+1)u'(t) - a(a+l)u(t) = 0. Since
x =1 is a regular singular point of the original

equation, we knowthat t = 0 is a regular singular point
(o)

of the transformed equation. Substituting u = Z) at™
n=

in the transforned equation and shifting indices, we

obtain
(o] (o]
Z (n+r)(n+r-1)at™ + 2 z (n+r+1) (n+r)an, ™"
n= n=-1
(o] (o]
+ 2 Z) (n+r)a ™" + 2 z (n+r+1)a,,t "
n= n=-1

(o)
- a(a+l) Z ant ™= 0, or
n=

(o]
2r(r-1) + 2rlant' ! + 2(n+r+1) %a
0 n+1
n:

+ [(n+r) (n+r+1) - a(a+l)]apt™ = o0.

The indicial equation is 2r’=0sor =0is a double
root. Thus there will be only one series solution of the
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(o]

formy = Z} at"™". The recurrence relation is
n=

2(n+1) 2an+1 = [a(a+l) - n(n+l)]a,n =0,1,2,... . W have
a, = [a(a+l)]ay 212 a, = [a(a+l)][a(a+l) - 1-2] a4 2%2%1%
a; = [a(a+1)][a(a+l) - 12][a(a+l) - 23]ay 2%3%2%12 ...,
and a, = [a(a+l)][a(a+1l)-1-2]..[a(a+l)-(n-1)n]ay 2"(n!) 2

Reverting to the variable x it follows that one solution

of the Legendre equation in powers of x-11is
[o0]

yi(x) = Z [a(a+l)][a(a+l) - 1-2]

[a(a+l) - (n-1)n](x-1)"2"(n!)? where we have set a, = 1,
which is equivalent to the answer in the text if a (-1)
is taken out of each square bracket.

The standard formis y" + p(x)y' + gq(x)y = 0, with

p(x) = 1/x and q(x) = 1. Thus x = 0 is a singular point;
and since xp(x) - 1 and xzq(x) - 0as x - 0, x=01is a

(o]
regul ar singular point. Substitutingy = Z ax""into
n=0

xzy" + xy' + x2y = 0 and shifting indices appropriately,
we obtain

Z} (n+r) (n+r-1)ax"" + Z (n+r)ax™" + Z a,x""" =0,
n= n= n=

or

[r(r-1)+rlag" + [(1+r)r+1+r]ax"*!

+Y [(n+r)?, + a, Jx"™" = 0. The indicial equation

n=
isr?=0sor =0is a double root. It is necessary to

take a; = 0 in order that the coefficient of x"*1 be zero.

The recurrence relation in n2an = -a, N =2,3,...
Since a; =0 it follows that a3 = ag=a; =... = 0. For
the even coefficients we let n =2m m=1,2,... . Then
Ay, = -a2m2!22mz S0 a, = -ag 2212, a, = agy 22221222 ..,

and a,,= (-1) "y 2 Tn )% Thus one solution of the Bessel
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o]
equation of order zero is Jy(x) =1 + Z (-1) %27 22%m )2
m=1

where we have set ag = 1. Using the ratio test it can be

shown that the series converges for all x. Also note
that Jo(x) - 1 as x - O.

In order to deternmine the formof the integral for x near

zero we nust study the integrand for x small. Using the
above series for J; we have
1 1 1

X[Jo()12  X[1- x%2 +...1%  x[1- x* +..]

1[1+x2+...]forxsmsul. Thus
X
dx 1
Yo X) :JO(X)J' Z:JO(X)J’[—+X+...]dx
X[Jo(x)] X
X2
:Jo(x)[lnx+?+...], and it is clear that y,(x)

wWill contain a logarithmc term

Putting the D.E. in the standard form

y" + p(x)y' + g(x)y = 0 we see that p(x) = 1/x and

q(x) = (xz-l)/xz. Thus x = 0 is a singular point and
since xp(x) - 1 and xzq(x) - -lasx - 0, x=0is a

o]

regul ar singular point. Substitutingy = Z) ax"" into
n=

xzy” + xy' + (xz- 1)y = 0, shifting indices appropriately,
and col l ecting coefficients of conmon powers of x we

obtain [r(r-1) +r - 1]ax" + [(1+r)r + 1 +r -1]ax"**

[oe]

£ 3 A2 - Lag+ a3 = 0.

n=2
The indicial equation is r>1 = 0 so the roots are r =1
and r, = -1. For either value of r it is necessary to
take a; = 0 in order that the coefficient of x"* be zero.
The recurrence relation is [(n+r)2 - 1la, = -a,.,
n=234... Forr =1w have a, = -a,.J/[n(n+2)],
n=234.... Sincea =0it follows that a; = ag = ay

=... =0. Let n=2m Then ay,= -a2m2!22rr(m+l), m =
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1,2,..., s0 a, = -ay2%12, a, = -ay2%1:23 =
ay 2%2%1-223,..., and a,,= (-1)May 22 (m1)!. Thus
one solution (set ajg = 1/2) of the Bessel equation of

[0e]

order one is Jy(x) = (x/2) Z (-1) %27 (n+1) ' n1 22" The
n=0

ratio test shows that the series converges for all x.

Also note that Ji(x) - 0 as x - O.

For r = -1 the recurrence relation is
[(n-l)z- 1lla, = -a,., n =2,3,... . Substituting n =2
into the relation yields [(2-1)2- lla, = 0 a, = -a,

Hence it is inpossible to determne a, and consequentl|y
i npossible to find a series solution of the form

-1 n
X r;)bnx.

Secton 5.7, Page 278

1.

The D.E. has the formP(x)y" + QAx)y' + R(x)y = 0 with
P( x) X, Qx) = 2x, and R(x) = 6. Fromthis we find
p(x) Qx)/P(x) = 2 and q(x) = R(x)/P(x) = 6e*/x and
thus x = 0 is a singular point. Since xp(x) = 2x and

x2q(x) = 6xe" are analytic at x = 0 we concl ude that
Xx = 0 is a regular singular point. Next, we have

xp(x) - 0 = py and xzq(x) - 0 =gqggas x - 0 and thus the

i ndicial equation is r(r-1) + 0r + 0 = r?-r = 0, which
has the roots ry = 1 and r, = 0.

The equation has the formP(x)y" + Qx)y' + Rix)y =0
with P(x) = x(x-1), Qx) = 6x2 and R(x) = 3. Since P(x),
Q x), and R(x) are polynonmials with no common factors and
P(0) = 0 and P(1) = 0, we conclude that x = 0 and x =1
are singular points. The first point, x = 0, can be shown
to be a regul ar singular point using steps sinmlar to
those to shown in Problem1. For x = 1, we nust put the
DE inaformsimlar to Eg.(1) for this case. To do
this, divide the DDE. by x and multiply by (x-1) to

3
obt ai n (x-1)2y” + 6x(x-1)y + —(x-1)y = 0. Conparing this
X

to Eq. (1) we find that (x-1)p(x) = 6x and
(x-l)zq(x) = 3(x-1)/x which are both analytic at
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x = 1 and hence x = 1 is a regular singular point. These
| ast two expressions approach py = 6 and gg = 0

respectively as x - 1, and thus the indicial equation is
r(r-1) + 6r + 0 = r(r+5) = 0.

-(1 2
For this D.E., p(x) = g and gq(x) = FTERY and thus

x%( 1- x) x(1-x)

Xx =0, -1 are singular points. Since xp(x) is not
analytic at x = 0, x =0 is not a regular singular point.
: 1+x 2 2(1-x)
Looki ng at (x-1)p(x) = — and (x-1)°q(x) = —— we

X
see that x = 1 is a regular singular point and that
Ppo = 2 and qg = 0.
Si nx COSX .
We have p(x) = and q(x) = - , Ssothat x =0 is
x2 x2
a singular point. Note that xp(x) = (sinx)/x - 1 = pg

as x - 0 and xzq(x) = -CcosX - -1 =g0ggas x - 0. In
order to assert that x = 0 is a regul ar singular point we
nust denonstrate that xp(x) and xzq(x), with xp(x) =1 at

x = 0 and x2q(x) = -1 at x = 0, have convergent power
series (are analytic) about x = 0. W know that cosx is
anal ytic so we need only consider (sinx)/x. Now

[oe]

sinx = j{ (-1) "x2™¥ (2n+1)! for - o < x < 0 SO
n=0

[oe]

(sinx)/x = }E (-1)nx2W(2n+1)! and hence is anal ytic.
n=0

Thus we may conclude that x = 0 is a regul ar singul ar

poi nt .

Frompart a) it follows that the indicial equation is
r(r-1) +r - 1 = r?- 1 =0 and the roots are rq =1,

ro =-1.

To find the first fewterns of the solution correspondi ng
tor, =1, assume that

y = x(ag + ax +a2x2+...) = agX +alx2+a2x3+...
Substituting this series for y in the D.E and expandi ng
sinx and cosx about x = 0 yields

x2(2al + BaX + 12a3x2 + 20a4x3 +...) 4

(x - x¥31 + x¥5! - .”)(a0+-2qg-+3ag24-4ay3-+5ag{f
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) - (1 - xF2r o+ xYar - ...)(a0x+a1x2+a2x3+a3x4+
a4x5+...) = 0. Collecting terms, (2a; + 2a; - al)x2+
(6a, + 3a, - a6 - a2+a0/2)x3+(12a3+4a3- 2a4/ 6 - agt+
a,/ 2)x* + (20a, + 5a, - 3a,/6 + ayf 120 - a, + a2 -

a0124)x5+ ... = 0. Sinplifying, 3a1x2 + (8a, + a0/3)x3+
(15a; + a,/ 6)x* + (24a, - ay30)x° + ... = 0. Thus, a, = O,
a, = -ayg/4!, ag =0, a4 = ay6!,... . Hence

yi(x) = x - x4 + x%6! + ... where we have set ag = 1.

From Egq. (24) the second solution has the form

[ee]

Ya(x) = ayy(x)1nx + x7H(1+ Y cox")

n=1
1
= ay,(X)INX + = + ¢y + CoX + Cax? + cx° + .., SO
X
- [ -1 -2 2
yo, = ayilnx + ay;x = - x° 4+ c, + 2c3x + 3cyx” + ..., and

yy = ay} Inx + 2ay;x "t - ay;x 2 + 2x72 + 2c5 + 3¢, + ...
When these are substituted in the given D.E. the terns
including Inx will appear as

a[xzy'i + (sinx)y] — (cosx)yq], which is zero since y; is
a solution. For the renainder of the terms, use

yi = X - x3/ 24 + x°/ 720 and the cosx and sinx series as
shown earlier to obtain

—c; + (2/3+2a)x + (3cgtcy/ 2)x2 + (4] 45+c,/ 3+8c,) x> +..= 0.
These yield ¢, =0, a = -1/3, ¢35 =0, and

C, = —C,/24 - 1/90. W may take c, = 0, since this term
will sinply generate y,;(x) over again. Thus

1 - 1
yo(X) = —Eyl(x)l nx + x 7t - %xg’. If a conmputer algebra
systemis used, then additional terns in each series nmay
be obtai ned wi thout nuch additional effort. The next

terns, in each case, are shown here:
3 5 7

X X 43X
yi(x) =x - — + - + ... and
24 720 1451520
4 6
1 1 X 41x
X) = — )lnx + —[1- — + —— — ..].
y2(X) 3y1( ) X[ 90 * 120960 ]

W first wite the DE. in the standard form as given for
Theorem 5. 7.1 except that we are expanding in powers of
(x-1) rather than powers of x:
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(x-1) 4" + (x-1)[(x-1)/2Inx]y" + [(x-1)%Inx]y = 0. since
Inl =0, x =1is a singular point. To showit is a
regul ar singular point of this D.E. we nmust show t hat

(x-1)/Inx is analytic at x = 1; it will then follow that
(x—1)2/Inx = (x-1)[(x-1)/Inx] is also analytic at
x = 1. If we expand Inx in a Taylor series about x =1

we find that Inx = (x-1) - %(x-1)2+ %(x-l)g—
Thus
(x-1)/1nx = [1 - %(x-l) + %(x-l)z-...]'lz 1+ %(x-1)+...

has a power series expansion about x = 1, and hence is
analytic. W can use the above result to obtain the
indicial equation at x = 1. W have

(x-1) %" + (x-l)[% + %(x-l) by [(xe1)

1
E(x-1)2+ ...]y = 0. Thus py = 1/2, gy = 0 and the

indicial equation is r(r-1) +r/2 =0. Hencer = 1/2 and
r =0. In order to find the first three non-zero terns
in a series solution corresponding tor =1/2, it is
better to keep the differential equation in its origina
formand to substitute the above power series for |nx:

1 , 1 s 1 4 1
x-1) - S(x-D)%+ Z(x-1D3- T(x-1t+ L ]y"+ Zy vy =0
[(x-1) 2( ) 3( ) 4( ) ly YA

1/2 3/2 5/2

Next we substitute y = ag(x-1) + aq(x-1) + ay(x-1)
+ ... and collect coefficients of like powers of (x-1)

which are then set equal to zero. This requires sone
al gebra before we find that 6a,/4 + 9a,/8 = 0 and

5a, + 5a4/8 - ay 12 = 0. These equations yield
a; = -3ay4 and a, = 53ay/480. Wth a; = 1 we obtain the
sol ution

172 3 3/2 53 5/2 -
X) = (x-1 - —(x-1 + —(x-1 + ... Si nce
y1(X) (x-1) 4( ) 480( )

t he radi us of convergence of the series for In x is 1, we
woul d expect p =1

20a. If we wite the D.E. in the standard formas given in
Theorem 5.7.1 we obtain xzy" + x[a/x]y' + [B/x]y = 0 where

xp(x) = a/x and x2q(x) = B/x. Neither of these terns are
analytic at x = 0 so x = 0 is an irregular singular
poi nt .
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o]
Substituting y = X'Z ax"in x%" + axy’ + By = 0 gives

n=

(o) (o] o]
Z(n+r)(n+r-l) a x4 a Z( n+r)ax"" + B Z ax""" = 0.
n= n= n=

Shifting the index in the first series and collecting
coefficients of conmon powers of x we obtain (ar + ) aoxr

(o]

+ z (n+r-1)(n+r-2)a, ; + [a(n+r) + Blax""" = 0. Thus
n=1

the indicial equationis ar + B = 0 with the single root

r = - pla.

Frompart b, the recurrence relation is
(n+r-1)(n+r-2)a,. 4

ap = , h=1,2, ...
a(n+r) + B
B B
(n-—-1(n-— -2)a,.1
a a
= , for r = -pB/a.
an
B n(n-1)a,.4 _ _
For — = -1, then, a, = —————, which is zero for
a an
n=1and thus y(x) = x is the solution. Sinilarly for
n-1)(n-2 .
E:0, anzuandagalnfor n=1a =0 and
a on
y(x) =1 is the solution. Continuing in this fashion, we
see that the series solution will term nate for /a any
positive integer as well as 0 and -1. For other val ues
a, (n-g-l)(n-g-Z)
of B/a, we have = , Whi ch approaches
an. 1 on

o as n - oo and thus the ratio test yields a zero radi us

of convergence.
(o)

Substituting y = Z) ax"" in the D.E. in standard form
n=
gi ves

(29 (o]

Z (n+r)(n+r-1)ax"" + a Z (n+r)a xS
n= n=
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(o]

+ B ax" = o,
n=
If s=2andt =2 the first termin each of the three
series is r(r-1)apx’, arapx' !, and Bagx’, respectively.
Thus we must have arag = 0 which requires r = 0. Hence
there is at nost one solution of the assunmed form

In order for the indicial equation to be quadratic inr
it is necessary that the first termin the first series
contribute to the indicial equation. This neans that the
first termin the second and the third series cannot
appear before the first termof the first series. The

first terms are r(r-1)ax’, arax' ™S and Bax'*?",
respectively. Thus if s <1 andt < 2 the quadratic term
wi Il appear in the indicial equation

Section 5.8, Page 289

1.

It is clear that x = 0 is a singular point. The D.E is
in the standard formgiven in Theorem5.7.1 with

xp(x) = 2 and x2q(x) = X. Both are analytic at x = 0, so

X = 0 is a regular singular point. Substituting
(o)

y = }E a,x""" in the D.E., shifting indices
n=0
appropriately, and collecting coefficients of |ike powers
of x yields
[r(r-1) + 2r]agx’ + }E [(r+n)(r+n+l)a, + a,,]x ™" =0
n=1

The indicial equation is F(r) =r(r+l1) =0 with roots

rp =0, r, =-1. Treating a, as a function of r, we see
that ay(r) = -a,¢(r)/F(r+n), n=1,2,... if F(r+n) # 0.
Thus aq(r) = -ag/ F(r+1), ay(r) = ag/ F(r+1)F(r+2),..., and
an(r) = (—1)”aO/F(r+1)F(r+2)...F(r+n), provided F(r+n) #
0 for n=12,... . For the case r; = 0, we have
a,(0) = (-1)"ag/ F(1)F(2) ... F(n) = (-1)"ag/n!(n+1)! so
one solution is y,;(x) = ZE (-1)"x"/ n! (n+1)! where we have
n=0

set ag = 1.
If we try to use the above recurrence relation for
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the case r, = -1 we find that a,(-1) = -a, 4/ n(n-1),

which is undefined for n = 1. Thus we nust follow the
procedure described at the end of Section 5.7 to

cal cul ate a second solution of the formgiven in Eq.(24).
Specifically, we use Egs.(19) and (20) of that section to

calculate a and c,(r,), where r, = -1. Since
r{ - ro =1=N we have ay(r) = as(r) = -1/ F(r+1), with
ag = 1. Hence
a = rquH [(r+1)(-1)/F(r+1)] =rIqu[—(r+1)/(r+1)(r+2)] = -1
Next
_d g = qnd (r+1) :
eal-1) = dr[(r+1)an(r)]q:_1— -0 | F(r+1) ... F(r+n) %:_J

where we again have set aj = 1. Cobserve that

(r+1)/F(r+1)... F(r+n)=1/[(r+2)%(r+3)2 .. (r+n)?(r+n+1)]=1/G(r).
Hence c,(-1) = (-1)™'G(-1)/G(-1). Notice that

G,(-1) = 1%2%3% .. (n-1)°n = (n-1)!n! and

G(-1)/G(-1) =2[11+ 12+ 13+ ..+ 1(n1)] + Un =

Hy + Hopo Thus co(-1) = (-1)™H(H, + H.)/(n-1)!n!.
From Eq. (24) of Section 5.7 we obtain the second sol ution

Yo(X) = - yi(x)Inx + x 11 - z(-l)n(Hn + H. ) x"nl(n-1)!7.
n=1
2. It is clear that x = 0 is a singular point. The D.E is

in the standard formgiven in Theorem5.7.1 with

xp(x) = 3 and xzq(x) = 1+x. Both are analytic at x = 0,
so X = 0 is a regular singular point. Substituting
y = }E ax"™ in the D.E., shifting indices

n=0
appropriately, and collecting coefficients of |ike powers
of x yields

[ee]

[r(r-1) + 3r + 1]apx" + Z {[(r+n)(r+n+2) + 1]a,

n=1
+a,,} x"" = 0.
The indicial equation is F(r) = r2+2r +1 = (r+1)2 =0
with the double root ry =r, = -1. Treating a, as a

function of r, we see that a,(r) = -a,.¢(r)/F(r+n),
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n=12... . Thus aj(r) = -ap/ F(r+1),
ay(r) = ag/ F(r+1)F(r+2),..., and
an(r) = (-1)"ag/ F(r+1)F(r+2)... F(r+n). Setting r = -1 we
find that a,(-1)=(-1)"ag/(n!')? n =1,2,... . Hence one

00

solution is y;(x) = x'lﬁi(—l)”x”/(n!)2 where we have set
n=0

ag = 1. To find a second solution we follow the

procedure described in Section 5.7 for the case when the
roots of the indicial equation are equal. Specifically,
t he second solution will have the formgiven in Eq.(17)

of that section. W nust calculate ah(-l). If we |et
G,(r) = F(r+1)...F(r+n) = (r+2)%(r+3)% .. (r+n+1)? and
take ag = 1, then ah(—l) = (—1)”[1/6%(r)]' eval uat ed

r = -1. Hence a,(-1) = (-1)"G,(-1)/G(-1). But

G(-1) = (n!)? and G(-1)/Gy(-1) =2[1/1 + 12+ 13+ ...
+ 1/n] = 2H,. Thus a second solution is

yo(X) = yq(x)1nx - 2x'1Z(—1)”an”/(n!)2.
n=1

The roots of the indicial equation are ry and r, = 0 and
thus the analysis is simlar to that for Problem 2

The roots of the indicial equation are r; = -1 and
ro, =-2and thus the analysis is simlar to that for
Probl em 1.

Since x = 0 is a regular singular point, substitute
(o)

y = }E ax"" in the D.E., shift indices appropriately,
n=0
and col l ect coefficients of Iike powers of x to obtain
r? - 9/4lapgx” + [(r+1)% - 9/4]ax"**
0 1

+ z {[(r+n)? - 9/4]a, + a, ,} x"" = 0.
n=2
The indicial equation is F(r) = r2 - 9/4 =0 with roots
ri =32, r, =-3/2. Treating a, as a function of r we

see that a,(r)= -a,o(r)/F(r+n), n=2,3,.. if F(r+n) #
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0. For the case r; = 3/2, F(rq+1), which is the

coefficient of x'1™%

follows that a; = ag = ... = 0. For the even
coefficients, set n = 2m so

a,{(3/2) = -8, 5(3/2)/F(3/2 + 2m) = -ay, ol 2°m(m¥3/ 2),
m=1,2... . Thus ay(3/2) = - ay/2%1(1 + 3/2),

a,(3/2) = ag/2*21(1 + 3/2)(2 + 3/2),..., and

a(3/2) = (-1)M2*M (1 + 3/2)...(m+ 3/2). Hence one
solution is

is # 0 so we nust set a; = 0. It

X3/2

(-1) (Xy2m,

yi(x) = [1+Z1 mM(L+3/2)(2 +3/2)...(m+3/2) " 2

where we have set ag = 1. For this problem the roots ry
and r, of the indicial equation differ by an integer
r{-ro=32-(-3/2) =3. Hence we can anticipate that

there may be difficulty in calculating a second solution
corresponding tor =r, This difficulty will occur in

calculating az(r) = - aq(r)/F(r+3) since when
rr=r, =-3/2 we have F(r,+3) = F(rq) = 0. However, in
this problemwe are fortunate because a; = 0 and it wll

not be necessary to use the theory described at the end
of Section 5.7. Notice for r =r, =-3/2 that the

coefficient of x2 is [(r2+l)2 - 9/4]a;, which does not

vani sh unless a; = 0. Thus the recurrence relation for
the odd coefficients yields ag = -az/ F(7/2),

a; = -ag/ F(11/2) = a3/ F(11/2)F(7/2) and so forth.
Substituting these terns into the assuned formwe see
that a multiple of y;(x) has been obtained and thus we

may take ag = 0 without loss of generality. Hence

ay = ag = a; =... = 0. The even coefficients are given
by a,{-3/2) = -as,.(-3/2)/F(2m- 3/2), m=1,2...

Thus a,(-3/2) = -ag/ 2%1(1 - 3/2),

a (-3/2) = ag/2*21(1 - 3/2)(2 - 3/2),..., and

ay(-3/2) = (-1)"ay/ 22 (1 - 3/2)(2 - 3/2) ... (m- 3/2).
Thus a second solution is

X-3/2

(-1) (i)ZrT]

ya(x) = [1+ rerm(l - 38/2)(2-3/2) ... (m- 3/2) 2
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12.

13.

14.

Section 5.8
Apply the ratio test:
1 _2mF2, 52me2 2
O -)™ x 2™y 2™ (mrd) 1] 2 , 1
lim P 5 = | x7 I|mﬁ:
m - o | (-1)™ x=™ 2" m )< m = ©2 mr1)

for every x. Thus the series for Jg(x) converges
absolutely for all x.

If &= oxP, then dy/dx = %x'llzf + xY 2% opxP !t where £

denotes df/dé. Find d2y/ dx? in a simlar fashion and use
al gebra to show that f satisfies the D. E.

Pt o+ &+ (8- VA = 0.

To conpare y" - xy = 0 with the D.E. of Problem 12, we
must nultiply by x2 to get xzy" - x3y = 0. Thus 2B = 3,
a®p? = -1 and 1/4 - v?p> = 0. Hence p=13/2, a =2i/3

and u2 = 1/9 which yields the desired result.

First we verify that JO()\jx) satisfies the D.E. W know
that Jy(t) is a solution of the Bessel equation of order
zero:

t2Jp(t) + tJp(t) + t23(t) = 0 or

Jp(t) + t71(t) + Jg(t) = O.

Let t = )\jx. Then
d dt )

— Jo(Aix) = — J(t)— = A Jp(t

ax oM = g Jolt) jJolt)
d2 d r dt 2.0
— Jo(Aix) = A —[Jp(t)] — = A7Jg(t).
2 T = TI(0T = A0
Substituting y = JO()\J- x) in the given D.E. and maki ng use

of these results, we have
2.1 U 2
Aido(t) + (Aj/t) AjJdo(t) + Ajde(t) =
2 " - [
APLIG(t) + t713p(t) + Jo(t)] = 0.
Thus y = Jo()\jx) is a solution of the given D.E. For the

second part of the problemwe follow the hint. First,
rewite the DLE. by multiplying by x to yield

xy" +y' + )\jzxy = 0, which can be witten as
(xy)' = -)\jzxy. Now let y;(x) = Jg(A;x) and yj(x) =
JO()\J- x) and we have, respectively: (xy;j)' = -)\izxyi

(xy})' = -Afxy;.
Now mul tiply the first equation by Y the second by vy;,
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CHAPTER 6
Section 6.1, Page 298
1. The graph of f(t) is shown. ! 1)
Since the function is 4
conti nuous on each interval, - /\
but has a junp discontinuity i
at t =1, f(t) is piecew se P
cont i nuous.
"t
2. Note that lim (t-1) ! = c. / I S, A
t—-1*
5b. Since t?is continuous for 0 <t < A for any positive A
and since t2 < e® for any a > 0 and for t sufficiently
large, it follows from Theorem 6. 1.2 that £{t2} exi sts
2 © _-st, 2 ; M st 2
for s > 0. £{t°} :joe t “dt :|v|||—>moo o€ t “dt
2
-t sty M M-st
=lim e + —|,e ~tdt
2 . 1 -sty M 1J'M st
= —lim[-—te + — |, e ~dt
SM—> o s o s Jo ]
2 1 . 2
= S lim -~ syM= =
6. That f(t) = cosat satisfies the hypotheses of Theorem
6.1.2 can be verified by recalling that |cosat| <1 for
all t. To determ ne £cosat} = jo e St cosatdt we
nmust integrate by parts twice to get _[o e S! cosatdt =
lim[(-s"% % cos at + as’?e ®' sinat)|}
M- «
2,2 (Mot
(as9) J.Oes cos at dt]. Evaluating the first two
terms, letting M — o, and adding the third termto both
sides, we obtain [1 + ::12/32]_"0 e St cos at dt = 1/s, s > 0.
Division by [1 + azlsz] and sinplification yields the
desired sol ution.
9. Fromthe definition for coshbt we have

1 }
£ e®coshbt} = E{E[e("’”b)t + e(@P§1. Using the linearity
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13.

16.

19.

21.

Section 6.1

property of £ Eqg.(5), the right side becones
%E{e(a”’)t} + %E{e(a'b)t} whi ch can be eval uated using the
result of Exanple 5 and thus
1/ 2 1/ 2
£ e?'coshbt} = / + /
s- (ath) s-(a-h)
s-a

) (s—a)z-b2

, for s-a > |b|.

Ve wite sinat = ('3 - e'?/2i, then the linearity of

t he Lapl ace transform operator allows us to wite
gleflsinbt} = (1/2i) g e@ P (1721 )ge(@ DY Each of
these two ternms can be eval uated by using the result of
Exanpl e 5, where we now have to require s to be greater
than the real part of the conplex nunbers a £ ib in order
for the integrals to converge. Conplex al gebra then
gives the desired result. An alternate nmethod of

eval uation would be to use integration on the integra

appearing in the definition of £e®sinbt}, but that
nmet hod requires integration by parts tw ce.

As in Problem 13,

Ftsinat} = (1/2i)£&te'®) - (1/2i)Ete '3 . Using the
result of Problem 15 we obtain

£tsinat} = (1/2i)[(s-b) ?- (s+b) 3 where b = ia and
s > 0. Hence £tsinat} = 2as/(sz+a2) 2, s > 0.

Use the approach shown in Problem 16 with the result of
Problem 18, for n = 2. A conputer al gebra system may
al so be used.

A
The integral J (t2 + 1)'1dt can be evaluated in terns of

0
the arctan function and then Eq. (3) can be used. To
illustrate Theorem 6. 1.1, however, consider that

1 1 Sl
5 < - for t > 1 and, from Exanple 3, Jl t 4t

t o+l t

conver ges and hence J' (t2 + 1)'ldt al so conver ges.

1
v
fo (t° + 1)'1dt is finite and hence does not affect the

2

conver gence of Jo (t° + 1)'1dt at infinity.
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27a.

27b.

27c.

27d.
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If we let u=f and dv = e'dt then F(s) = jo e S (t)dt

1 (e .
= J.o e S%/(t)dt. Now use an
s

. 1 - st M
= |lim - —e >f(t +
M> o S ()10

argunent simlar to that given to establish Theorem6. 1. 2.
Make a transformation of variables with x = st and

dx = sdt. Then use the definition of T'(P+1) from
Probl em 26.

1l (e - N (oo -x n-
Frompart a, £t"} = —'[) e *x"dx = L e *x" Ldx
n+1 n+1
s s
n' (e -x . . .
= L e “dx, using integration by
Sn+1

parts successively. Evaluation of the last integral
yi el ds the desired answer.

-1/ 2 2

1 (o -x -
From part a, £{t } o= WLGXX Y24x. Let x = y“, then
s

B} _ 2 (oo -
2dy = x Y2dx and thus £t Y% = \/»_L e Ydy.
s

Use the definition of £{t1/2} and integrate by parts once

to get E{tl/z} = (1/23)£{t'1/2}. The result follows from
part c.

Section 6.2, Page 307

Problems 1 through 10 are solved by using partial fractions
and al gebra to mani pulate the given function into a form

mat chi ng one of the functions appearing in the nmiddle colum
of Table 6.2.1.

2.

7.

4 2!
W& have s = 2 i1 and thus the inverse Lapl ace
(s-1) (s-1)

transformis 2t2et, using line 11.

3s 3s _ 95 _ 6/5
s%s-6 (s-3)(s+2) s-3 s+2

fractions. Thus (9/5)e3t + (6/5)e'2t is the inverse
transform fromline 2.

We have

using parti al

2s+1 _ 2s+l _ 2(s-1) N 3 wher e

W& have 5 = 5 5 5
S°-2s+2 (s-1)“+1 (s-1)“+1 (s-1)“+1
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we first used the concept of conpleting the square (in
t he denom nator) and then added and subtracted
appropriately to put the nunerator in the desired form
Lines 9 and 10 may now be used to find the desired
result.

In each of the Problens 11 through 23 it is assuned that the
|.V.P. has a solutiony = ¢(t) which, with its first two
derivatives, satisfies the conditions of the Corollary to
Theorem 6. 2. 1.

11. Take the Laplace transformof the D.E., using Eq.(1) and
Eqg. (2), to get
sY(s) - sy(0) - y(0) - [sY(s) - y(0)] - 6Y(s) = 0.
Using the I.C. and solving for Y(s) we obtain

-2
Y(s) = 25 . Following the pattern of Eg.(12) we have
$~-s-6
-2 -3)+ +2
S -2y b = a(s-3) +b(s ). Equating |ike
s235-6 s+2 s-3 (s+2)(s-3)

powers in the numerators we find a+b = 1 and
-3a + 2b = -2. Thus a = 4/5 and b = 1/5 and

4+5 1/5 . . . .
Y(s) = — + , Which yields the desired solution

S+2 s-3
using Table 6.2. 1.

14. Taking the Lapl ace transform we have sZY(s) - sy(0) -y’(0) -
4[sY(s)-y(0)] + 4Y(s) = 0. Using the I.C and solving for
: -3 ) . .
Y(s) we find Y(s) = 237 Si nce the denoninator is a
s™-4s+4
: : . s-3
perfect square, the partial fraction formis =
s™-4s+4
b . :
a + . Solving for a and b, as shown in exanpl es of
(s-2)2 s-2
this section or in Problem11l, we find a = -1 and b = 1.

1 1
Thus Y(s) = - fromwhich we find

s-2 (s-2)2
y(t) = et - te? (lines 2 and 11 in Table 6.2.1).

15. Note that Y(s) = 225 4 252 _ 2 ? i 22 .
§%-2s-2 (s-1)>-3 (s-1)%-3 (s-1)--3
Three fornulas in Table 6.2.1 are now needed: F(s-c) in
line 14 in conjunction with the ones for coshat and

sinhat, lines 7 and 8.




17.

Section 6.2 107

The Lapl ace transformof the D.E. is

s*(s) - s%(0) - s¥(0) - sy”(0) - y™(0) - 4[s*(s)-s%(0)
-sy’(0) - y(0)] + 6[s>(s) - sy(0) - y(0)] - 4[sY(s) - y(0)]

+Y('s)

20.

22.

Y(s)

24.

= 0. Using the I.C and solving for Y(s) we find
2
s - 4s + 7 . .
Y(s) = 2 5 . The correct partial fraction
st 4s3+65% 4s+1
o a b c d
formfor this is + + +

(s-1* (s-1® (s-p?  s°1
Setting this equal to Y(s) above and equating the
nunerators we have s>-4s+7 = a + b(s-1) + c(s—l)2 +

d(s-1) 3. sol vi ng for a,b,c, and d and use of Table 6.2.1
yi el ds the desired sol ution.

The Lapl ace transformof the D.E. is
s2Y(s) - sy(0) - y’(0) + o?Y(s) = s/(s%4). Applying the
I.C. and solving for Y(s) we get Y(s) = s/[(s*4)(s*+n?)]

+ s/(sz+u)2). Deconposing the first termby parti al
fractions we have

S S S
Y(s) = - +
(w2-4) (s%+4) (0°-4) (s%+0?) s2+w?
_ (w2—4) _1[ (0)2—5)3 N S ]
s%4? s%+4

Then, using Table 6.1.2, we have
y = (0)2—4)'1[(m2-5)cosmt + cos2t].

Solving for Y(s) we find Y(s) = 1/[(5-1)2 + 1] +
1/(s+1)[(s—1)2 + 1]. Using partial fractions on the
second term we obtain

= 1/[(s-1)2 + 1] + {1/ (s+1) - (s-3)/[(s-1)2 + 1]}/5
= (UB){(s+]) H(s-D[(s- D2+ 11" 1+ 7[(s-1)% + 117},
Hence, y = (1/5)(e't - e'cost + 7e'si nt).

Under the standard assunptions, the Lapace transform of
the left side of the DE. is sZY(s) - sy(0) - y’(0) +
4Y(s). To transformthe right side we nmust revert to the
definition of the Laplace trasnformto detern ne

Jo e'Stf(t)dt. Since f(t) is piecew se continuous we are
able to calculate £f(t)} by
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® -st _ -t - M st
Joe f(t)dt Joe dt +NI||_>mJn(e ) (0) dt

_ n'Std _ - T
= |,e t =(1- e™/s.

Hence, the Laplace transformY(s) of the solution is
given by Y(s) = s/(s%4) + (1 - e ™ /s(s*4).

27b. The Taylor series for f about t =0 is
f(t) = Z(-l)” t2% (2n+1)!, which i s obtained from
n=0

part(a) by dividing each termof the sine series by t.
Also, f is continuous for t > 0 since tIimo(sint)/t = 1.
— 0+

Assumi ng that we can conpute the Laplace transform of f

termby term we obtain £f(t)} = £{26(-1)”t2”/(2n+1)!}
n=

[eS)

[(-1)" (2n+1) ' L{t2"

8

[(-1)"(2n)!1/(2n+1)!] g~ (2n+1)

(-1)" (2n+1)]1s ®"Y which converges for s > 1.

1
M i

o=
The Tayl or series for arctan x is given by

D(-1" ¥ (2n+1), for x| < 1. Conparing £{f(t)} with
n=0

the Tayl or series for arctanx, we conclude that
£{f(t)} = arctan(1l/s), s > 1.

30. Setting n = 2 in Problem28b, we have
d? d
£t2%inbt} = —[b/(s**b?)] =

-2b/ (s%+b%? + 8bs% (s%**b? 3 = 2b(3s% b/ (s%+bD 3,

[-2bs/ (s%bH 7 =

32. Using the result of Problem 28a. we have

gHte?y) = —i(s—a)'lz (s-a) 2
ds
d . }
£gt%® = - —(s-a)7 %= 2(s-a) 2
ds
£t%% = - d 2(s-a) %= 31(s-a)"% Continuing in this

ds
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fashi on, or using induction, we obtain the desired
result.

36a. Taki ng the Laplace transformof the D.E. we obtain
Hyh - £{ty} = £y} + £-ty}
= sY(s) - sy(0) - y(0) + Y(s) = 0.
Hence, Y satisfies Y + s = s.

P(ry)
38a. From Eq(i) we have = lim(s-r ———, since has
a(i) A S_)rk( K) Ar ) Q
S-T P(ry)
distinct zeros. Thus A, = P(ry,) lim = by

Sore QAry) Q(ry)’
L' Hopital's Rule.

1

. -1 —
38b. Since £ {s-rk

} = e’ the result follows.

Section 6.3, Page 314

2. Fromthe definition of u.(t)

we have: il
g(t) = (t-3)uy(t) - (t-2)ug(t)
0-0=0, O<t <2 !
=(t-3) - 0 =1t-3, 2<t <3. [
(t-3) - (t-2) =-1, 3 <t
4. As indicated in the discussion .

foll owing Exanple 1, the unit

step function can be used to :l
translate a given function f, !

with donmain t>0, a distance ¢ {
to the right by the i \/
mul tiplication u(t)f(t-c). a

Hence the required graph of
y = uy(t)f(t-3) for f(t) = sint is shown.

~

8. In order to use Theorem6.3.1 we nust wite f(t) in terns
of u/t). Since t2 2t + 2 = (t-l)2 + 1 (by conpleting
the square), we can thus wite f(t) = uy(t)g(t-1), where
g(t) = t21.  Now appl yi ng Theorem 6. 3.1 we have
E{f(t)} = Huy(t)g(t-1)} = e S £g(t)} = e(2/s® + 1s).
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14.

21.

22.

27.

Section 6.3

Use partial fractions to wite

F(s) = e'zs[(s-l)'l- (s+2)']]/3. For ease in calculations
| et us define Gs) = (s—l)'land H(s) = (s+2)'1. Then
F(s) = [e2° §s) - €2 Hs)]/3. Using the fact that

£{ eat} = (s—a)'l and applying Theorem 6. 3.1, we have
F(s) = [e 2 ge'l - e ge ?}]/3. Thus

F(s) = [ux(t)el"" 2} - gu,(t)e 224173, Using the
linearity of the Laplace transform we have

Ef(t)} = Huy(t)[e'"?- X" D]/3}.  Hence,

f(t) = [ut)(e'"?- e2'"2)]1/3. An alternate nethod is
to conplete the square in the denom nator:

e—Zs
F(s) = . This gives
(s+1/2)% 9/4
f(t) = (2/3)uyt)e (t-2/2 sinhg(t-Z), whi ch can be shown

to be the sane as that found above.

By completing the square in the denom nator of F we can
wite F(s) = (25+1)/[(2$+1)2 + 4]. This has the form
Q(2s+1) where G(u) = u/ (u*4). W nust find
£'1{G(23+1)}. Applying the results of Problem 19(c), we

. 1 . 2t
have £1{F(s)} = Ee t/2003(7).

If the approach of Problem 21 is used we find

f(t) = (1/3)e®’3sinh(t/3), which is equivalent to the
gi ven answer using the definition of sinht.

Assunming that termby-termintegration of the infinite
series is permssible and recalling that £u/(t)} = e “Is

for s >0, we have £f(t)} = (1/s) + 2(—1)" Eu(t)}
k=1

= (1/s) + z“(—l)k e ks = [Z(—e's)k]/s. Ve recogni ze
k=1 k=0

the last infinite series as the geonetric series, Zark,
k=0

with a=1andr =-e> This series converges to

[1/(1+e 9] if |r|] < 1. Hence,

£f(t)} = (1/s)[1/(1+e 9], s > O.
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28. Using the definition of the Laplace transformwe have
F(s) = £{f(t)} = Jo e'Stf(t)dt. Since f is periodic with
period T, we have f(t+T) = f(t). This suggests that we

rewite the inproper integral as Jo e'Stf(t)dt =

= (n+1) T ¢

Z JnT e S (t)dt. The periodicity of f also suggests
n=0

that we make the change of variable t =r + nT. Hence,

i T > T
F(s) = ), joe's(r+nT)f(r+nT)dr =Y (e°H" Joe'rsf(r)dr,
n=0 n=0

where we have used the fact that
f(r+nT) = f(r+(n-1)T) = ... = f(r+T) = f(r) fromthe
definition that f is periodic. W recognize this |ast

[eS)

series as the geonetric series, au, wth
n=0

.
a = joe'rsf(r)dr and u = e %1 The geonetric series

converges to a/(1-u) for |ul < 1 and consequently we
obtain

F(s) = (1 - e'ST)'lJOTe'rSf(r)dr, s > 0.

30. The function f is periodic with period 2. The result of

2
Probl em 28 gives us £f(t)} = Joe'Stf(t)dt/(l-e'zs).

Calculating the integral we have

_[Ze'Stf(t)dt = Ile'Stdt - Jze'Stdt
0 ~ Jo 1

(1-e9/s + (e%%e Y/s

(e ?22e"%1)/s

(1- e's)z/s. Si nce the denom nator of
Ef(t)}, 1 - €2 may be witten as (1-e S (1+e™ 9 we
obtain the desired answer.

Section 6.4, Page 321

1. f(t) can be witten in the formf(t) =1 - u,(t) and
thus the Laplace transforns of the D.E. is
(sz+1)Y(s) - sy(0) - y(0) = (1/s) - e ™ 79s. Introduci ng
the 1.C. and solving for Y(s), we obtain
Y(s) = (s%1) 1+ [s(s™1)] Y- ™ 9s(s%1). Using
partial fractions on the second and third terns we find
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Y(s)=(1/s) + (s21) - s/(s%1) - e™Fs + e™ 5/ (s%1).
The inverse transformof the first three ternms can be
obtained directly fromTable 6.2.1. Using Theorem6.3.1
to find the inverse transformof the last two terns we

have £3e ™/ %/s} = u, (t)g(t - 2) where
g(t) = £41/s} =1 and
-1, -ms/2 2 _
£{e s/ (s™+1)} = uyft)h(t - =/ 2) where
h(t) = 54{3/(52+1)} = cost. Hence,
y =1+ sint - cost + uy4ft)[cos(t - w/2) - 1]

=1+ sint - cost - uyft)[1 - sint]. The graph of the
forcing function is a unit pulse for 0 £t <n/2 and O
thereafter. The graph of the solution will be conposed
of two segnents. The first, for 0 <t <#w/2, is a
sinusoid oscillating about 1, which represents the system
response to a unit forcing function and the given initia
conditions. For t > w/2, the forcing function, f(t), is

zero and the “initial” conditions are
y(n/2) = lim 1 + sint — cost = 2 and
t -n/2

y'(m/2) = lim cost + sint =1. In this case the system
ton/2

response is y(t) = 2sint — cost, which is a sinusoid
oscill ating about zero.

According to Theorem 6. 3.1,

Elu,(t)sin(t-2m)} = e ™ gsint} = e # (s%1).
Transform ng the D. E., we have

(s?+4)Y(s) - sy(0) - y/(0) = 1/(s%1) - e 2™ (s%1).
Introducing the I.C. and solving for Y(s), we obtain
Y(s) = (1—e'2”3/(52+1)(52+4). We apply partial fractions
to wite

Y(s) = [s%#1) 1. (s%4) 1. e s%1) s e s%4) Y3,
We conpute the inverse transformof the first two terns
directly fromTable 6.2.1 after noting that

(52+4)'1 = (1/2)[2/(sz+4)]. We apply Theorem 6.3.1 to the
last two terns to obtain the solution

y =(1/3){sint-(1/2)sin2t-u,(t)[sin(t-2r)-(1/2)sin2(t-2n)]}.

This may be sinplified, using trigononetric identities,
toy =[(2sint - sin2t)(1-uy, (t))]/6. Note that the

forcing function is sint — sin(t-2x) =0 for t > 2n. The
solution is y(t) = 2sint — sin2t for 0 <t < 2n. Thus
y(2n) =0 and y’(2n") = 2cos2n — 2cos4n = 0. Hence the
“initial” value problemfor t > 2nis y” + 4y = 0,

y(2m) =0, y’(2n) = 0, which has the trivial solution

y = 0.
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Taki ng the Laplace transform applying the 1.C and using
Theorem 6.3.1 we have (s%s+5/4)Y(s) = (1-e™'3/s% Thus
1- e—s/2
sz( s2+s5+5/ 4)
_ (1-e'”5/3{4/5 _16/25 N (16/25)3-4/25}

s? S (s+1/2) %+1

= (1-e'“3/3H(s), where we have used parti al
fractions and conpleted the square in the denom nator of
the last term Since the nunmerator of the last termof H

Y(s)

. 16
can be witten as g[(s+1/2) - 3/4], we see that

£YMH(S)} = (4/25)(5t - 4 + 4eV%ost - 3¢ Y%int),

whi ch yields the desired solution. The graph of the
forcing function is a ranmp (f(t) =t) for 0 £t < n/2 and
a constant (f(t) =n/2) for t > n/2. The solution wll
be a danped sinusoid oscillating about the “ranp”
(20t-16)/25 for 0 £t < m/2 and oscillating about 2n/5
for t > /2.

Note that g(t) = sint - uy(t)sint =sint + u (t)sin(t-mn).

Proceeding as in Problem 8 we find

B 1 .
Y(s) = (1+e™ . The correct partial

(s%+1) (s%+s+5/ 4)

as+b N cs+d

2 2

fraction expansion of the quotient is .
s+l s“+s+5/ 4

wher e

atc = 0, atb+d = 0, (5/4)a+b+c = 0 and (5/4)b+d = 1 by
equating coefficients. Solving for the constants yields
the desired sol ution.

Taki ng the Laplace transformof the D.E. we obtain

U(s2+s/ 4+1) = k(e 32¢52)/s, since the |.C. are zero.
Sol ving for U and usi ng partial fractions yields

_ _ 1/ 4
Us) = k(e3/2¢59/2) L L). Thus, if
S s%is/4+1
1 1/ 4
H(s) = (——?7/), t hen
S s%4s/4+1
h(t) =1 — ”8(cos f f Wt) and

u(t) = Kug o(t)h(t 3/2) - ku5,2(t)h(t -5/ 2).

In all cases the plot will be zero for 0 <t < 3/2. For
3/2 <t <5/2the plot will be the systemresponse
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(danped sinusoid) to a step input of magnitude k. For
t >5/2, the plot will be the systemresponse to the
I.C. u(57/72), u(572) with
no forcing function. The

graph shown is for k = 2. ia

Varying k will just affect

the anplitude. Note that !

t he anplitude never i /‘
reaches 2, which would be

the steady state response . A " 4 4 Wt
for the step input 2ug ,(t).

Note al so that the solution -

and its derivative are .

continuous at t = 5/2.

19a. The graph on 0 £t < 6n will depend on how large n is.
For instance, if n = 2 then
1 0Lt <m 2n <t <6
f(t) = . For
-1 -mn <t <2rn

IN

t <m 2n <t < 3w, 4n <t < 51

n<t <2m 3n <t <4m, 5 t < 6T

n>6 f(t)—{l
- -1

19b. Taking the Laplace transformof the D.E. and using the |.C we

)

1 R .
have Y(s) = ————[1 + 2 (-1) e ™3], since
s(s"+1) k=1
- ks
. 1 1 S .
Since—— =— - ——, we then obtain

2

Hup(t)} =
s(s“+1) S s°+1

y(t) =1 - cost + 2) (-1) Muy(t)[1 - cos(t-mk)], using Iine
k=1

13 in Table 6. 2.

=

19d. Since cos(t-mk) (-1) kcost, the solution in part b can

be witten as

+

y(t) =1 - cost +2 (-1 uy(t) - 2 D ,(-1) cost
k=1 k=1

)

=1 - cost - 2ncost + 2 2 (-1)kunk(t) whi ch diverges for n—oco.
k=1
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In this case

1 R
Y(s) = —————— [1 +2 E (-1) ke ™3], Using parti al
n=1

s(sz+.1s+1)
fracti ons we have

1 1 s+. 1
s(s+. 1s+1) S s+, 1s+1
1 s+. 05 .05
P 2., 2 ;o Where
S (s+.05) “+b (s+.05) “+b
b = [1-(.05)% = .9975. Now | et
. - .05 . .
h(t) = £ 1{H(s)} =1- e ®cosbt - Aq;fe “O5si nbt . Hence,

[}

y(t) = h(t) + 2 Z(-l)kunk(t) h(t-nk), and thus, for t > n the

n=1
solution will be approxi mated by
11 - Ae 02t cos[b(t-nm) + 8, and therefore converges as
{ —>oo.
y(t) for n = 30 y(t) for n = 31

10 1

I

Fromthe graph of part a, A= 12.5 and the frequency is 2=n
1

From t he graph

(or analytically)

A = 10 and the W

frequency is 2m.

.
==
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Section 6.5, Page 328

1. Proceeding as in Exanple 1, we take the Laplace transform
of the D.E. and apply the I.C.:

(s> +2s +2)Y(s) =s + 2 + e ™ Thus,
Y(s) = (s+2)/[(s+1)2 + 1] + e ™/[(s+1)? + 1]. W wite

the first termas (s+1)/[(s+1)2 + 1] + 1/[(s+1)2 + 1].
Applyi ng Theorem 6.3.1 and using Table 6.2.1, we obtain
t-m)

the solution, y = e 'cost + e'sint - un(t)e'( sint.
Note that sin(t-m = -sint.
3. Taki ng the Laplace transformand using the |I.C we have
-10s
1 _ e
(s%+ 3s+2) Y(s) = S te S 4 Thus
s
1/2 e ™" q0s, /2 12 1
Y(s) = — + - +e 105 =2, % = ) and hence
S°+3s+2  s°43s+2 s s+2 s+l
1 1 1 ot (t—
Y(t) = Jh(t) + us(t)h(t=5) + uy(t)[+ e 2(1-10) _g=(t-10),

where h(t) = et — e,

5. The Lapl ace transformof the D.E. is

1 _
(s2+2s+43) Y(s) = S te 3 so
s+l
1 _ 1 . .
Y(s) = — 5 +e3”3[27]. Usi ng parti al
(s°+1) (s°+2s+3) S°+2s5+3

fractions or a conputer al gebra system we obtain

1 1 1 _ 1

y(t) = —sint — —cost + —e tcosy/2t + —— Uz (t)h(t-3m),
4 4 4 £/ 2

where h(t) = e'siny/2t.

7. Taki ng the Laplace transformof the D.E. vyields

(52+1)Y(s) - y(0) = jome'StS(t-Zn)cost dt. Since

8(t-2m) = 0 for t # 2n the integral on the right is equal

to the'StS(t—Zn) costdt which equals e ?™cos2r from

Eg. (16). Substituting for y’(0) and solving for Y(s)
-21S

gives Y(s) = 5 + and hence

s+l s+l
(t) i nt (t)si n(t—2m) si nt 0<t <2rn
y =sint +u sin(t-2m) =

2n 2sint 2w <t

10. See the solution for Problem?7.
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13a. From Eq. (22) y(t) will conplete one cycle when
/15 (t-5)/4 = 2n or T=t — 5 = 8n/\/15, which is
consistent with the plot in Fig. 6.5.3. Since an inpul se
causes a discontinuity in the first derivative, we need
to find the value of y at t =5 andt =5+ T. From Eq.
(22) we have, for t > 5,

(t— -1 \/1 l AV
y’ = e (14 (t-5) + ~cos V2 (t1-5)]. Thus
24/1 2 4
1 _
y'(5) = > and y'(5+T) = —e T4 Since the ori gi nal

i mpul se, &(t-5), caused a discontinuity iny” of 1/2, we

nmust choose the inpulse at t =5 + T to be —e_TM, whi ch
is equal and opposite to y" at 5 + T.

13b. Now consider 2y” + y" + 2y = §(t-5) + kd(t-5-T) with
y(0) =0, y(0) =0. Using the results of Exanple 1 we

have
y(t) 2 ug(t) e (173 4gj n 15 (s
5 4
2k u5+T(t)e‘<“5‘T)’4si n—vf(t—sm
_ 2 (194 us(t)sin- ° (1 —5) +kug,r(t) e *si nivis(t—S—T)]
/15
2 /15
= £ 5)/4[u5(t)+keT/4u5+T(t)]si n (t-5). If
\/15 4
y(t) =0 f t>5+Tthen1+keT/4=0, or
k = eT/4, as found in part (a).
20 20
e—ks
17b. W have (s?+1)Y(s) = 2 e ™ so that Y(s) = 2
2
k=1 k=1 S°+1
20
and hence y(t) = ) U (t)sin(t—kn)
k=1

= Ug(t)sin(t-n) + uy(t)sin(t-2n) + ... + Uyg,Sin(t-10m).
For 0 <t <m y(t) =0. For m <t < 2m, y(t) = sin(t-m)
= -sint. For 2 <t < 3m,
y(t) =sin(t-n) + sin(t-2xr) = -sint + sint = 0. Due to
the periodicity of sint, the solution will exhibit this
behavior in alternate intervals for 0 <t < 20mn. After
t = 20n the solution renmains at zero.

21b. Taking the transformand using the |I.C. we have



118

25b.

Section 6.6

15 15
-(2k-1)n
2 _ -(2k-1) = _ e
(s™+1) Y(s) = }5 e so that Y(s) = }5 —
k=1 k=1 s +1
15
Thus y(t) = ), Ugenya(t)sin[t-(2k-1)]
k=1
= sin(t-nt) + sin(t-3m ... + sin(t-29n)
= -sint - sint ... -sint
= -15sint.

Substituting for f(t) we have
t
y = joe'“'f)S(r-n)si n(t-t)dt. Ve know that the

integration variable is always less than t (the upper
limt) and thus for t < nm we have 1 < = and thus
8(t-m) = 0. Hencey =0for t <m Fort >mnutilize
Eq. (16).

Section 6.6. Page 335

1c.

Using the format of Egs.(2) and (3) we have
t
fx(g*h) = Iof(t-r)(g*h)(r)dr
t T
= [yt (-9 1 [y h(n dnl do

t et
= [yt ], F(t-D aCzm dal h(w (am).

The | ast double integral is obtained fromthe previous

line by interchanging the order of the m and =

integrations. Mking the change of variable w =1 - n

on the inside integral yields

fr(gh) = [ ([ 1(t-1-0) o(0) dol h(n) dn

= J:)t (f*g) (t-m)h(n)dn = (f*g)*h.

It is possible to determine f(t) explicitly by using
integration by parts and then find its transform F(s).
However, it is nuch nore convenient to apply Theorem

6.6.1. Let us define g(t) = t2 and h(t) = cos2t. Then,

f(t) = J:g(t-T)h(T)dT. Using Table 6.2.1, we have
G(s) = Eog(t)} = 2/ s% and H(s) = £{h(t)} = s/(52+4).
Hence, by Theorem 6.6.1, £{f(t)} = F(s) = G s)H(s) =

2/ sy s2+4) .
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As was done in Exanple 1 think of F(s) as the product of
s™* and (52+1)'l whi ch, according to Table 6.2.1, are the

transforms of t¥6 and si nt, respectively. Hence, by
Theorem 6.6. 1, the inverse transformof F(s) is

f(t) = (1/6)J;(t-r)3si ntd.

We take the Laplace transformof the D.E. and apply the

I.C.: (s2 +2s + 2)Y(s) = oc/(s2 + ocz). Sol ving for Y(s),
we have Y(s) = [(x/(32+oc2)][(s+1)2 + 1]'1, where the second
factor has been witten in a convenient way by conpleting

the square. Thus Y(s) is seen to be the product of the
transforns of sinot and e 'sint respectively. Hence,

t
according to Theorem®6.6.1, y = Jo e (174 n(t-1)si notdr.

Proceeding as in Problem 13 we obtain

s 1-e°°
Y(s) = — + 5
s“+s+5/ 4 s(s“+s+5/ 4)
(s+1/2) - 12 | 1-e° 1
(s+1/2) %41 s (s+1/2) %1

where the first termis obtained by conpleting the square
in the denom nator and the second termis witten as the
product of two terns whose inverse transforns are known,

so that Theorem 6.6.1 can be used. Note that

£'1{(1-e'$)/s} =1 - ug(t). Also note that a different

formof the sane solution would be obtained by witing

. a bs + c .
the second termas (1-e™(—~ + —————) and sol ving

S (s+1/2)%1
for a, b and c. In this case £'1{1-e'5} = §(t) - d(t-m
from Section 6.5.

Taki ng the Laplace transform using the |I.C and solving,

we have Y(s) = (s+3)/(s+1)(s+2) + s/ (s%a?) (s+1)(s+2).
As in Problem 15, there are several correct ways the
second termcan be treated in order to use the

convolution integral. 1In order to obtain the desired
answer, wite the second term as

S a b

5 2( + ) and solve for a and b.
s%4g? s+l s+2

To find ®(s) you nust recognize the integral that
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appears in the equation as a convol ution integral
Taki ng the transform of both sides then yields

®(s) + K(s)d(s) = F(s), or @(s) = 15&2)
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CHAPTER 7

Section 7.1, Page 344

2.

As in Example 1, let x; = u and x, = u', then xj = x, and
X5 = u" = 3sint - .5x, - 2x;.

In this case let x; =u, X, = U, x3 =u", and x, = u".

Let x; = u and x, = U’; then x; = x, is the first of the
desired pair of equations. The second equation is
obtai ned by substituting u" = x, U = X, and u = x; in

the given D.E. The I.C. become x4(0) = up Xx(0) = ug

Fol l ow the steps outlined in Problem7. Solve the first

I

, 3 1 . ,
D.E. for x, to obtain x, = Exl - Exl' Substitute this

into the second D.E. to obtain x; - X; - 2x; = 0, which

has the solution x; = cle2t + ce’’. Differentiating this

and substituting into the above equation for x, yields x,

1 . .
= Ecle2t + 2c.e ! The I.C then give

1 1 _ .
c, + ¢, =3 and Ecl+202:? whi ch yield

11 2 11 2 .
Ciy = —, Cy=-—. Thus x; = ——e?' . Ze!and

3 3 3

11 4
Xy = ?eﬂ - Ee ! Note that for large t, the second

: : . 11 2t
termin each solution vani shes and we have x; O ?e and

11 .
X, O ?eZt, so that x; O 2x, This says that the graph

will be asymptotic to the line x; = 2x, for large t.
' 5

, . _ 4
Solving the first D.E. for X, gives X, = Exl - gxl,

whi ch substituted into the second D.E. vyields

X7 - 2.5x] + x; = 0. Thus x; = c;e'’'? + c,e®" and

Xy = —cle”2 + czeZt. Using the I.C. yields ¢; = -3/2 and
c, = -1/3. For large t, x4 D(—1/2)e2t and x, O (—1/2)e2t
and thus the graph is asynptotic to x4 = X, in the third
guadrant. The graph is shown on the right.
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12.

14.

19.
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os

sl ™ a FErn 4 7 ara 2
-u/

, . , 1., 1
Solving the first D.E. for X, gives X, :‘Exl + le and

substitution into the second D. E. gives

n ! 17 - .
Xq + Xq + AZ—xl = 0. Thus x; = e t/2(010052t + C,s8in2t) and

e-t/2

X2
Cc, = 2.

(cycos2t-cqsin2t). The |I.C. yields ¢c; = -2 and

If a;, # 0, then solve the first equation for x,,

obtaining x, = [Xj; - a;X; - gy(t)]/a;, Upon substituting
this expression into the second equation, we have a
second order linear OD.E for x;. One |.C is

x1(0) xg. The second |I.C. is
X,(0) = [xi(O) - agXq4(0) - g94(0)]/aq, = xg. Sol ving for

x3(0) gives x3(0) = a;x5> + a;x§ + g4(0). These results

hold when a;; ...,ay, are functions of t as long as the
derivatives exist and a;{t) and a,4(t) are not both zero
on the interval. The initial conditions will involve

a;40) and a;40).

Let us number the nodes 1,2, and 3 cl ockw se begi nni ng
with the top right node in Figure 7.1.4. Also let |4

I, 13 and |, denote the currents through the resistor

1
R =1, the inductor L = 1, the capacitor C :AE, and the

resistor R= 2, respectively. Let V,, V, V3 and V, be
the correspondi ng voltage drops. Kirchhoff’'s first |aw
applied to nodes 1 and 2, respectively, gives

(i) I{-1,=0and (ii) I,- 13- 1,=0. Kirchhoff’s
second | aw applied to each | oop gives

(iii) Vi + Vo, + V=0 and (iv) V- V,=0. The current-
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voltage relation through each circuit elenment vyields four
nore equations: (v) Vy =1, (Vi) 1, = vy,

(vii) (1/2)vg = lzand (viii) V4, =21, W thus have a
system of eight equations in eight unknowns, and we wi sh
to elinmnate all of the variables except I, and V; from

this system of equations. For exanple, we can use

Egs. (i) and (iv) to elimnate I, and V, in Egs.(v) and
(viii). Then use the new Egs.(v) and (viii) to eliminate
Viand I, in Egs.(ii) and (iii). Finally, use the new
Egs. (ii) and (iii) in Egs.(vi) and (vii) to obtain

5= - 1,- Vg V3 =2l,- Vs These equations are

i dentical (when subscripts on the renaining variables are
dropped) to the equations given in the text.

Note that the ampbunt of water in each tank renmins
constant. Thus Q(t)/30 and Q,(t)/20 represent oz./ga

of salt in each tank. As in Exanple 1 of Section 2.3, we
assune the mxture in each tank is well stirred. Then
for the first tank we have

dQ Q(t) Q(1)

o =1.5-3 + 1.5 5 , Where the first termon
the right represents the amount of salt per minute
entering the mixture froman external source, the second
termrepresents the | oss of salt per mnute going to Tank
2 and the third termrepresents the gain of salt per
mnute entering fromTank 2. Sinilarly, we have

d
aQ Q)
dt 30 20

3 for Tank 2.

Sol ve the second equation for Q(t) to obtain Q(t) =
10Q, +2Q, - 30. Substitution into the first equation

. 1 9
then yields 10Q + 3G, +‘§c& :AE. The steady state

solution for this is Cf = 8(9/2) = 36. Substituting this
value into the equation for Q vyields Cf =72 - 30 =42

Substitute Q =x; + 42 and Q, = x, + 36 into the
equations found in part a.
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00O

2
6 O

Section 7.2, Page 355
2 -4 00O
la. 2A = %6 4 - ZEsothat
(b4 2 60
(2+4 -4-2 0+30 -6 30
2A + Eﬁ 1 445 2+OE ES 9 -ZE
b 4+6 2+1 6+20 3 8O
lc. Using Eq.(9) and followi ng Exanple 1 we have
04 +2+0 -2 -10 +0 3 +0 +
AB = Eﬁz - 2 - -6 + 10 - 1 9+ 0 -
(b8 - 1 + 18 4 +5+ 3 -6 + 0 +
which yields the correct answer.
6 -5 -70 5 3 30
= %1 9 1Eand BC = %&.7 3%50 t hat
b1 -2 80O [ 3 -20
o7 -11 -30
O O
(AB)C = A(BC) = i1 20 17E
%4 3—12%

In problenms 10 through 19 the nethod of

illustrated in Exanple 2,

matri x or else to show that none exists.
ori gi nal

row reduction,

as

can be used to find the inverse

sui tabl e sequence of el enmentary row operations,
result of applying these operations.

10.

We start with the
mat ri x augnented by the indentity matrix,

descri be a
and show t he

Start with the given matrix augnmented by the identity

01 4 . 1
matri X. E
2 3.0

Add 2 tinmes the first

01 4.1
0
O
B o112

0 O

.

10

row to the second row.

00
0
5

15

Multiply the second row by (1/11).
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O O
b 1 . 2/11 1/110

Add (-4) tinmes the second rowto the first row
L o . 3/11 -4/110

b 1 . 2/11 1/11 0

1 4 . 1 0

Si nce we have performed the sane operation on the given
matrix and the identity matrix, the 2 x 2 matric
appearing on the right side of this augnented nmatrix is
the desired inverse matrix. The answer can be checked by
multiplying it by the given matrix; the result should be
the indentity matrix.

The augnmented natrix in this case is:
1 2 3.1 0

o

(OO0 5
N
(6}
o
=
o
Ommma o O

5 6.0 0 10

Add (-2) times the first rowto the second row and (-3)
tinmes the first rowto the third row

01 2 3.1 0 0

0 -1 .-2 1 0

OOIorne— X4
o
I o

o -1 -3.-3 0 10
Mul tiply the second and third rows by (-1) and
i nterchange them

ik 2 3.1 0 0

t

=
w
w
o
=
O Oo4do

o o 1.2 -1 o8
Add (-3) tinmes the third rowto the first and second



126 Section 7.2

(==Y
N
o
1
(€3]
w
o

I OWs.

I

o

-

o

. oo

w

w

1

-
I

o
o
|

0 1. 2 -1
Add (-2) tines the second rowto the first row

0 0.1 -3 20
U

1 0.-3 3 -1%

o 1.2 -1 o0f

WP OO R

The desired answer appears on the right side of this
augnmented matri X.

14. Again, start with the given matrix augnented by the

01 2 1.1 0 0d
g
O

identity rratrix.grz 1 8. 0 1

B
O

(] -2 -7. 0 0
Add (2) tinmes the first rowto the second row and add(-1)
times the first rowto the third row

= o
o [ |

m 2 1.1 0 0O
0 0
0 - 0
go 5 10. 2 1 og
g ) g
i i
o -4 -8.-1 o0 10

Add (4/5) tinmes the second rowto the third row.
01 2 1.1 0 0

10 . 2 1 0

O o
o
a1
I

(o 0 0 .3/5 4/5 od
Since the third row of the left matrix is all zeros, no
further reduction can be performed, and the given nmatrix
is singular.
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Section 7.3, Page 366

1. Form the augnented matrix, as in Exanple 1, and use row
reducti on.

0o -1.

o

I:ll]:l]ﬂ%gj]l:l O E
=
=
=
OOMmomma o ™

01 1 2. 2

Add (-3) tinmes the first rowto the second and add the
first rowto the third.

1 0o -1.

o

BIDD:DD]g:DD O
=
IN
=
I

1 1. 2
Add (-1) tinmes the second row to the third.
oL o -1. o0

g 0
g . 5
go 1 4. 17
B B
a g
(o o0 -3. 10
The third rowis equivalent to - 3x3 =1 or x3 = - 1/3.

Li kewi se the second row is equivalent to x, + 4x3 = 1, so
X, = 7/3. Finally, fromthe first row, x; - x3 =0, so
X, = - 1/3. The answer can be checked by substituting
into the original equations.
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L 2-1. 10
O O
0 : 0
The augnented nmatrix is %21 1. 1% Row reduction then
= . B
O O
h-12. 10
m 2 -1. 10
O O
0 0
yieldsgo 3 3 -1%
B B
O O
b o o. 10O

The | ast row corresponds to the equation
Ox; + Ox, + Ox3 = 1, and there is no choice of x; x, and

X5 that satisfies this equation. Hence the given system
of equations has no sol ution.

Form t he augnented nmatrix and use row reduction.
m 2 -1. 20

O
|:| .
%211.1
B

O

h -1 2. -1
Add (-2) tines the first rowto the second and add (-1)
tines the first rowto the third.

i 2 -1. 20

O

|:| .
%o-s 3. -3
B

O

b -3 3. -30
Add (-1) tines the second rowto the third row and then
nmultiply the second row by (-1/3).

m 2 -1. 20

o [ [ |

Omnmnrod o

-1 .

gl:lﬂ:ﬂﬂ]&g]]l:l O
-
-
o [ [ |

o
o
o
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Since the last row has only zero entries, it may be
dropped. The second row corresponds to the equation
X, - X3 = 1. We can assign an arbitrary value to either x,

or Xz and use this equation to solve for the other. For
exanple, let x3 =c, where c is arbitrary. Then

X, =1+ c. The first row corresponds to the equation
X1+ 2X, - X3 = 2, SO

Xqg =2 - 2Xy + X3 =2 - 2(1+c)+c = -cC.

To determ ne whether the given set of vectors is linearly
i ndependent we nust sol ve the system

clx(l) + czx(z) + ch(3) =0 for cq c, and cg Witing
this in scalar form we have c; +Cc3=0
c, + ¢ =0, so the
c, +¢c3=0

o o 1 00
O O
O O
augnmented matrix is gl 1 0 . Og
= =
O O
b 1 1 od
oL o 1. o0
O O
O O
Row reduction yields go 1 -1 Og
= =
O O
b o 2. o0O

Fromthe third row we have c; = 0. Then fromthe second
row, c, - c3 =0, soc,=0. Finally fromthe first row
cp +¢c3=0, socy;=0. Sincecy=cy,=2c3=0, we

conclude that the given vectors are linearly independent.

As in Problem6 we wish to solve the system
clx(l) + czx(z) + ch(?’) + c4x(4) =0 for ¢4, c, c3 and
cy, Formthe augnented matrix and use row reduction.
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m -1 -2 -3. 00
O O
O O
O

0 -1 0. 0

7 '
% g
2 3 1 -1. O0f
O O
O O
@ 1 o0 3. oO

Add (-2) times the first rowto the second, add (-2)
times the first rowto the third, and add (-3) tinmes the
first rowto the fourth.

m -1 -2 -3. 00
O O
O O
b 2 3 6. oY
B 8
- :
0 5 5 5. 0f
O O
O O
™ 4 6 12. 0O

Multiply the second row by (1/2) and then add (-5) tinmes
the second rowto the third and add (-4) tinmes the second
row to the fourth.

m -1 -2 -3. 0O

O O

O O

b 1 32 3. od

= =

: :

O 0-52-10. 0f

O O

O O

b o o0 0. oO
The third row is equivalent to the equation c3 + 4c, = O.
One way to satisfy this equation is by choosing c, = -1;
then c; = 4. Fromthe second row we then have
€, =- (3/2)cg - 3¢, =- 6 +3 =-3. Then, fromthe first
row, ¢c; = c, + 2c3 + 3¢, =-3 +8 - 3 =2. Hence the

gi ven vectors are linearly dependent, and satisfy
2x(D o 3x(2D 4 4x(3) L 4B = o

Let t =ty be a fixed value of t in the interval

0 <t <£1. To detern ne whether x(l)(to) and x(z)(to) are
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linearly dependent we must sol ve Clx(n(t0)+czx(a(to):0.
We have the augnmented matrix

Oeto 1 oU

goéoto . Oé

Multiply the first row by (-t,) and add to the second row

Ueto 1. of
to obtain I 0
a O
(o o . odu
Thus, for exanple, we can choose ¢; =1 and ¢, = -elo

and hence the given vectors are linearly dependent at ty.
Since ty is arbitrary the vectors are linearly dependent
at each point in the interval. However, there is no

linear relation between x(¥ and x(? that is valid
t hroughout the interval 0 <t < 1. For example, if
ty #ty and if c; and c, are chosen as above, then

1 2
clx()(tl) + czx()(tl)
ett .. 010 et - elo
= Bt -e 0@ DO= ¢ B7 EE%
et 10 et - tge'o
Hence the given vectors nust be linearly independent on

0<t <1 In fact, the sane argunent applies to any
interval .

To find the eigenval ues and ei genvectors of the given
.10, 0

matri x we nust sol ve EB . )\E%( % %OE The

determ nant of coefficients is (5-A) (1-A) - (-1)(3) =0,
or A>- 6\ + 8 =0. Hence A =2 and A, = 4 are the

ei genval ues. The ei genvector corresponding to A; nust

sty B 'BEE 3 0. If we let
satis or 3x; - Xy = 0. we le
Y Els 1E%<% %OE 1o 2
[l
x; = 1, then x, = 3 and the eigenvector is x(1 = EBE or

any constant nultiple of this vector. Sinilarly, the
ei genvector corresponding to A, nust satisfy
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1 -1p X 1
EB E%(E: %% or x; - X, = 0. Hence x(2) = %% or
-30 fx, 1

a nultiple thereof.

Since a;, = a,;, the given matrix is Hermitian and we

know i n advance that its eigenvalues are real. To find
t he ei genval ues and ei genvectors we nust sol ve

1-A
%' 1AE%(E %% The determinant of coefficients
1

is (1-)\)2 - i(-i) = A2 - 2\, so the eigenval ues are
A1 = 0 and A, = 2; observe that they are indeed real even

t hough the given matrix has inmaginary entries. The
ei genvector corresponding to A; nust satisfy

1 i gxq0 .
- E& E: or x; +ix, = 0. Note that the second
' 2

equation -ix; + X, = 0 is a multiple of the first.
If x; =1, then x, =i, and the eigenvector is

(n - Ft s -

X = In a simlar way we find that the
. . . . (2) 1

ei genvector associated with A, is x = _

The ei genval ues and eigenvectors satisfy
01-A 0 0 O X0

EP 1-A -ZE E E The determ nant of coefficients is
o3 2 1'A[]EK 0

(1-A)[(1-A) + 4] = 0, which has roots A =1, 1 *+ 2i. For

A =1, we then have 2x; - 2x3 = 0 and 3x; + 2x, = 0. Choosing
020

1 = 2 then yields 3E€$ the ei genvector corresponding to
g20

A=1 For A =1+ 2i we have

-2ixy =0, 2x4 - 2ix, - 2xg3 = 0 and 3x; + 2x, - 2ix3 = 0,
oo d

yielding x; = 0 and x3 = -iX,. Thus él Eis t he ei genvect or
i O

corresponding to A =1 + 2i. A simlar calculation shows that
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oQd

éléi s the eigenvector corresponding to A =1 - 2i.

0 O

Since the given matrix is real and symetric, we know
that the eigenvalues are real. Further, even if there
are repeated eigenvalues, there will be a full set of

three linearly independent eigenvectors. To find the
ei genval ues and ei genvectors we nust solve

m-A» 2 4020 mp
%2 -A 2 E%zgz %)% The determ nant of
4 2 3-)\DDX3D (b0

coefficients is (3-A)[-A(3-A)-4] - 2[2(3-7A) -8] + 4[4+4A]
= -A% + 602 + 15\ + 8. Setting this equal to zero and
solving we find Ay = A, = -1, A; = 8. The eigenvectors
corresponding to A; and A, nust satisfy

m 2 402U g
EQ ZE EKZE:: EOE hence there is only the single
0’} 2 4[]EK3D tbO

relation 2x; + X, + 2x3 = 0 to be satisfied.

Consequently, two of the variables can be sel ected
arbitrarily and the third is then deternmined by this
equation. For exanple, if x; =1 and x3 =1, then x, = -

010

4, and we obtain the eigenvector x(D = E—4E Simlarly,
010

if x; =1 and x, , then x3 = -1, and we have the

=0
u
ei genvect or x(2 = E

10
0 E which is linearly independent of
010

xY'. There are many ot her choi ces that could have been
made; however, by Eqg.(38) there can be no

nore than two linearly independent eigenvectors
corresponding to the eigenvalue -1. To find the

ei genvector corresponding to A; we nust solve
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O X o0
E%Z = E I nt erchange the first and
O (b

second rows and use row reduction to obtain the

equi val ent systemx; - 4x, + x3 = 0, 2x, - x3 = 0. Since
there are two equations to satisfy only one variable can
be assigned an arbitrary value. If we let x, = 1, then

O

I

2
X3 = 2 and x; = 2, so we find that x(3) = El
b0

27. W are given that Ax = b has solutions and thus we have
(AX,y) = (b,y). From Problem 26, though,
(Ax,y)= (x, A*y) = 0. Thus (b,y) = 0. For Exanple 2,

o1 -1 20
-T
A* = A= %2 1 -1Eand, usi ng row reduction, the augnented
o3 -2 30
1 -1 2 00 MO
) O O
matrix for A*y = 0 becomes [y 1.3 od Thus y = c%&’%and
g g
@ 00 0O (ndl

hence (b,y) = by + 3b, + by = 0.

Section 7.4, Page 371

1. Use Mathematical Induction. It has already been proven
that if x(1 and x(2 are solutions, then so is
cix(D + cox(2 . Assume that if x(D, x(2 . x(K are

solutions, then x = cix{D + -« + ¢,x(®¥ is a solution.
Then use Theorem 7.4.1 to conclude that x + cgax(K™ js
also a solution and thus cix(D + « + cpx(k*) js a
solution if x(I .. x(k*}) are sol utions.

2a. From Eq. (10) we have
Dx&l) XSZ) a
W= 0O 0= x{Y x62 - xtD x{?.  Taking the
Ox5Y)  x42m
derivative of these two products yields four terns which
may be witten as
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1) 2) 2) 1)
aw _ %ng) NN %]  [xD dxb? - dxb NG

dt dt dt dt dt

The terms in the square brackets can now be recogni zed as
the respective determnmi nants appearing in the desired
solution. A simlar result was nmentioned in Problem 20
of Section 4.1.

If x(1) is substituted into Eqg. (3) we have

dx§ b
dt = P11 Xﬁl) + P12 Xgl)
dxsb)
dt = p21 Xﬁl) T p22 X&”-

Substituting the first equation above and its counterpart
for x(2 into the first determnant appearing in dwdt
Dx&l) x&z) 0

and evaluating the result yields p;; O 0= p1iW
Dx&l) x&Z)D]]

Similarly, the second deternminant in dWdt is eval uated
as poo2W yielding the desired result.

From prt b we have dT\\//V: [p11(t) + po2o(t)]dt which gives

Wt) =c epr’[pn(t) + pao(t)]dt.

t t?2
w=8""H szl 2 =42
H1 2t B
Pick t = tg, then cix{D(tg) + cox(P(ty) = 0 inplies

= od Et%ﬂ DOE whi ch h | uti
C + C = | C as a non-zero solution
1 g, g c 2= B

Pt g
for co and co if and only if O O=2tg - t§=tg = 0.
gl 2tq0O

Thus x(D(t) and x(2(t) are linearly independent at each
poi nt except t = 0. Thus they are linearly independent
on every interval.

From part a we see that the Wonskian vanishes at t = 0, but

not at any other point. By Theorem7.4.3, if p(t), from
Eqg. (3), is continuous, then the Wonskian is either

identically zero or el se never vanishes. Hence, we conclude

that the D.E. satisfied by x(l)(t) and x(z)(t) must have at
| east one di scontinuous coefficient at t = O.

To obtain the system satisfied by x(D and x(? we
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consi der

x4 0
X = C]_X(l) + CZX(Z), or 00 O=rcq E‘
Eix, £ 1
Y
g

Taking the derivative we obtain

o BE o B

Solving this last systemfor ¢4 and c, we find
cp = X1 - txs and co = x'2/2 Thus

O O= (x7 - txh) %% — whi ch yi el ds
x5 & 2 '[
Xy, = tx7 - ?xz and x, = x7. Witing this systemin
trix f h S I28 Hnding th
matrix formwe have x = . i ndi n e
El OE( g

inverse of the matrix nmultiplying x' yields the desired
sol ution.

Section 7.5, Page 381

1. Assunming that there are solutions of the formx = &e'!
we substitute into the D.E. to find

rEe't = % _ZEEert_ Since € = IE = % 0%{, we can
-2 1

) . , -2 10
wite this equation as % 2%{— r %0 1%{ = 0 and

-r -20 k10
t hus we nust sol ve % 0 g-= %%for r, &. &o.
-2-r EE2E|

The deterninant of the coefficients is
(3-r)(-2-r) + 4 =r%2- 7 - 2 so the eigenvalues are
r =-1, 2. The ei genvect or corresponding tor = -1

satisfies % %% which yields 28 - & = 0.
EEzﬁ

1
Thus x(D(t) = &Vet = %Ee't, where we have set & = 1.

(Any other non zero choice would al so wor k) In a

1
simlar fashion, for r = 2, we have Ez %%
EEzﬁ

or & - 28 = 0. Hence x(9(t) = &2t = Ei%em by
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setting §& = 1. The general solution is then

x = coxW(t) + cox®)(t). To sketch the trajectories we
foll ow the steps iIIustrated in Exanples 1 and 2.

Setting ¢, = 0 we have x = D 5_01%2% r x, = cie’t
and x, = 2cqe’! and thus one asynptote is given by
Xo = 2X1. In a sinmlar
fashion c; = 0 gives

X2 = (1/2)x; as a second
asynptote. Since the
roots differ in sign,
the trajectories for
this problemare sinilar
in nature to those in
Example 1. For c, # 0,
all solutions will be
asynptotic to x, = (1/2)xy ast - o. For co = 0, the
sol ution approaches the origin along the line x, = 2x1.

Proceeding as in Problem1 we assunme a solution of the
formx = {e”, where r, &, & nust now satisfy

2-r D‘El
Eval uati ng the determ nant of the
1 -2-r EEZE
coefficients set equal to zero yields r = -1, -3 as the
eigenvalues. For r = -1 we find & = & and thus
1
£(1) = %%and for r = -3 we find & = -§& and hence

g( 2)

1
%1% The general solution is then

1 1
X = ClE]_Ee-t + C2%1%e-3t' Since there are two negative

ei genval ues, we woul d expect the trajectories to be
simlar to those of Exanple 2.
Setting co, = 0 and elimnating

t (as in Problem1) we find \s‘
1 t
t hat Elge‘ approaches the

origin along the line X, = Xxj.

- 1 -3t
Simlarly e appr oaches

1 \
the origin along the line
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Xo = -X1. As long as c1 # 0 (since e! is the dom nant

termas t -0), all trajectories approach the origin
asynptotic to x, = xq. For ¢4 = 0, the trajectory
approaches the origin along x, = -x1, as shown in the
gr aph.

The characteristic equation is (5/4 - r)? - 9/16 = 0, so
r =2,1/2. Since the roots are of the same size, the
behavi or of the solutions is sinilar to Problem5, except
the trajectories are reversed since the roots are
positive.

Again assuming x = &'t we find that r, &, & nust

, M-r -3pE0 [op _
satisfy EB ED 0= @OE The determi nant of the
-6-r EE2E|

coefficients set equal to zero yields r =0, -2. For
r = 0w find 48§ = 3&. Choosing & = 4 we find & = 3

by _ BB .
and thus &1 = EA% Sinilarly for r = -2 we have

1 1
£§2 = %E%and thus x = 01§E+ CZ%%@ZI' To sketch the

trajectories, note that the general solution is

equi val ent to the simultaneous equations x; = 3cq + cpe’
and X, = 4cq + 2cpe’?l. Solving the first equation for
coe”?! and substituting into the second vyields

Xo = 2Xq1 - 2cqp and thus the trajectories are parallel
straight |ines.

2t

, , 1-r [ 5 .
The eigval ues are given by ] L =(1-r)c +i° =

=i -
1 i 10

r(r-2) =0. For r=0 we have ] O= 0 or
1 1 2 O

1
-i& + & =0 and thus %Eis one eigenvector. Simlarly

010 _
E__ E|s the eigenvector for r = 2.
i

The ei genval ues and ei genvectors of the coefficient
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Mm-r -1 40E% 0
matrix satisfy EB 2-r -1% é % The det er m nant
(2 1 -1-r0O

of coefficients set equal to zero reduces to
r - 2r2 - 5r + 6 =0, so the eigenval ues are

r{ =1, rp, = -2, and r3 = 3. The eigenvector
-1 40%:0 o0
corresponding to rq nust satisfy ES 1 -1E éz EOE
-20 bO

Usi ng row reducti on we obtain the equival ent system
&1 + & =0, & - 48& = 0. Letting & =1, it follows
t hat

a10d
&3 = -1 and & = -4, so & = %4% In a simlar way the
010
ei genvectors corresponding to r, and r3 are found to be
010 10
€2 = E Eand £ = EZE respectively. Thus the
010
general solution of the given DE. is
a10 a10d 0
X = 01%4Eet + czélée'2t + c3ézée3t. Notice that the
10 010 O

“trajectories” of this solution would lie in the x; X2 X3
t hree di mensi onal space.

The ei genval ues and ei genvectors of the coefficient

1
matrix are found to be rq = -1, &1 = El%and ro = 3,

1
§2 = %5% Thus the general solution of the given D. E

1
is x = cq Elge't + Co %3% The 1.C. yields the
. 1 1
system of equations Cl% E+ 02%5% %B% The augnent ed
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m 1. 10
matrix of this systemis E . Eand by row reduction
h 5. 30
01 1. 10
weobtainE . E Thus co, = 1/2 and ¢c; = 1/2.
b 1 .1/20

Substituting these values in the general solution gives
the solution of the I.V.P. - o0, the solution

As t
- LHLD 3
becomes asynptotic to x = > e, or X = 5xj.
Substituting x = &" into the D.E. we obtain

-1
r&’ = % ZEEU. For t # 0 this equation can be

. -r 1050 ,
witten as % ED O= %% The ei genval ues and
-2- £€, 8

: (1) 1
ei genvectors are r; = 1, § = ) and rp, = -1,

-

1
§2) = gg% Substituting these in the assuned form we

1 1
obtain the general solution x = ClE]_Et + CZEBEt'l.

5
w
. M . . + + s . 3 t
\xa‘t,\
X3 x,(t)

x_ﬂ[h)
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31lc. The ei geval ues are given by

o -1-r
Note that in Part (a) the eigenvalues are both negative
while in Part (b) they differ in sign. Thus, in this
part, if we choose a = 1, then one eigenvalue is zero,
which is the transition of the one root from negative to
positive. This is the desired bifurcation point.

=1-r -1
E E =r2+2r +1-a=0. Thus r;, = -1¥/a.

Section 7.6, Page 390

1.

W assume a solution of the formx = &'' thus r and &
-20 %, 0

O 0=
-1-r EE2E|

coefficients is (r2-2r-3) + 8 =r2 - 2r + 5, so the
eigenvalues arer = 1 + 2i. The eigenvector

. . L -2i -2p K10
corresponding to 1 + 2i satisfies ) E% %:

or (2-2i)& - 2§ =0. If & =1, then & = 1-i and

1
g = EL_ %and t hus one
-

conpl ex-val ued sol ution
of the DE. is

x(D(t) = E 1_ E e(1+2i)t
1-i

To find real -val ued
sol utions

(see Egs.8 and 9) we
take the real and imaginary parts, respectively of

-r
are sol utions of Eﬁ EE% The det er m nant of

.

1
x(D(t). Thus x(D(t) = EL_iEJ(COSZt + isin2t)

IEL cos2t + isin2t E
e
0s2t + sin2t + i(sin2t - cos2t)

tEL cos2t % - EL Si n2t %
e +ie
0s2t + sin2t in2t - cos2t

Hence the general solution of the DE is

i cos2t t Si n2t
X = ci€ _ + cpe' g The
0s2t + sin2t In2t - cos2t

solutions spiral to oo ast — o due to the el terms.
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The ei genval ues and ei genvect ors of the coefficient

1-r 0 010 oD
matrix satisfy EZ 1-r -2% E: %)% The
03 1-r Q0 (bO

determinant of coefficients reduces to (1-r)(r? - 2r + 5)
so the eigenvalues are rq{ =1, ro, =1 + 2i, and

rg =1 - 2i. The eigenvector corresponding to rq
satisfies
0o 0 o0& O oD
Ez 0 _ZE%ZE: E)E hence & - & = 0 and
U3 2 00U, (b0
361 + 26, = 0 If we let & = -3 then & = 2 and &3 = 2,
02 0
so one solution of the DE is E3§t. The ei genvect or
02 0
0-2i 0 00 O [0O
corresponding to r, satisfies EZ 2i E %zé: EO%
B 2 -2i0 3 b
Hence & = 0 and i& + & = 0. If we let & = 1, then
& = -i. Thus a conpl ex-val ued solution is
oo o
El%et(cosm + i sin2t). Taking the real and imaginary
(i O
O 0 O o o O
parts, see prob. 1, we obtain EcosZt%et and Esi n2t Eet,
Csin2t O [Fcos2t O
respectively. Thus the general solution is
020 O O o 0 O
X = claﬁé + cpet EcosZtE+ cse! EsinZt E which spirals
d2 0 (ki n2t O (kcos2t O

to oo about the x; axis in the xiXox3 space as t - oo.

The ei genval ues and ei genvect ors of the coefficient

-r
mat ri x satisfy 2 % %% The determ nant of
-3-r

coefficients is r2 + 2r + 2 so that the eigenval ues are
r =-1+%i. The eigenvector corresponding tor = -1 + i
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=i -5 O
is given by EZ _%1D=Osothat &1 = (2+i)& and
1 —2-i 0,0

t hus one conpl ex-val ued solution is

+ .
x(D(t) = Efl %eﬁ‘lﬂ)t. Finding the real and conpl ex

parts of x(1) |eads to the general sol ution

" cost - sint " sint + cost )
X = c1€ + cpe ] Setting
cost si nt

0 we find x(0) = Ei%z clg%+ Cz%% which is

. 2cp + cp =1
equi valent to the system . Thus c; =1 and
cp1+0=1

—
I

co, = -1 and

(1) _tEfCOSt - sint % " Ersint + cost E
X = e -e
cost sint

_ Hcost - 3sint : .
=e ) which spirals to zero as
cost - sint

t - oo due to the et term

The ei genval ues are given by

3/ 4-r -2 9
=r¢+r/2 + 17/16 = 0.
1 -5/ 4—r

Xa

The trajectory starts at
(5,5) in the xi1x2 pl ane
and spirals around and
converges to the t axis
as t - oo.

. . 2-r -5 2
The ei genval ues satisfy =r“-4+5a1=0, so

a -2-r
r{,ro = +/4-5a.

The critical value of a yields rq

1
—
N

1
O
(@]
-
Q

1
N
-
o
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16a.

16b.

16c¢.

18a.

18b.

18c.
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\

N
i

a = +1

\

A s

5/ 4-r 3/4 2
=rc -5r/2 + (25/16 - 30/4) =0, so
a 5/ 4-r

rq,2 = 5/4 + +/3a /2.

There are two critical values of a. For a < 0 the

ei genval ues are conmplex, while for a > 0 they are real
There will be a second critical value of a when ry, = 0,
or a =25/12. In this case the second real eigenvalue
goes from positive to negative.

ZWi )
WA

—

%

3-r «a 2
We have 4 =r¢“+r - 12 + 6a = 0, so
- -4-r

ri,ro = -1/2 +/49-24a /2.

The critical values occur when 49 - 24a = 1 (in which
case
ro = 0) and when 49 - 24a = 0, in which case rqy =rp, = -1/ 2.

Thus a = 2 and a = 49/24 0O 2. 04.
Xq
le

BN DN

a= 1.8 . a= 2,03
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If we seek solutions of the formx = &', then r nust be
an ei genval ue and & a correspondi ng ei genvector of the
coefficient matrix. Thus r and & satisfy

1-r -1 10 . o
g= The determ nant of coefficients
2 -1-r > £

is (-1-r)% +2 = r? + 2r + 3, so the eigenval ues are
r =-1++/2i. The eigenvector corresponding to

: C o B2 -1 @€ 0
-1 + +/2i satisfies O o 0= or
o 2 —/2i OFE28
\V2i& +& =0. If welet & =1, then & = —/2i, and
01 O _
&Y = g O Thus a conpl ex-val ued sol ution of the
/20 O
o 1 0O .
given DLE. is O gt 21 FromEq. (15) of
Eh/2i B
Section 5.5 we have (since tV2i = e/nt??! = gv2i Inty

t 121 = t1[cos(y/2Int) +isin(y/2Int)] for t > 0.
Separating the conplex valued solution into real and
i magi nary parts, we obtain the two real-val ued sol utions

0 21 nt U O sij 21 nt U
=g COS(\/7 nt) Qand v = t10 sm(fn) ¥
/2 sin(y/21nt) O 0-/2 cos(v/21nt) O

The eigenval ues are given by (r+1/4)[(r+1/4)% + 1] = 0.

Xa
(5,5)

Graph starts in the
first octant and
spirals around the
X3 axi s, converging X2
to zero.

(5,5,5)

W have y7 = x1 =Yy, y3 = X2 =ya, Y2 = -2y; + y3, and
y4 = y1 - 2y3. Thus
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oo 1 od

s E}Z 0 OE

Y =g gY-
DO 0O O 1D
i o -2 oU

29b. The ei genval ues are given by r* + 4r2 + 3 = 0, which
yields r2 = -1, -+/3, sor =+, +/3i.

29c. For r = £ i the eigenvectors are given by
O 1 0 o0 f%iO
. O

E}Z =i 1 0 2 . . .

0 ] = 0. Choosing & =1 yields & =

DO 0o - 1 3

o1 o -2 -ilbx,0

and choosing & =1 yields & =i, so

(1, i, 1, i)T(cost +isint) is a solution. Finding the

real and inaginary parts vyields
w; = (cost, -sint, cost, -sint)' and
W (sint, cost, sint, cost)T as two real solutions.
In a simlar fashion, for r = % yﬁ?i, we obtain
£ =(1,/3i, -1, -/3i) and
Wy = (cosyﬁgt, —yﬁ?sinyﬁ?t, -cosy@?t, y@?siny@gt)T and
wy = (siny3t, \/3cosy/3t, -siny/3t, —/3cosy/3t)T.
Thus y=ciwy + Cowp + C3Wg + Cg4Wy, SO yT(O) =(2, 1, 2, 1)
yields ¢c1 + c3 = 2, cp + y@§c4 =1, ¢4 - ¢c3 =2, and
Cor — V@§c4 =1, which yields ¢c;1 =2, ¢, =1, and

d2cost + sint O

0 . O
Er23|nt + cost 8

d ; O
DZcost + sint 0

[(F2sint + cost O
29e. The natural frequencies are w; 1 and wy = yﬁ?, whi ch
are the absolute value of the eigenvalues. For any other
choice of 1.C, both frequencies will be present, and
t hus anot her node of oscillation with a different
frequency (depending on the I.C) will be present.

Section 7.7, Page 400

Each of the Problens 1 through 10, except 2 and 8, has been
solved in one of the previous sections. Thus a fundanenta
matrix for the given systenms can be readily witten down.
The fundanmental matrix ®(t) satisfying ®(0) =1 can then be
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found, as shown in the foll ow ng probl ens.

o . . . -3/4-r 1/2
2. The characteristic equation is given by

1/8 -3/4-r
r2+3r/2+1/2:0, sor =1, 1/2. For r = 1 we have

1/4 1/20 %10 2
E 0 0= %% and thus &1 = E E Li kewi se
1/8 1/ 40 F5, 6 1

&2 = %i%and thus x(D(t) = Ef%'t and x(2(t) = %ﬁ%-t/zl

find the first colum of ® we choose c; and c» so that

1 2 o ) ]
cix(D(0) + cox(D(0) E[)E which yields -2c; + 2c, = 1 and

c1 + ¢ = 0. Thus c;

o 0 1/2eY2 + 1/2et O .
of ®is [ 8§ The second colunmof ® is

fn/4et/2 - 1/4e /28

determined by dix(P(0) + dx(2(0) = E:Ewhi ch yields d; =
0 e-t/2 _ e-t 0
1/2 and thus the second colum of ® is [ |
f/2et'2 + 172t 8

4, From Problem 4 of Section 7.5 we have the two linearly

1
i ndependent sol utions x(l)(t) = E4Ee-3t and

(2) LD ot . o
x4 (t) = . e“. Hence a fundamental matrix W is given

De'?’t eZt 0

by W(t) = 0O O To find the fundamental matrix
y ( ) ﬂ4e'3t eZtE
d(t) satisfying the |I.C. ®0) =1 we can proceed in

either of two ways. One way is to find W(0), invert it
to obtain W1(0), and then to formthe product
'-IJ(t)tIJ‘l(O), which is ®(t). Alternatively, we can find
the first columm of ® by determ ning the |inear

conbi nati on

1 2 S mo )
cix(D(t) + cox(d(t) that satisfies the I.C. EOE Thi s

requires that ¢4 + ¢co =1, -4cq1 + c2 = 0, so we obtain
ci1 = 1/5 and c, = 4/5. Thus the first colum of ®(t) is

To

-1/4 and ¢, = 1/4 and the first colum
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5(1/5)@3t + (4/5)e? O
£ (4/5)e 8 + (4/5)e% 8
® is that |inear conbination of x(U(t) and x(?(t) that

Simlarly, the second col um of

satisfies the |I.C EZE Thus we nust have

ci1 + Cc» =0, -4¢cq4 + ¢cop = 1; therefore ¢4 = -1/5 and
c, = 1/5. Hence the second colum of ®(t) is

EL(1/5)e'3t + (1/5)e? 0
8 (4/5)e % + (1/5)e% 8

Two linearly independent real-valued solutions of the
given D.E. were found in Problem 2 of Section 7.6. Using
the result of that problem we have

0 2etsin2t 2e'cos2tO _
Yt) =0 § To find ®(t)
Bl etcos2t elsin2t ©

we determne the |inear conbinati ons of the colums of

1
WY(t) that satisfy the |I.C Eogand %(1)% respectively.

In the first case c; and ¢, satisfy 0Ocqy + 2c, = 1 and

cy + 0cp = 0. Thus ¢4 =0 and c, = 1/2. 1In the second
case we have 0Ocqy + 2cp, = 0 and ¢4 + Ocp = 1, socy =1
and c, = 0. Using these values of c; and ¢y, to formthe
first and second colums of ®(t) respectively, we obtain

O elcos2t -2elsin2t O
d(t) = 0 S o
£(1/2)e'sin2t e'cos2td

From Probl em 14 Section 7.5 we have x(1 =

mlnizsinfm

10

4§t

10
010 L0

x(2) = %1%'” and x(3) = EZ%?“. For the first colum

010 MO
of ® we want to choose ci, C», €3 such that clx(l)(O) +
MO

cox(2(0) + c3x(3(0) = %)E Thus ¢; + cp + c3 = 1,
(o[

-4cq1 - cp + 2cg3 = 0 and -¢cq - ¢ + c3 = 0, which yield
ci1 = 1/6, c, = 1/3 and c3 = 1/2. The first colum of ®
is then (1/6e! + 1/3e 2! + 1/2e3, -2/3e! - 1/3e" 2 + 3,
-1/6et - 1/3e 2 + 1/2e3)T.  Likewise, for the second
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od
colum we have dix(D(0) + dyx(2(0) + d3x(3(0) = élé
(o

which yields di = -1/3, d, = 1/3 and d3 = 0 and thus
(-1/3e! + 1/3e°2, 4/3e' - 1/3e 2, 1/3e! - 1/3e) T js
the second colum of @®(t). Finally, for the third colum

oo
we have ex(D(0) + ex(D(0) + ezx(3(0) = %)E whi ch
h O

gives e; 1/2, e, = -1 and e3 = 1/2 and hence
(1/2e' - e 2t + 1/2e3, -2et + e 2t + @3,
-1/2e' + e + 1/2e3) T is the third colum of &(t).

From Eq. (14) the solution is given by ®(t)x% Thus
53/2et-1/2e't -1/2et+1/2e'tDEZE
1

O
B/ 2et-3/2et  -1/2e'+3/2etH

E?/Zet-BIZet _ Zélét ] 3%%4.
2 2

E7/ 2et-9/ 27t

X =

1l
o

Section 7.8, Page 407

1.

The ei genval ues and ei genvectors of the given coefficient
. _ -r -4p 0.0
matrix satisfy o O
1 -1-rUEE, B

coefficients is (3-r)(-1-r) + 4 = r2 - 2r +1 = (r-l)2 SO
r{ =1 and rp, = 1. The eigenvectors corresponding to

. _ _ -4p0 & 0
thi s doubl e ei genval ue satisfy O 0= or
1 -2UEE,B

&1 - 28 = 0. Thus the only eigenvectors are nultiples

= %% The det erm nant of

of &1 = %i% One solution of the given D.E. is

x(D(t) = Ei%et, but there is no second solution of this

form To find a second solution we assunme, as in
Eq. (13), that x = &e' + ne' and substitute this
expression into the DDE. As in Exanple 2 we find that §

is an eigenvector, so we choose & = Eﬁ% Then n nust
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-4 O
satisfy EZ %1D: %% which verifies Eq.(16).
1 -20Nh,08

Sol ving these equations yields n;y - 2n, = 1. If ny = Kk,
where k is an arbitrary constant, then n; = 1 + 2k.
Hence the second solution that we obtain is

o - B B % - o - B o

The last termis a nultiple of the first solution x(1(t)
and nmay be neglected, that is, we may set k = 0. Thus

(2 () = t 1D o
xter(t) = te' + e' and the general solution is

x = cx(D(t) + cox(@(t). Al solutions diverge to
infinity as t - o. The graph is shown on the right.

3. The origin is attracting 1. X3

5. Substituting x = &'! into the given system we find that
t he ei genval ues and ei genvect ors satisfy

Mm-r 1 10060

Ez 1-r 1@%% E The determ nant of coefficients

-1 1-r 4

is—r3+3r - 4 and thus r; = -1, rp, =2 and r3 = 2.
The ei genvector corresponding to rq satisfies

100 -30
Ez 2 1@%% Ewhlch yields &1 = E4Eand
(b -1 20 2 0d
030
x(D = E4 Ee Y. The eigenvectors corresponding to the
2 0
01 1 100 oo
doubl e ei genval ue nust satsify EZ -1 -1 E%zéz E)E
00 -1 -1 Uk, (o O
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whi ch yields the single eigenvector &2 = and hence

[0 O O
O O

0
1
1

0o
x(D(t) = El ém. The second sol ution corresponding to
10
t he doubl e ei genvalue will have the form specified by
oo o
Eg. (13), which yields x(3 = El Ete2t + ne?t.
010

Substituting this into the given system or using

-1 1 1000 OoDO
Eg. (16), we find that n satisfies EZ -1 -1%%252 %1%
0o -1 -1 0UMns 010
Using row reduction we find that ng =1 and n, + n3 = 1,
where either ny, or nz is arbitrary. |If we choose n; = 0,
miNn 0o 0O miNn
then n = %Jéand thus x(3 = Eléte2t + %Jéem. The
h O 010 MO

general solution is then x = cyx(1 + cox(?D + cax(3),

2-r 3/2 2
W have =(r-1/2)c =0. For r =1/2, the
-3/2 -1-r
) ) ) 3/2 3/2 10 1
ei genvector is given by =0, so & =
3/2 -3/2LE,H 1

1
and Ekl %”2 is one solution. For the second solution we

1
have x = &e'/2 + nel’2, where (A - El)n = & A being

the coefficient matrix for this problem This |ast
equation reduces to 3ny/2 + 3ny/2 =1 and

-3N1/2 - 3np/2 = -1. Choosing N, =0 yields n; = 2/3
and hence

1%u2 52/3%”2 %15 t/2 Ef%
X = ¢C + C + C e'“ x(0) =
1EL1 28 o 2H 4 (0) )

gives c¢1 + 2c»o/3 = 3 and —-¢; = -2, and hence ¢; = 2,
cp = 3/2. Substituting these into the above x yields the
sol ution.
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The eigenvalues are r = 1,1,2. For r = 2, we have
01 0 00k 0

0O 00
%4 1 OE%2§= Eo% which yields & = EOE so one
,0 o0 n

03 6 00

solution is x(P = %)%m_ For r = 1, we have
h O

=

O&:0 o0
E zé: EOE whi ch yields the second sol ution
O Es (o0

oo o
x(2) = %1 %t. The third solution is of the form
el
oo d 0oo oo oo o
x(3) = Eléet + net, where E4 0 OE] Elgand t hus
elO 036 10 OelO
N1 =-1/4 and 6n, + n3 = -21/4. Choosing N = 0 gives
N3 = -21/4 and hence
00 O ED-1/4D 0o O E o0
x(t) = clglét + CZEE 0 %t +El§et% c3§)§2t The
el EEL21/4D el E O

I.C. then yield c;1 =2, ¢c2 = 4 and c3 = 3 and hence

0-10 go d od
X = %2 %‘ + 4%1 %e‘ + 3%)%2‘, whi ch become unbounded
330 belO (hd

X (2,3,-1) K

X3

10

Assuning x = &' and substituting into the given system

1-r -4
we find r and & nust satisfy Ed %% whi ch
-7-r EE2E|

has the doubl e eigenvalue r = -3 and singl e eigenvector
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1
%E Hence one solution of the given D.E. is

Dty = FrH¢-3 i
x\H(t) = . t"2. By analogy with the scal ar case

considered in Section 5.5 and Exanple 2 of this section,

we seek a second solution of the formx = gt 3Int + {t" 5.

Substituting this expression into the D.E. we find that n
and { satisfy the equations (A + 3l)n = 0 and

Mm -4p
A + 3l =n, where A = and | is the identit
( )T =n E4 _7E y
. 1 .
matrix. Thus n = E]-% fromabove, and { is found to be

0o O ) .
E_ E Thus a second solution is
1/ 4

1 1
x(D(t) = %%t'3lnt + % %t_?’
1 1/ 4

Al solutions of the given system approach zero as

t - oo if and only if the eigenval ues of the coefficient
matrix either are real and negative or else are conpl ex
wi th negative real part. Wite down the determ nantal
equation satisfied by the eigenval ues and determ ne when
t he ei genval ues are as stated.

The ei genval ues and ei genvect ors of the coefficient
O1-r 1 000

matri x satisfy EZ 1-r -1@%% E The det er mi nant

03 2 4-r0O

of coefficients is 8 - 12r + 6r? - 3:(2—r)3, so the
ei genvalues are rqy = rp, =rg3 = 2. The eigenvectors
corresponding to this triple eigenval ue satisfy

01 1 1000

EZ -1 15% % E Usi ng row reduction we can reduce

03 2 20

this to the equivalent system¢; - & - & = 0, and

& + & =0. If welet & =1, then & = -1 and & = 0,
oo o

so the only eigenvectors are multiples of & = ElE
010
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17b. From part a, one solution of the given D.E. is
0o o

x(D(t) = éléeﬂ, but there are no other linearly
010
i ndependent solutions of this form

17c. W now seek a second solution of the form
x = & e?! + ne?'. Thus Ax = Afte?' + Ane?' and
x' = 28te?! + Ee?' + 2ne?!. Equating like terms, we then
have (A-21)& = 0 and (A-21)n =& Thus § is as in part
a and the second equation yields
01 1 10020 QoO

EZ—l-lE 2 :%1% By row reduction this is
3 (10

3 2 20
m -1 -100n,0 [00O
equi val ent to the system %) 15%:: E 1@ we
(o o0 (b0
mna
choose n3 = 0, thenn, =1 and n; =1, son = Elg Hence
tbO
a second solution of the DE. is
oo o o
(D (1) = E Etem + Elg 2t.
010

17d. Assuning x = &(t?/2)e? + nte? + Ze?, we have
Ax = AE(t?/2)e?t + Apte?' + Afe?! and
x'" = E&te?l + 2§(t2/2)e? + ne?t + 2nte?! + 28e?! and thus
(A-21)§ =0, (A21)n =& and(A-21)L = n. Again, & and n
are as found previously and the |last equation is
equi valent to

01 1 1000 mo
EZ—l-lE 28 = 1@ By row reduction we find the
(O

o -1 -

1000
equi val ent system %) 1E 2%: E
(b o0 o0 0

10
BE If we |et
oQd
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20O

{, =0, then {3 = 3 and ¢ =2, so { = %)Eand
O
go o mao 20

x(3(t) = ElE(tZ/Z)eZt + ElEteZt + Eogeﬂ.
010 O B0

17e. Wis the matrix with x(1) as the first colum, x(? as
the second colum and x(3) as the third col um.

0o 120
17f. T = El 1 0% and using row operations on T and I, or a
-1 0 30
3 3 20
conputer al gebra system T 1 = E3 -2 -ZEand t hus
b1 1 10
2 1 00
T 1AT = Eoz 1E—J
(b 020
5 1 1 A2 2A0
19a. J* = JJ = =0 O
A A Bo A28
3 ) 1pO2 220 DN 3220
J° =JJ° = O o= 0 O
AOBo0 A28 8o A% 8

19b. Based upon the results of part a, assume

A" nA™10
J" =0 8 then
£10 AN 8

1
g+l = ggn = % % nA"- D
)\”E

A"+ (n+1)A"O
:% n+1Evvh|ch|sthesameasJ”thhn
0 A

repl aced by n+l1. Thus, by mathematical induction, J"
has the desired form

19c. From Eq. (23), Section 7.7, we have
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19d.

Section 7.9

= Jnn
exp(Jt) =1 + Z o
n=1
OAne D nan- 1tn O
. — g n n! 5
20 e
= 0
O n! O
O ® ny n ® n-1; n 0O
At AT
1 + O
% ZE n! EE (n-1)! %
_ n=1 n=1
[o0]
Angn
o O 1+ z , 0
0 = 0
|:|e)\t te)\tD
=0 O since
80 eM 8
00 00
)\n-ltn AN N
— = t(]_ + Z ) = te)‘t_
(n-1)! n!
n=1 n=1

From Egq. (28), Section 7.7, we have
eM  teMOX?0  Oxfer+xSter O

x = exp(Jt)x® = O M O= 0
Bo eMEXSOD O «x8eM O
X9 0 %90
=0 @M+ D met
x30 to &

Section 7.9, Page 417

1.

From Section 7.5 Problem 3 we have

1 1
x(¢) = Cl%Eet + CZEBEe“. Not e t hat

1
g(t) = %%et + E‘i%t and that r = 1 is an eigenval ue of

the coefficient matrix. Thus if the nethod of
undeterm ned coefficients is used, the assuned formis
gi ven by Eq. (18).

Usi ng met hods of previous sections, we find that the
ei genvalues are rqy = 2 and ro, = -2, with correspondi ng

_ 0./3 O 01 O
ei genvectors [ Oand 0O O Thus
81 B £+/3

1 3d



Section 7.9 157

1
3

O O
x(°)=cD 2t+02D e 2. Witing the
£ i

DO %

e
aﬁa
can assunme x(P) = ae' + be’!. Substituting this in the
D.E., we obtain

-t

1
nonhonogeneous term as EDEe we see that we

t -t t -t oo o t
ae" - be = Aae" + Abe el + 0 Oe ", where A
Eh/3 B
is the given coefficient matrix. the terns invol ving
1
el nust add to zero and thus we have Aa - a + %)%: %%

This is equivalent to the system

\/§a2 = -1 and \/§a1 - 2a, =0, or a3 = -2/3 and
a, = —1/%. Li kewi se the terms involving e! nust add
whi ch I ds Ab b %0 0= B°F Th I
to zero, ic i elds + b + e sol ution
Y afﬁ %OE

of this systemis by = -1 and by, = 2/\/7. Substituting
these values for a and b into x(P and adding x(P to
x(¢) yields the desired sol ution.

The met hod of undeterm ned coefficients is not straight
forward since the assumed form of x(P) = acost + bsint

| eads to singular equations for a and b. From Problem 3
of Section 7.6 we find that a fundanental nmatrix is

5cost 5si nt .
WYit) = ) ) The inverse
cost + sint -cost + 2sint
matrix is
0 cost - 2sint .
0 5 sint
Yit) = _ whi ch may be found as
2cost + sint cost
O 5 O

in Section 7.2 or by using a conputer al gebra system
Thus we may use the nethod of variation of paraneters
where x = W(t)u(t) and u(t) is given by

u'(t) = ll»"l(t)g(t) fromEq.(27). For this problem

g(t) = %—C StEand t hus



158

Section 7.9

Ocost - 2sint

D
(1) 5 cost %
u =
ZCost + sint SI nt

-COt

% 2 - 3cost2t + si nZIE

1 - cos2t - 3sin2t

after rmltlplyl ng and using appropriate trigononetric
identities. Integration and nultiplication by W yields
the desired sol ution.

In this problemwe use the nmethod illustrated in Exanple
1. From Problem 4 of Section 7.5 we have the

1
transformation matrix T = 54 1% Inverting T we find

1M -1
that T = 5%4 1% If we let x = Ty and substitute

into the D.E., we obtain
Ej l%%l, 1@@1 1@ 1%4 -1EDe2tD
1 -2 4 1 5 E-Zetﬁ
3 0 1 Oe 2t + 2et O _
E % + = 0 § This corresponds to
0 2 5 e 2t - 2elH
the two scal ar equations
y1 + 3y1 = (L/5)e® + (2/5)e',
yh - 2y, = (4/5)e?t - (2/5)e!,
whi ch may be sol ved by the nmethods of Section 2.1. For
the first equation the integrating factor is e3t and we
obtain (e3y;)’ = (1/5)e' + (2/5)e*, so

e3ly, = (1/5)e! + (1/10)e* + c;. For the second equation
2t

yl

the integrating factor is e <, so
(e 2lyy)' = (4/5)e % - (2/5)e'. Hence
?ly = -(L5)e* + (2/5)e" + c2 Thus
50 1/ 10 e3to
:E %e‘ +% % O Finally,
1/5 2/'5 Dcze 2t O

multiplying by T, we obtain

1/ 2 1 1
%O Ee-zt N E/ Eet . 01% %e-m N C2%Ee2t-
1 0 4

The last two terns are the general solution of the
correspondi ng honogeneous system while the first two
terns constitute a particular solution of the
nonhonogeneous system
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Since the coefficient matrix is the sane as that of
Probl em 3, use the sane procedure as done in that

probl em including the w1 found there. In the interval
W2 <t <m sint >0 and cost < 0; hence |sint| = sint,
but |cost| = -cost.

To verify that the given vector is the general solution

of the corresponding system it is sufficient to

substitute it into the DDE. Note also that the two terns

inx(® are linearly independent. |[If we seek a solution

of the formx = W(t)u(t) then we find that the equation

corresponding to Eq.(26) is tW(t)u'(t) = g(t), where
1-t20

Yt) = % :;:%and g(t) = EZt E Thus

u' = (1/t)'~P‘1(t)g(t). Using a conputer al gebra system or

row operations on W and I, we find that
[B/2t -1/2t{J 3 3 1
w1 = Eand hence up = 5 - =~ - = and
-t/2  t/2 2t 2 t
-1 t? -3 3t
up = — + — +t, whichyields uy = — - — —-1Int +¢c
27 2 7 2 Y Y70 2 !
R
andu22—5t+?+?+c2. Mul tiplication of u by

WY(t) yields the desired solution.
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CHAPTER 8

Section 8.1, Page 427

In the followi ng problens that ask for a | arge nunber of
nunerical calculations the first few steps are showmn. It is
then necessary to use these sanples as a nodel to format a
conmput er program or calculator to find the renmaini ng val ues.

la. The Euler fornulas is yp+1 = Yyn + h(3 + t, - yn) for
n==~0,1,2,3... and with tg = 0 and yg = 1. Thus

y; =1+ .053+0-1) =1.1

yo = 1.1 + .05(3 + .05 - 1.1) = 1.1975 = y(.1)

y3 = 1.1975 + .05(3 + .1 - 1.1975) = 1.29263

ya = 1.29263 + .05(3 + .15 - 1.29263) = 1.38549 = y(.2).

lc. The backward Euler formula is ype1 = yn + h(3 + ths1 - Yn+1) -
Solving this for ypeg we find ype1= [Yn + h(3 + t41) ]/ (1+4n).
1 + .05(3.05)

Thus y; = = 1.097619 and
1.05
. + . .
vy = 1. 097619 05(3.1) _ L 192971,
1. 05
y8 + 2toyo (.52 +0
Ba. y1 =yo+h " = .5+ .05 -~ = 504167
3+t0 3+0
.504167)2 + 2(.05)(.504167
y, = .504167 + .05( ) ( l( ) - . 509239
3 + (.05)

Sy% + 2(.05)y;

5c. y; =.5+.0 , Wwhich is a quadratic

3 + (.05)7%
equation in y;. Using the quadratic formula, or an
equation solver, we obtain y; = .5050895. Thus
y5 +2(. 1)y

yo = .5050895 + .05 : which is again quadratic
3+ (.1

inyp yielding yo = .5111273.

7a. For part a eighty steps nust be taken, that is,
n=2~0,1,...79 and for part b 160 steps nust taken with
n=20,1,...159. Thus use of a programrabl e cal cul ator or
a conputer is required.

7c. W& have ypni1 = Yn + h(.5thi1 + 2yYny1), Which is linear in

+ .5h —ht
Yn+1 and thus we have yp1 = Yn 1 2h ntl . Again, 80
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steps are needed here and 160 steps in part d. In This
case a spreadsheet is very useful. The first few, the
m ddle three and last two |ines are shown for h = .025:

n Yn th Yn+1

0 1 0 1.06513

1 1.06513 . 025 1.13303

2 1.13303 . 050 1.20381

38 7.49768 . 950 7.87980

39 7.87980 . 975 8.28137

40 8.28137 1. 000 8.70341

78 55. 62105 1. 950 58. 50966

79 58. 50966 1.975 61. 54964

80 61. 54964 2. 000

At | east eight deciml places were used in al
cal cul ati ons.

The backward Eul er formula gives

Yn+t1 = ¥Yn + hy/tpne1 + Yne1 . Subtracting y, fromboth

si des, squaring both sides, and solving for yn4+1 yields
2

h
Yn+1 = Yn t > + h\/yn + thyr + h%/4. Aternately, an

equati on sol ver can be used to solve

Yn+l = ¥Yn * hy/tns1 + Yne1 fOr ype1.  The first few val ues, for
h = 0.25, are y; = 3.043795, y, = 2.088082, yz = 3.132858 and
ys4 = 3.178122 = y(.1).

If y=1-1t + 4y then
y’ = -1+ 4y’ = -1 + 4(1-t+4y) = 3 - 4t + 16y. In
Eq. (12) we let y,, yn and yp, denote the approxi mate
val ues of ¢(tp), o' (tn), and ¢0”(typ), respectively.
Keeping the first three terns in the Taylor series we
have
Yns1 = Yn + Ynh + yj h?/2
=y, + (1 -ty + 4y,)h + (3 - 4t, + 16y,)h% 2. For n = 0,

to = 0 and yg = 1 we have

(.12
y1 =1+ (1- 0+ 4)(.1) + (3 - 0+ 16) = 1.595.
If v =o(t) is the exact solution of the I.V.P., then
o'(t) = 2¢(t) - 1 and ¢”(t) = 2¢’(t) = 4¢(t) - 2. From

EQ. (21), ens1 = [20(tn) - 1]h% t, <th <ty + h. Thus a
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bound for enyg is |ens1] S [1 + 20n<1ta><<1| ¢(t)|]h2. Si nce the

exact solutionisy = ¢o(t) =[1 + exp(2t)]/2,

ens1 = h2exp(2t,). Therefore

|ei] < (0.1)2%exp(0.2) = 0.012 and

|es] < (0.1) 2exp(O. 8) = 0.022, since the nmaxi mum val ue of

exp(Zt_n) occurs at t = .1 andt = .4 respectively. From
Problem 2 of Section 2.7, the actual error in the first
step is .0107. 0

19. The local truncation error is ept; = ¢”(tp) h2/2. For this
probl em ¢/(t) = 5t - 30Y2(t) and thus
o"(t) =5 - (3/2)¢o Y2 = 19/2 - (15/2)t¢ V2
Substituting this |last expression into ep+; yields the
desired answer.

22d. Since y” = -5asinbnt, EqQ.(21) gives en+1 -(5n/ 2) si n(5nt_n) h2.

1

1/ 501

23a. From Eq. (14) we have E, = ¢o(ty) - yn. Using this in
Eqg. (20) we obtain
Ensr = Bn + W{f[tn, ¢(tn)] - f(tnyn)} + ¢”(tn)h2/2- Usi ng
the given inequality involving L we have
[fltn o(tn)] - f(tnyn)l <L [0(tn) - ynl = LIEy and thus
|Enal < [Eal + NLIEl + max [9"(1)[h%2 = of Egl + Bh?

. 08.

n

5
Thus lensy| < ghz < .05, or h <

23b. Since a =1 + hL, o - 1 = hL. Hence Bh%(a"-1)/(o-1) =
Bh2[ (1+hL)" - 1]/hL = Bh[(1+hL)" - 1]/L.

23c. (1+hL)" < exp(nhL) follows fromthe observation that
exp(nhL) = [exp(nL)]1" = (1 + hL + h2L%/ 2! + ...)"
Noting that nh = t, - tg, the rest follows fromEq. (ii).

24. The Taylor series for ¢(t) about t =t is

, ” (t_tn+1)2
O(t) = o(thsr) + O(tnen) (t-tng) + ¢(tn+l)f +

Letting ¢o'(t) =f(t,o(t)), t =tphb and h =tpyq — th we
have ¢(tn) = o(tni1) — f(tnia, o(tna))h + ¢”(t_n) h?/2, where
th <ty < tpya. Thus

O(tns) = o(tn) + f(tnea, (tnea))h - ¢”(t_n) h?/ 2. Conparing
this to Eq. 13 we then have ep1 = —q)”(t_n) h?/ 2.
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25b. From Problem 1 we have yn+1 = yq + h(3 + t, - y,), so

yp=1+.053+0-1) =1.1

y> = 1.1 + .05(3 + .05 - 1.1) = 1.20 = y(.1)
y3 = 1.20 + .05(3 + .1 - 1.20) = 1.30
yq = 1.30 + .05(3 + .15 - 1.30) = 1.39 = y(.2).

Section 8.2, Page 434

la.

10.

11.

The inmproved Euler fornula is

Yn+1 = Yn * [yn + f(tnh + h, yy + hyy)]h/2 where

y’ =f(t,y) =3+t - y. Hencey, =3+t - y, and

f(th + h, yo + hyp) =3 + tne1 - (yn + hyn). Thus we obtain

h ,
Yn+1 = Yn + (3 + ty - yp)h + ?(1 - Yn)

2
=yYn+t (3 +th - ynh+ 2('2 - th +yn). Thus
(.05)2
yr =1 + (3-1)(.05) + 442;4—(-2+1) = 1.098750 and
(.05)?2
yo =y + (3 +.05 - yp)(.05) + 5 (-2 -.05 + yq) = 1.19512
are the first two steps. |In this case, the equation

specifying yn+1 IS sonmewhat nore conplicated when

Yyn =3 +t, - y, was substituted. When designing the steps to
cal cul ate yn4+1 On a conputer, y, can be calcul ated first and
thus the sinpler formula for y,+1 can be used. The exact
solutionis y(t) =2 +t - e' soy(.1) = 1.19516

y(.2) = 1.38127, y(.3) 1.55918 and y(.04) = 1.72968, so the
approxi mati ons using h . 0125 are quite accurate to five

deci mal pl aces.

In this case y, = 2t, + e '"n and thus the i mproved Eul er
formula is

[(2t, + e 'Wn) + 2t ., + g tasn(yn + hyp) 1h

Yn+1 = Yn T 5 . For

n=20, 1, 2 we get y; = 1.05122, y, = 1.10483 and y3 = 1.16072
for h = .05.

See Problem 4

The inproved Euler fornmula is

f(tn, + f(t , +hf (t,,
Yisi = Yo + (tnyn) ( n+; Yn (tnyn)) h. As suggested

inthe text, it’s best to performthe follow ng steps when
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implenenting this formula: let kg = (4 - tpyn)/ (1 + yﬁ),
kp = yn + hky and k3 = (4 - tnuke)/ (1 + k3). Then
Yn+1 = Yn + (ky + k3)h/ 2.

14a. Since o(t, + h) = o(th+1) we have, using the first part of

Eg. (5) and the given equation
€n+1 = O(tn+1) - Yner = [O(tn)-yn]l + [0'(tn) -

n + f(ty+h, +hy’ -
Yn ( ”2 Yn y”)]h + 0"(tp) h2/ 21 + ¢”(ty)h% 31,
Since y, = ¢(ty) and y, = ¢'(tp) = f(th yn) this reduces
to
€n+1 = ¢”(tn)h2/2! - {fltath, yn + hf(th yn)l

- f(tnyn)Ih/ 20 + ¢”(t)h3 31,

whi ch can be witten in the formof Eqg.(i).

14b. First observe that y’ = f(t,y) and y” = f;(t,y) +
fy(t,y)y. Hence "(tn) = fe(tnyn) *+ fy(tn yn)f(tn yn).
Using the given Taylor series, with a =t,, h =nh, b=y,
and k = hf(tp, yn) we have

fltath, ynthf (tn,yn)] = f(th yn) +H¢(tn, yn) h+fy(tn, yn) hf(tn, yn)
+ [fee (& m)h2+2f (& M) h%f (tn, yn) + yy(& M) W2 2(tn, yn) 1/ 2!

where t, < & <tp + h and [n-ys < h[f(tpyn)l.
Substituting this in Eq.(i) and using the earlier
expression for ¢”(tp) we find that the first termon the
right side of Eq.(i) reduces to

S[fee(&m) + 2fey (&) F(tnyn) + fyy(&m)F2(tn yn)1h% 4,
which is proportional to h3 pl us, possibly, higher order
terms. The reason that there nay be higher order terns
is because & and n will, in general, depend upon h

14c. If f(t,y) is linear int andy, then fyy =f¢y =fyy =0
and the ternms appearing in the last formula of part (b)
are all zero.

15. Since o(t) = [4t - 3 + 19exp(4t)]/16 we have
o”’(t) = 76exp(4t) and thus from Problem 14c, since f is
linear int and y, we find
ens1 = 38[exp(4t,)]1h3 3. Thus
| ens1l < (38h3/3)exp(8) = 37,758.8h% on 0 <t < 2. For n = 1,
we have |[eq] = ]o(tq) - y1| < (38/3)exp(0.2)(.05)3 = . 001934,

which is approximately 1/15 of the error indicated in Eq.(27)
of the previous section.
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The Eul er nethod gives

y1 = Yo + h(5tg - 31/yp) = 2 + .1(-3V/2) = 1.57574 and the
i nproved Eul er nethod gives

. f(toyo) +f(tsy)

Y1 = Yo > h
=2+ [-3/2 + (.5 - 3/1.57574)].05 = 1.62458.

Thus, the estinmated error in using the Euler nethod is

1.62458 - 1.57574 = .04884. Since we want our error tol erance
to be no greater than .0025 we need to adjust the step size
downward by a factor of x/.0025/.04884 = .226. Thus a step
size of h = (.1)(.23) = .023 would be needed for the required
| ocal truncation error bound of .0025.

The nodified Euler formula is

Yn+1 = Yn + hf[th + h/ 2, yo, + (W 2)f(th yn)] where

f(t,y) = 5t - 3y/y. Thus

y1 = 2 + .05[5(tg + .025) - 3sqrt(2 + .025(5t¢ - 3v/2))]
= 1.79982 for tg = 0. The val ues obtained here are

bet ween the values for h = .05 and for h = .025 using the
Eul er method in Problem 2

Section 8.3, Page 438

4.

11.

The Runge-Kutta fornula is

Yn+1 = ¥Yn + h(Kn1 + 2Kn2 + 2Kpz + kpg)/ 6 where kpi, Kpo
etc. are given by Egs.(3). Thus for

f(t,y) =2t + e (tgyo) = (0,1) and h = .1 we have
kogp = 0 +e0 =1

= 2(0 + .05) + e = 1. 048854

2(.05) + e (+09(1*+05ke2) - 7 048738

kos = 2(.1) + e DI+ 1ked - 9 095398 and hence

y(.1) =y =1+ .1(kgr + 2kgo + 2kpz + kpg)/ 6 = 1.104843.

- (0+. 05) (1+. 05Kg;)

~ X
o o
w N

1

Ve have f(tnyn) = (4 - toyn)/(1 + y3). Thus for tg = O,

Yo = -2 and h = .1 we have

k01:f(0,-2) =.8

koo = f(.05, - 2 + .05(.8)) = f(.05, - 1.96) = .846414,
kog = f(.05, - 2 + .05kgy) = f(.05, - 1.957679) = .847983,

Koa = f(.1, - 2 + .1kpg) = f(.1, - 1.915202) = .897927, and
y1 = -2 + .1(koy + 2kgo + 2kgz + kog)/ 6 = -1.915221. For
conpari son, see Problem 1l in Sections 8.1 and 8. 2.
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Ve have f(tnyn) =t3 +y3 to=0, yo=1and h = .1 so

kop = 02 + 12 = 1
koo = (.05)2 + (1 + .05)2 = 1.105
ko = (.05)2 + [1 + .05(1.105)]% = 1.11605

koa = (.1)%2 + [1 + .1(1.11605)]2 = 1.245666 and thus
Y1 = 1 + .l(k01 + 2|(02 + 2k03 + k04)/6 = 1.11146. Usi ng t hese
steps in a computer program we obtain the foll owi ng val ues
for vy:

t h=1 h=.05 h=.025 h =0.125
.8 5. 842 5. 8481 5. 8483 5. 8486

.9 14.0218 14.2712 14. 3021 14. 3046

.95 46. 578 49. 757 50. 3935
No accurate solution can be obtained for y(1), as the val ues
at t = .975 for h = .025 and h = .0125 are 1218 and 23, 279
respectively. These are caused by the slope field becom ng

1l4c.

vertical as t — 1.
Section 8.4, Page 444
4a.

The predictor fornula is

Yn+1 = Yn + h(55f, — 59f 1 + 37f» — 9f_3)/24

and the corrector forrmula is

Vn+1 = Yn + h(9f q1 +19f, -5f 1 + fho2)/ 24, where

fn=2t, + exp(-tpyn). Using the Runge-Kutta nethod, from
Section 8.3, Problem4a, we have for tg = 0 and yg = 1,

y1 = 1.1048431, y, = 1.2188411 and y3 = 1.3414680. Thus the
predictor formula gives ys = 1.4725974, so f4 = 1.3548603 and
the corrector fornula then gives y4, = 1.4726173, which is the

desired value. These results, and the next step, are
summari zed in the follow ng table:

n Yn fn Yn+1 fn+t Yn+1

0 1 1 Corrected
1 1.1048431 1. 0954004

2 1.2188411 1.1836692

3 1. 3414680 1.2686862 1.4725974 1.3548603 1.4726173
4 1.4726173 1.3548559 1.6126246 1.4465016 1.6126215
5 1.6126215
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where f,, is given above, yn4 is given by the predictor
formula, and the corrected yn,q IS given by the corrector
formula. Note that the value for f4 on the line for

n = 4 uses the corrected value for y4, and differs
slightly fromthe f4 on the Iine for n = 3, which uses
the predicted value for yj.

The fourth order Adans-Moulton nethod is given by

Eq. (10): Yns1 = Yn + (N 24)(9f g + 19f, - 5fpg + froo).
Substituting h = .1 we obtain

Yn+t1 = ¥Yn + (.0375)(19f, - 5fh.q1 + f0) + .0375f q41.

For n = 2 we then have

y3 = yo + (.0375)(19f, - 5f¢ + fg) + .0375f3

= 1.293894103 + .0375(.6 + e 3, using val ues for
yo, fo, f1, fo frompart a. An equation solver then yields
y3 = 1.341469821. Likewi se

yq4 = y3 + (.0375)(19f3 - 5f, + f1) + .0375f4

= 1.421811841 + .0375(.8 + e ¥4, where f3 is cal cul ated
using the y3 found above. This |ast equation yields
ys = 1.472618922. Finally

Y5 = Y4 + (.0375)(19f,4 - 5f3 + fp) + .0375fg
= 1.558379316 + .0375(1.0 + e " %Ys), which gives
ys = 1.612623138.

W use Eq. (16):
Yn+1 = (1/25) (48yn — 36yn_1 + 16yno - 3yn.3 + 12hf4).
Thus y4 = .04(48y3 - 36y, + 16y; - 3yg) + .048f,4
= 1.40758686 + .048(.8 + e“4yﬂ, usi ng val ues

for yg, Y1- Y2, y3 frompart a. An equation solver then
yields y4 = 1.472619913. Likew se
Y = .O4(48y4 - 36y + 16y, - 3y1) + .048f5

= 1.54319349 + .048(1 + e"5y%, whi ch gives
ys = 1. 612625556.

Using the predictor and corrector formulas (Egs.6 and 10)
with f, =.5 -ty + 2y, and using the Runge-Kutta nethod
to calculate yq,y2 and y3, we obtain the followi ng table
for h = .05 tg =0, yg = 1:
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n Yn fn Yn+1 fhe1 Yn+1
corrected

0 1 2.5

1 1.130171 2.710342

2 1.271403 2.9420805

3 1.424858 3.199717 1.591820 3. 483640 1.591825

4 1.591825 3.483649 1.773716 3.797433 1.773721

5 1.773721 3.797443 1.972114 4.144227 1.972119

6 1.972119 4.144238 2.188747 4.527495 2.188753

7 2.188753 4.527507 2. 425535 4.951070 2.425542

8 2.425542 4.951084 2. 684597 5.419194 2.684604

9 2.684604 5.419209 2.968276 5. 936551 2.968284

10 2.968284

7b. From Eg. (10) we have
h
Ynt1 = Yn ¥ ﬂ(gfml + 19f - 5fpo1 + fpo2)

h
=Yn ¥ 5[9(-5 - ther + 2yne1) + 19fp - 5fq g + fpoo].
Solving for yhs1 Wwe obtain
h
Yn+1 = [yn + ﬂ(lgfn - 5fpg + fp2 4.5 - 9tny)]/(1-.75h).

For h = .05, tg =0, yo =1 and using y; and y, as cal cul at ed
using the Runge-Kutta forrmula, we obtain the follow ng table:

n Yn fn Yn+1

0 1 2.5

1 1.130171 2.710342

2 1.271403 2.942805 1. 424859
3 1. 424859 3.199718 1.591825
4 1.591825 3. 483650 1.773722
5 1.773722 3.797444 1.972120
6 1.972120 4.144241 2.188755
7 2.188755 4.527510 2. 425544
8 2. 425544 4.951088 2.684607
9 2.684607 5.419214 2.968287
10 2.968287

7c. FromEq (16) we have
Yn+1 = (48yn - 36yn.1 + 16yn.2 - 3yn.3 + 12hf )/ 25
= [48y, - 36yn.1 + 16yn.o - 3yn.z + 12h(.5-t 1) ]/ 25+(24/ 25) hyn+1.
Sol ving for yp+1 We have
Yn+1 = [48yn - 36yn.1 + 16yn.2 - 3yn-3 + 12h(.5-tp+1) ]/ (25-24h).
Agai n, using Runge-Kutta to find y; and y,, we then obtain
the foll ow ng table:
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n Yn Yn+1
0 1
1 1.130170833
2 1.271402571
3 1. 424858497 1.591825573
4 1.591825573 1.773724801
5 1.773724801 1.972125968
6 1.972125968 2.188764173
7 2.188764173 2.425557376
8 2.425557376 2.684625416
9 2.684625416 2.968311063
10 2.968311063

The exact solution is y(t) = e! + t/2 so y(.5) = 2.9682818 and
y(2) = 55.59815, so we see that the predictor-corrector
method in part a is accurate through three deci mal pl aces.

16. Let Py(t) = A2 +Bt +C Asin Egs. (12) and (13) let
P2(tnh-1) = Yn1, P2(tn) =vYyn Pa(tni) = ynsr and
P2(tns) = f(tnie, Ynea) = fniae Recall that tp g =ty -h
and th;1 =th + h and thus we have the four equations:

A(tn-h)? + B(ty-h) + C=yny (i)

At 2 + Btp + C=y, (ii)

A(tpth) 2 + B(tp+h) + C = ynu (iii)
2A(tn+h) + B = g (iv)

Subtracting Egq. (i) fromEqg. (ii) to get Eg. (v) (not
shown) and subtracting Eq. (ii) fromEq. (iii) to get Eq.
(vi) (not shown), then subtracting Eq. (v) fromEq. (vi)
yields Yni — 2¥n + Yno1 = 2Ah?, which can be sol ved for

A, Thus B = f ;1 — 2A(tp+h) [fromEq. (iv)] and

C=yp - tnfpg + At3 + 2Atsh [fromEq. (ii)]. Using
these values for A, Band Cin Eq. (iv) yields

Yn+r = (1/3) (4yn-yn-1+2hf 1), which is Eq. (15).

Section 8.5, Page 454

2a. If 0<t <1 then we know O <t? < 1 and hence
e¥ <t2+e¥ <1+ eY. Since each of these ternms
represents a slope, we nmay conclude that the solution of
Eg. (i) is bounded above by the solution of Eq.(iii) and
i s bounded bel ow by the solution of Eqg.(iv).

2b. ¢1(t) and oo(t) can each be found by separation of
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1
variables. For ¢,(t) we have ydy = dt, or

1+e

e'y

e Y+1
-In(e’Y+1) =t + c. Solving for y we find
y = In[1/(cqe’t-1)]. Settingt =0 and y = 0, we obtain
cp = 2 and thus ¢4(t) = In[el/(2-e')]. Ast - In 2 we
see that ¢1(t) — o. A sinilar analysis shows that
0o(t) =1n[1/(cpo-t)], where c, = 1 when the I.C. are
used. Thus ¢p(t) —»> o as t — 1 and thus we concl ude
that o(t) — oo for some t such that In2 <t < 1.

dy = dt. Integrating both sides yields

FromPart b: ¢1(.9) = In[1/(cie™%-1)] = 3.4298 yields
c1 = 2.5393 and thus ¢1(t) — o when t = .9319.
Simlarly for 62(t) we have c, = .9324 and thus

0o(t) — oo When t = .932.

The D.E. is y’ + 10y = 2.5t2 + .5t. So yp = ce 10 js the
solution of the rel ated honbgeneous equation and the
particul ar solution, using undeterm ned coefficients, is
yp = At? + Bt + C
Substituting this 1y
into the D.E vyields .
A=1/4, B=C=0.
To satisfy the |I.C

c =4, so

y(t) = 4e 10t + (12 4), :

which is shown in the '

gr aph. t

From t he discussion following Eq (15), we see that h rnust

be less than — for the Euler nethod to be stable

Ir |
Thus, for r = 10, h < .2. For h = .2 we obtain the
foll owi ng val ues:

t

4 4.2 4.4 4.6 4.8 5.0
8

y 4 8.84 1.28 9.76 2.24
and for h = .18 we obtain:

t = 4.14 4.32 4.50 4.68 4.86 5.04

y = 4.26 4.68 5.04 5.48 5.89 6. 35.

Clearly the second set of values is stable, although far
from accurate.
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For a step size of .25 we find

t
y

4 4. 25 4.75 5.00
4.018 4.533 5.656 6. 205,

for a step size of .28 we find

t
y

4.2 4.48 4.76 5.00
10.14 10.89 11.68 12.51

and for a step size of .3 we find

t

y 353 484 664 912
Thus instability appears to occur about h = .28 and
certainly by h = .3. Note that the exact solution for

t =5isy = 6.2500, so for h = .25 we do obtain a good
appr oxi mati on.

For h = .5 the error at t =5 is .013, while for h = .385,
the error at t = 5.005 is .01

The general solution of the DDE is y(t) =t + ceM,
where y(0) =0 - ¢ =0 and thus y(t) =1t, which is
i ndependent of A

Your result in Part b will depend upon the particul ar
conput er system and software that you use. |If there is
sufficient accuracy, you will obtain the solutiony =1t
for t on 0 £t <1 for each value of A that is given
since there is no discretization error. |If there is not
sufficient accuracy, then round-off error will affect
your cal cul ations. For the |arger values of A, the
nunerical solution will quickly diverge fromthe exact
solution, y =t, to the general solutiony =1t + ceM,
where the value of c depends upon the round-off error.
If the latter case does not occur, you may sinulate it by
conputing the nunmerical solution to the |.V.P

y - Ay =1 - At, y(.1) = .10000001. Here we have
assuned that the numerical solution is exact up to the

point t = .09 [i.e. y(.09) = .09] and that at t = .1

round-of f error has occurred as indicated by the slight
error inthe l.C It has also been found that a | arger
step size (h = .05 or h =.1) may also lead to round-off

error.
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2a. The Euler formula is Xpy = Xn + hf,, where

22Xt 2-0
[ Y j, Xg = 1 and yo = 1. Thus f 0o = ( ] =
XnYn (1)(1)

(2) (1+.1(2)J [1.2J
X1 = = !
1 1+.1(1) 1.1
o (2.4+.1(1.1)) _ (2.51]
Tl ry ) e

and xo = [1.2+.1(2.51)) _ [1.451) _ [¢(.2)j
27 11w 1(1.32) ) (1.232) = Ly 2)

fn—

2b. Egs. (7) give:

f(O,l,l)j ( 240 j (2]
k01 = = =

9(0,1,1) (1)(1) 1
2.4+.1(1.1)J ~ [2.51J

(1.2)(1.1) ) (1.32

- 2.502+.1(1.132)j ~ [2.6152 j

% 7\ (1.251)(1.132) ) |1.41613

3.04608+.2(1.28323)J (3.30273J

(1.52304) (1.28323) 1.95441

Using Eq. (6) in scalar form we then have

x1 = 1+(. 2/ 6)[ 2+2(2. 51) +2( 2. 6152) +3. 30273] = 1.51844
y1 = 1+(. 2/ 6)[1+2(1. 32) +2(1. 41613) +1. 95440] = 1.28089.

Koa =

7. Wite a conmputer programto do this problemas there are
twenty steps or nore for h < .05.

’

8. If we let y = x’, then y" = x” and thus we obtain the
systemx’ =y and y’ = t-3x-t2y, with x(0) = 1 and
y(0) = x(0) = 2. Thus f(t,x,y) =Yy,
g(t,x,y) =t - 3x - t?, tg=0, xg=1and yg =2. If a
program has been witten for an earlier problem then its
best to use that. Oherwise, the first two steps are as
foll ows:

a2
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) 2+(—. 15) J [ 1.85 J
92 7 . 05-3(1.1)~(. 05)2(1.85) ) \-3.25463
o 2+(—. 16273) J ~ [ 1.83727 )
3 7 (. 05-3(1.0925) (. 05)2(1.83727) ) (-3.23209
- 2+(-. 32321) j B ( 1. 67679 J
0 7 |, 1-3(1.18373)—(. 1)4(1.67679) | | -3.46796
and t hus
x; = 1+(.1/6)[2 + 2(1.85)+2(1.83727) +(1.67679)]=1. 18419,
y1 = 2+(. 1/ 6)[ - 3- 2(3. 25463) - 2( 3. 23209) - 3. 46796] =1. 67598,

whi ch are approximations to x(.1) and y(.1) = x’(.1).
In a simlar fashion we find

1. 67598 1. 50251
ki1 = k1o =
-3. 46933 -3. 68777
— ( 1. 49159 J o - ( 1. 30983 ]
137 | 3. 66151 147 3. 85244
and t hus

Xp=X1+(. 1/ 6) [ 1. 67598+2( 1. 50251) +2( 1. 49159) +1. 30983] =1. 33376
yo=y1—(. 1/ 6) [ 3. 46933+2( 3. 68777) +2( 3. 66151) +3. 85244] =1. 30897.

Three nore steps nust be taken in order to approximte
x(.5) and y(.5) = x’(.5). The intermedi ate steps yield
x(.3) 1.44489, y(.3) = .9093062 and x(.4) = 1.51499,
y(.4) . 4908795.
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For Problens 1 through 16, once the eigenval ues have been
found, Table 9.1.1 will, for the nost part, quickly yield the
type of critical point and the stability. 1In all cases it
can be easily verified that A is nonsingular.

la. The eigenvalues are found fromthe equation det(A-rl)=0.

3-r -2
Substituting the values for A we have ) ) =
-2-r
r2 - r - 2=0 and thus the ei genval ues are r; = -1 and

4 -2Y¢& 0
ro =2. For r; = -1, we have = and thus
2 -1)& 0

1 1 -2Y& 0
and for r, we have = and thus
2 2 418 0
L]
1b. Since the eigenvalues differ in sign, the critical point
is a saddle point and is unstable.

g(ﬂ

g(a

1d.

| sq0)

ade)d

\

=
/7///1 4

1-r -4
4a. Again the eigenval ues are given by 4 . =
-7-r
r2 +6r + 9 =0 and thus ri =ro =-3. The eigenvectors
. 4 -4Y& 0 .
are solutions of = and hence there is
4 -4 )& 0

: : 1
just one eigenvector & = (1}

4b. Since the eigenval ues are negative, (0,0) is an inproper
node which is asynptotically stable. [If we had found
that there were two i ndependent eigenvectors then (0,0)
woul d have been a proper node, as indicated in Case 3a.



4d.

7a.

7b.

7d.

10a.

10b.

Section 9.1 175

s

/‘ ‘
In this case det(A - rl) = r2 - 2r +5 and thus the
eigenvalues are rq; o =1+ 2i. For ri =1 + 2i we have

22 ) ()= (22 2)(3)= (0] oo s

1
g = (1 ] Simlarly for ry = 1-2i we have
i

(2+2i 2] (ilJ = (OJ and hence §(2) = [ 1, )
4 -2+2i & 0 1+i

Since the eigenvalues are conplex with positive real
part, we conclude that the critical point is a spiral
poi nt and is unstable.

74

: ai0)=0

/

Again, det(A-rl) =r2 + 9 and thus we have ry , = #3i.

. 1-3i 2 €1 0
For r; = 3i we have = and thus
-5 -1-3i & 0

2
g(l) = [-1+3i ] Li kewi se for rp, = -3i,

( 1+3i 2_ j (él] _ (0] so that &2 = [ 2 J
-5 -143i ) | & 0 -1- 3i

Since the eigenvalues are pure imaginary the critical
point is a center, which is stable.
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If we let x = x% + u then x = u”and thus the system

, 1 1 0 1 1 2 ) ) )
becones u = xX° + u - which will be in
1-1 1-1 0

(11 o, (2)
the formof Eq.(2) if 11 X = of Usi ng row

operations, this last set of equations is equivalent to

11) 0 2 0 0 ;
XY = and thus xi = 1 and x3 = 1. Since
0 -2 -2

, 1 1 . .
u = [1 1J u has (0,0) as the critical point, we

conclude that (1,1) is the critical point of the origina
system As in the earlier problens, the eigenval ues are
1-r 1
1-1-r
Hence the critical point (1,1) is an unstable saddle
poi nt .

gi ven by =r?2- 2 =0 and thus ri,2 = iy@f.

The equi val ent systemis dx/dt = y,dy/dt = -(k/imx-(c/my
which is witten in the formof Eq.(2) as

d (X 0 1 X . .
— = . The point (0,0) is clearly a
dt \y -k/m-c/mj) \y

critical point, and since Ais nonsingular, it is the
only one. The characteristic equation is r2+(c/mr+k/ me0

sorq,ry =[-c £ (c2- 4km¥2/2m 1In the underdanped

case c2 - 4km < 0, the characteristic roots are conpl ex

with negative real parts and thus the critical point
(0,0) is an asynptotically stable spiral point. In the
over danped case c? - 4km > 0, the characteristic roots
are real, unequal, and negative and hence the critica
point (0,0) is asynptotically stable node. 1In the
critically danped case c? - 4km = 0, the characteristic
roots are equal and negative. As indicated in the
solution to Problem4, to determ ne whether this is an
i mproper or proper node we nust determ ne whether there
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are one or two linearly independent eigenvectors. The
ei genvectors satisfy the equation

c/2m 1 &1 0 . . o
= . which has just one solution if
-k/m-c/2m) { & 0

c? - 4km= 0. Thus the critical point (0,0) is an
asynptotically stable inproper node.

If A has one zero eigenvalue then for r = 0 we have
det(A-rl) = detA = 0. Hence A is singular which neans
Ax = 0 has infinitely many sol utions and consequently
there are infinitely many critical points.

From Chapter 7, the solution is x(t) = clé(l) + ng(z)erzt,
whi ch can be witten in scalar form as

xp = c18fY + cotfPe’? and xp = 86N + cEhPe2,
Assuning &% = 0, the first equation can be sol ved for

czerzt, which is then substituted into the second

equation to yield xp = c1&51) + [E62) /&2 ] [x1-c1E(V].
These are straight lines parallel to the vector 5(2).

Note that the famly of lines is independent of co. If
&&2) = 0, then the lines are vertical. If ro >0, the
direction of nmotion will be in the sanme direction as

indicated for &2 . |f r, <0, thenit will be in the

opposite direction.

Det (A-rl) = re - (agptazp)r + agqazy - azjage = 0. | f
aj; + apy = 0, then r2 = -(ajjagy - apazy) < 0 if

ajjazy - azapz > 0.
Eg. (i) can be witten in scalar formas dx/dt = a X +

a .y and dy/dt = a, X + a,.y which then yields Eq. (iii).

Ignoring the mddle quotient in Eq.(iii), we can rewite
t hat equation as (a21x + a22y) dx - (a , x + alzy) dy = 0,

11
which is exact since a__ = -a__ fromEq.(ii)..
22 11
. _ : - 2
Integrating ¢, = a, X + a,,y we obtain ¢ = a, X /2 + a,,xy
+ g(y) and thus a,,x + g = -a X - ayorg o=-aly
using Eq.(ii). Hence a, x /2 + a,,xy a .y /2 ki2is

the solution to Eq.(iii). The quadratic equation Ax? +
Bxy + Oy2 = Dis an ellipse provided B> - 4AC < 0. Hence
for our problemif
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2
a_+a_a_<O0then Eqg.(iv) is an ellipse. Using

22 2112
2
a +a_=0w have a__ = -a__a__ and hence
11 22 22 1122
-a_a_+a_a_<0or ajjapo - a_a__ > 0, which is true by
11722 21712 21712
Egs.(ii). Thus Eq.(iv) is an ellipse under the conditions
of EQs.(ii).
. _ d (X 11 12 [ X
20. The given systemcan be witten as — = .
dt ly A1 4 N

Thus the ei genval ues are given by

r2—(a +a_)r + a a_-a__a__ = 0 and using the given
11 722 11722 "12721
2

definitions we rewite this as r pr + g = 0 and thus

ri2=(p + \/p?4q)/2 = (p £ /A)/2. The results are

now obt ai ned using Table 9.1. 1.

Section 9.2, Page 477

1. Sol utions of the D.E. for x
are y are x = Ae’! and
y = Be'?! respectively. (4,2)
x(0) = 4 and y(0) = 2 yield
A=4and B=2, sox =4etlt
and y = 2e"?'.  Solving the [ &
first equation for e! and T ¢
then substituting into the
second yields y = 2[x/4]2 = x?/8, which is a parabol a.
Fromthe original D.E., or fromthe paranetric sol utions,
we find that 0 < x <4 and 0 <y <2 for t 20 and thus
only the portion of the parabola shown is the trajectory,
with the direction of notion indicated.

3. Utilizing the approach indicated in Eq.(14), we have
dy/dx = -x/y, which separates into xdx + ydy = 0.
Integration then yields the circle x2 + y2 = c¢2, where
c? = 16 for both sets of |.C. The direction of notion
can be found fromthe original D.E. and is
countercl ockwi se for both I1.C. To obtain the parametric

equations, we wite the systemin the form

d X 0 -1 X . .
— = . which has the characteristic
dt \y 1 0 y

-r -1

-r

equati on =r“+1=0, orr =+xi. Followng
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7b.

7c.
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t he procedures of Section 7.6, we find that one sol ution
[cost + isint

1),
of the above systemis ( _:}'t =] _
-i sint - icost

J and t hus

) cost si nt
two real solutions are u(t) = ] and v(t) = .
si nt - cost

The general solution of the systemis then

X

( J = cqu(t) + cov(t) and hence the first |1.C vyields
y

c1 =4, cp =0, or X = 4cost, y = 4sint. The second |.C
yields ¢4 =0, ¢cp = -4, or x = -4sint, y = 4cost. Note
that both these parametric representations satsify the
formof the trajectories found in the first part of this
probl em

The critical points are given by the solutions of
X(1-x-y) =0 and y(1/2 - y/4 - 3x/4) = 0. The solutions
corresponding to either x = 0 or y = 0 are seen to be

x =0, y=0;, x=0, y=2;, x=1, y =0. In addition,
there is a solution corresponding to the intersection of
the lines 1 - x -y =0and 1/2 - y/4 - 3x/4 = 0 which is
the point x = 1/2, y = 1/2. Thus the critical points are
(0,0), (0,2), (1,0), and (1/2,1/2).

Y

./’ g

/

For (0,0) since all trajectories leave this point, this
is an unstable node. For (0,2) and (1,0) since the
trajectories tend to these points, respectively, they are
asynptotically stable nodes. For (1/2,1/2), one
trajectory tends to (1/2,1/2) while all others tend to
infinity, so this is an unstabl e saddl e point.

The critical points are given by y = 0 and

x(1 - x16 - yI5) =0, so (0,0), (/6,0) and (-+/6,0)
are the only critical points.
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Clearly (ﬁ,O) and (-ﬁ,O) are spiral points, and are
asynptotically stable since the trajectories tend to each
point, respectively. (0,0) is a saddle point, which is
unst abl e, since the trajectories behave |like the ones for
(1/2,1/2) in Problem 7.

d dy/ dt 8
LA = X 50 4xdx - ydy = 0 and thus 4x2 - y
dx dx/ dt 2y
whi ch are hyperbolas for ¢ # 0 and straight lines y = £2x for

c = 0.

2 = ¢,

19b.
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a Y2 oo (y-2xy)dx + (x-y-x2)dy = O, which is an
dx -x+y+x2
exact D.E. Therefore ¢(x,y) = xy - x%y + g(y) and hence

gﬁ=x-x2+9'(Y)=X-y-X2, so g'(y) = -y and
y

g(y) = -y?/2. Thus 2x% - 2xy + y?2 = ¢ (after multiplying by
-2) is the desired solution.

q e
d—y = S|nx, so ydy + sinxdx = 0 and thus y?/ 2 - cosx = c.
X
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21b.

23. W know that ¢'(t) = F[¢(t), w(t)] and
v(t) =do(t), w(t)] for o« <t < B. By direct
substitution we have
d(t) = ¢'(t-s) = Flo(t-s), wy(t-s)] = F[P(t), ¥(t)] and
Y(t) = y(t-s) = do¢(t-s), y(t-s)] = d(t), ¥(t)] for

o <t-s <Bor ots <t < B+s.

24. Suppose that tq; >tg. Let s =t - tg. Since the system
i s autononmous, the result of Problem 23, with s replaced
by -s shows that x = ¢,(t+s) and y = yy(t+s) generates
the sane trajectory (C) as x = ¢1(t) and y = wyy(t). But
at t =tg we have x = ¢01(to+s) = ¢1(t1) = xg and
y = wyi(tots) = yi(ty) = yg. Thus the solution
X = ¢1(t+s), y = yg(t+s) satisfies exactly the sane
initial conditions as the solution x = ¢og(t), y = yo(t)
whi ch generates the trajectory CGy. Hence Gy and C; are
t he sane.

25. Fromthe existence and uni queness theorem we know that if
the two solutions x = ¢(t), yv = y(t) and X = Xg, ¥ = Yo
satisfy ¢o(a) = xo, w(a) =yp and x = Xo, y = yp at t = a,
then these solutions are identical. Hence ¢(t) = xg and
y(t) =ypo for all t contradicting the fact that the

trajectory generated by [¢(t), w(t)] started at a
noncritical point.

26. By direct substitution
(t) = ¢ (t+T) = Flo(t+T), y(t+T)] = F@(t), ¥(t)] and
Y(t) = y(t+T) = qo(t+T), w(t+T)], da(t), ¥(t)].
Furthernore ®(tg) = xg and ¥(tg) = yg. Thus by the
exi stence and uni queness theorem ®(t) = o(t) and
Y(t) = y(t) for all t.
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In Problenms 1 through 4, wite the systemin the form of
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Eg.(4). Then if g(0) = 0 we nay conclude that (0,0) is a
critical point. 1In addition, if g satisfies Eq.(5) or

Eg. (6), then the systemis alnost linear. |In this case the
|inear system Eqg.(1), will determne, in nost cases, the
type and stability of the critical point (0,0) of the al nost
|inear system These results are sunmarized in Table 9.3.1.

3. In this case the systemcan be witten as

d X 0 0 X (1+x) si ny
— = + . However, the
dt \y -1 0)\y 1 - cosy

coefficient matrix is singular and gl(x,y) = (1+x)siny

does not satisfy Eq.(6). However, if we consider the
Tayl or series for siny, we see that (1l+x)siny - y =

siny - y + xsiny = —y3/3! + y5/5! + o+ x(y - y3/3! + ),
whi ch does satisfy Eq.(6), using x = rcos6, y = rsiné.
Thus the first equati on now becones

dx

at =y + [(1+x)siny-y] and hence

X 0 1)(x 1+x) si ny-
)= (5 o)+ (1007 ) were e
dt \y -1 0)\y 1- cosy

coefficient matrix is now nonsingul ar and

1+x) si ny-
a(x,y) = [( ) y yj satisfies Eqg.(6).
1-cosy
4. In this case the systemcan be witten as

c (=G D6 5
— = + and thus A = and
dt \y 1 1 y 0 1 1

2
0
g = (y ]. Since g(0) = [0) we conclude that (0,0) is a
0
critical point. Followi ng the procedure of Exanple 1, we
let x =rcos® and y = rsinf and thus
rzsinze :
g1(x,y)/r = — > 0asr — 0 and thus the systemis
r

. . 2 .
alnost linear. Since det(A-rl) = (r-1) , we find that
t he ei genval ues are ro=r,= 1. Since the roots are

equal , we nmust determ ne whether there are one or two
ei genvectors to classify the type of critical point. The

. : 0O O ‘21 0
ei genvectors are deternined by = and hence
1 0 éz 0
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0
there is only one eigenvector § = (1J. Thus the critica

point for the linear systemis an unstabl e inproper node.
From Table 9.3.1 we then conclude that the given system
which is alnost linear, has a critical point near (0,0)
which is either a node or spiral point (depending on how
the roots bifurcate) which is unstable.

6a. The critical points are the solutions of x(1-x-y) = 0 and
y(3-x-2y) = 0. Solutions are x =0, y =0; x =0,
3- 2y =0 which givesy =3/2; y=0and 1 - x = 0 which

give x =1; and 1 - x - y =0, 3 - x - 2y = 0 which give
x =-1, y =2. Thus the critical points are (0,0),
(0,3/2), (1,0) and (-1, 2).

6b, For the critical point (0,0) the D.E. is already in the

6c. formof an alnost |linear system and the corresponding
linear systemis du/dt = u, dv/dt = 3v which has the
eigenvalues r; =1 and rp, = 3. Thus the critical point
(0,0) is an unstable node. Each of the other three
critical points is dealt with in the sane nmanner; we

consider only the critical point (-1,2). |In order to
translate this critical point to the origin we set

x(t) = -1 + u(t), y(t) =2 + v(t) and substitute in the
D.E. to obtain

du/dt = -1 +u - (-1+u)2 - (-1+u)(2+v) = u + v - u® - uv
and

dv/dt = 3(2+v) - (-1+u)(2+v) - 2(2+v)2 = -2u - 4v - uv - 2vZ
Witing this in the formof Eq.(4) we find that

1 1 u? + uv N

A= and g = - whi ch is an al npbst
-2 -4 uv + 2v2

linear system The ei genval ues of the corresponding

linear systemarer = (-3 £ 19 + 8)/2 and hence the
critical point (-1,2), of the original system is an
unst abl e saddl e point.

10a. The critical points are solutions of x + x° + y2 = 0 and
y(1-x) = 0, which yield (0,0) and (-1,0).

10b. For (0,0) the D.E. is already in the form of an al nost
linear systemand thus du/dt = u and dv/dt = v. For
(-1,0) we let u = x+1, v =y so that substituting x = u-1

. . du 2 2
and y = v into the D.E. we obtain at =-u+u +v and
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10c.

18a.

18b.

18c.
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dv . . .
P = 2v - uv. Thus the corresponding linear systemis
u = -uand v = -2v.

1 0
For (0,0) A = ( ] which has r  =r_ =1, so that
0 1 1 2

(0,0), for the nonlinear system wll be either a node or
spiral point, depending on how the roots bhifurcate. In
any case, since r, and r,are positive, the systemwl|

-1 0
be unstable. For (-1,0) A = [ 0 2] and thus

r, = -1 and r, = 2, and hence the nonlinear system from

Table 9.3.1, has an unstable saddle point at (-1,0).

_ d (x 1 0)(x 0 _
The systemis — = + 3| and thus is
dt \y 0o -2 y X

al nost |inear using the procedures outlined in the
earlier problems. The corresponding |inear system has
the eigenvalues rq =1, rp, = -2 and thus (0,0) is an
unst abl e saddl e point for both the linear and al nost

i near systens.

The trajectories of the linear systemare the solutions
of dx/dt = x and dy/dt = -2y and thus x(t) = cje' and
y(t) = coe”?. To sketch these, solve the first equation
for e' and substitute into the second to obtain

y = cfco/ x2, cq # O. -
Several trajectories
are shown in the figure.
Since x(t) = cqie', we
nmust pick ¢4 = 0 for - =
X = 0 and t — o. Thus J
X =0, y = cpe? (the
vertical axis) is the
only trajectory for

which x - 0, y > 0ast — oo

For x # 0 we have dy/dx = (dy/dt)/(dx/dt) = (—2y+x3)/x.
This is a linear equation, and the general solution is
y = x3/5 + k/Ix? where k is an arbitrary constant. In
additi on the system of equations has the solution x = 0,
y = Be'?. Any solution with its initial point on the
y-axis (x=0) is given by the latter solution. The
trajectories corresponding to these sol utions approach
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22b.

23a.

27a.
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the origin as t — o. The

trajectory that passes y

t hrough the origin and

divides the famly of y
curves is given by k = 0,

namely y = x3/5. This :
trajectory corresponds to

the trajectory y = 0 for ‘

the Iinear problem

Several trajectories

are sketched in the figure.

l/\ /\ /\ 10 10 v=5 V‘\w X

RVAVAY g

5

Fromthe graphs in part a, we see that v, is between v = 2

and v = 5. Using several values for v, we estimate v, = 4.00.

x X
10 v=5
v=2
t F1
20
For v = 2, the notion is danped oscillatory about x = 0.
For v = 5, the pendul um swi ngs all the way around once

and then is a danped oscillation about x = 2n (after one
full rotation). For problem 22, this later case is not
danped, so x continues to increase, as shown earlier.

Setting ¢ = 0 in Eqg.(10) of Section 9.2 we obtain
n.2d%6/ dt? + mglLsin® = 0. Considering d6/dt as a function
of 6 and using the chain rule we have

d do do 1 d do °
( ) do'at ‘ot T 2 de lar ) TS
(1/ 2) m_zd[(de/dt)z]/de -mgLsin6.  Now integrate both
sides fromao to 6 where do/dt = 0 at 6 =
(1/2) mL?(de/ dt )2 = nglL(cos® - cosa). Thus
(de/dt)2 = (2g/L)(cosO - cosa). Since we are releasing
the pendulumwi th zero velocity froma positive angle o,
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the angle 6 will initially be decreasing so do/dt < O.
If we restrict attention to the range of 6 fromo6 = o to
6 = 0, we can assert do/dt = -+ 2g/L cosO - coso .

Solving for dt gives dt = -+/L/2g de/+/cos® - coso. .

27b. Since there is no danping, the pendulumw Il sw ng from
its initial angle o through 0 to -o, then back through 0O
again to the angle o in one period. It follows that
0(T/4) = 0. |Integrating the last equation and noting
that as t goes fromO to T/4, 6 goes froma to O yields

T/4 = -4/L/2g JO (1/+/cos® - cosa )de
o

dx d?x dy
28a. If — =y, then — = — = -g(x) - c¢c(x)y.
a Y a2 - ot 9(x) (x)y
28b. Under the given assunptions we have g(x) = g(0) + g (0)x
+ g”(il)lez and c(x) = c(0) + c’(&z)x, wher e
0 < gl, §2 < x and g(0) = 0. Hence
d , ,
H% = (-9(0) - g(0)x) - c(0)y - [g(&)x¥2 - c'(&)xY]
and thus the systemcan be witten as

o o R [ o
dt \y -g’(0) -c(0) ) \y -g"(E)x% 2 - c(E)xy )

fromwhich the results foll ow.
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3b. x(1.5 - .5x - y) =0 and y(2 - y - 1.125x) = 0 yield (0,0),
(0,2) and (3,0) very easily. The fourth critical point is
the intersection of .5x + y = 1.5 and 1.125x + y = 2, which

is (.8,1.1).
d(u 1. 5-Xo-Yo -Xo fu
3c. FromEq (5) we get [ j = ). For
dt \v -1.125yy 2-2yg-1.125%xg AV
(0,0) we get u" =1.5uand v- = 2v, sor =3/2 and r = 2, and
thus (0,0) is an unstable node. For (0,2) we have u” = -.5u
and v/ = -2.25u-2v, sor =-.5 -2 and thus (0,2) is an

asynptotically stable node. For (3,0) we get u” = -1.5u-3v
and v/ = -1.375v, sor =-1.5, -1.375 and hence (3,0) is an
synptotically stable node. For (.8,1.1) we have

u = -.4u -.8v and v’ = -1.2375u - 1.1v which give

r = -1.80475, .30475 and thus (.8,1.1) is an unstable saddle
poi nt .
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1 i . i L]
The critical points are found by setting dx/dt = 0 and
dy/dt = 0 and thus we need to solve x(1 - x - y) = 0 and
y(1.5 - y - x) =0. The first yields x =0or y =1 - x

and the second yields y =0 or y =1.5 - x. Thus (0,0),

(0,3/2) and (1,0) are the only critical points since the
two straight lines do not intersect in the first quadrant
(or anywhere in this case). This is an exanple of one of
the cases shown in Figure 9.4.5 a or b.

I

The critical points are found by setting dx/dt = 0 and
dy/dt = 0 and thus we need to solve x(1-x + y/2) = 0 and
y(5/2 - 3y/2 + x/4) = 0. The first yields x = 0 or

y = 2x - 2 and the second yields y = 0 or y = x/6 + 5/3.
Thus we find the critical points (0,0), (1,0), (0,5/3)
and (2,2). The last point is the intersection of the two
straight lines, which will be used again in part d.

For (0,0) the linearized systemis x” = x and y’ = 5y/ 2,

whi ch has the eigenvalues rqi = 1 and r, = 5/2. Thus the

origin is an unstable node. For (2,2) we let

X =u+2andy =v + 2 in the given systemto find

(since x’ = u and y’ = v") that

du/dt = (u+2)[1 - (u+2) + (v+2)/2] = (u+2)(-u+v/2) and
= (v+2)[5/2 - 3(v+2)/2 + (u+2)/4] = (v+2)(u/4 - 3v/2).

. . . ul -2 1 u
Hence the linearized equations are ( ] = [ ] ( j
v 1/2 -3)\v

whi ch has the eigenvalues rq , = (-5 =% yﬁ?)lz. Si nce
t hese are both negative we conclude that (2,2) is an
asynptotically stable node. In a sinmlar fashion for
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(1,0) we let x =u + 1 andy =v to obtain the linearized

u) (-1 1/2)\(u ,
systen1( ] = ( ] [ ]. Thi s has
\Y 0 11/4)\v

ri{ =-1and ro, = 11/4 as eigenvalues and thus (1,0) is an
unst abl e saddle point. Likewise, for (0,5/3) we |et

, uY 11/ 6 0)(u
X =uU y=v +5/3tofind = as the
v 5/12 -5/2)\v

corresponding linear system Thus r; = 11/6 and
ro =-5/2 and thus (0,5/3) is an unstable saddl e point.

To sketch the required trajectories, we nust find the
ei genvectors for each of the linearized systens and then
anal yze the behavior of the |inear solution near the
critical point. Using this approach we find that the

X 1
sol ution near (0,0) has the forn1( J = Cl[OJ el +
y

1

| arge negative values of t. 1In this case e' doninates
e5/2 and hence in the nei ghborhood of the origin al
trajectories are tangent to the x-axis except for one
pair (c1 = 0) that lies along the y-axis.

For (2,2) we find the eigenvector corresponding to

r =(-5++/3)/2=-1.631is given by (1-\/3)&/2 + & =0
1

(/3-1)/2

r = (-5-/3)/2 =-3.37 we have (1 +/3)&/2 + & = 0 and

0) st/2 S
Co e and thus the origin is approached only for

1
and t hus ( ] = ( 37J i s one eigenvector. For

1 1
t hus = is the second ei genvector.
[-(ﬁﬂ)/zj (-1.37]

Hence the linearized solution is

u 1 1
= ¢ ( e 183 4+ ¢, e 33 For large
% .37 -1.37

positive values of t the first termis the dom nant one
and thus we conclude that all trajectories but two
approach (2,2) tangent to the straight line with slope
.37. If c; =0, we see that there are exactly two

(co >0 and co < 0) trajectories that lie on the straight
line with sl ope -1.37.

In simlar fashion, we find the linearized solutions near
(1,0) and (0,5/3) to be, respectively,
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1 1
0 15/ 2

™

and e \%Eéfé%k

-l
= ¢, 0 e 52 4 ¢, 1 el1t/6 ~
1 5/ 52 i}

whi ch, along with the
above anal ysis, yields .=£_....J{L‘ . -

t he sketch shown.

Fromt he above sketch, it appears that (x,y) — (2,2) as

.t > o as long as (x,y) starts in the first quadrant.

To ascertain this, we need to prove that x and y cannot
become unbounded as t — o. Fromthe given system we
can observe that, since x > 0 and y > 0, that dx/dt and
dy/dt have the sane sign as the quantities 1 - x + y/2
and 5/2 - 3y/2 + x/4 respectively. If we set these
guantities equal to zero we get the straight |lines

y =2x - 2 andy = x/6 + 5/3, which divide the first
guadrant into the four sectors shown. The signs of

x” and y’ are indicated,
fromwhich it can be
concluded that x and y
nust renmai n bounded [ and
in fact approach (2,2)]
as t — oo. The

di scussion leading up to
Fig.9.4.4 is al so useful
here.

Setting the right sides of the equations equal to zero
gives the critical points (0,0), (0, e/ 03, (e1/01,0),
and possibly

([e102 - eza1]/[0102 - oqap], [€201 -€102] /[0102 - oqap]).
(The last point can be obtained fromEq.(36) also). The
conditions ey/ oy > €1/ 61 and €3/ 6 > €1/ aq i nply that

€261 - €102 > 0 and €162 - €1 < 0. Thus either the x
coordi nate or the y coordinate of the last critical point
is negative so a mxed state is not possible. The
linearized systemfor (0,0) is x” = g¢1x and y’ = eyy and
thus (0,0) is an unstable equilibriumpoint. Sinlarly,
it can be shown [by linearizing the given system or by
using Eq.(35)] that (0, e/ 0p) is an asynptotically
stable critical point and that (e101, 0) is an unstable
critical point. Thus the fish represented by y(redear)
survive.
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The conditions g1/ 061 > €5/ 0 and €1/ oy > €3/ 0 inply that
€261 - €102 < 0 and €762 - €307 > 0 so again one of the
coordi nates of the fourth point in 8a. is negative and
hence a mixed state is not possible. An analysis simlar
to that in part(a) shows that (0,0) and (0, e/ o0) are
unstable while (g1/061,0) is stable. Hence the bl uegil
(represented by x) survive in this case

c o 1
X" = eg1x(1 - Ly - Agly) = e1x(1 - —x - AXEy)
€1 €1 B B
o o 1
y’ = eoy(1 - —Ey - 2x) =eoy(1 - —y - ng). The coexi stence
€2 €2 R R

C . . . 1 Y1 Y2 1
equilibriumpoint is given by —x + —y =1 and —x + —y =
q p g y B B y R Ry

1. Solving these (using determ nants) yields
X=(B- yiR/(1 - vivy2) and Y = (R - v2B)/(1-v1v2).

If Bis reduced, it is clear fromthe answer to part(a)
that X is reduced and Y is increased. To determne
whet her the bluegill will die out, we give an intuitive
argunent which can be confirnmed by doing the anal ysis.
Note that B/yy = €1/ 0y > €2/ 62 = R and

Ry, = €2/ ap > €1/61 = B so that the graph of the lines
1- x/IB- yiy/B=0and 1 - y/R- y5x/R = 0 nust appear
as indicated in the figure,

where critical points are v,
i ni dcated by heavy dots.

As B is decreased,

X decreases, Y increases

(as indicated above) and

the point of intersection

¥

noves closer to (0,R. If
B/y1 < R coexistence is not —
possi bl e, and the only B Ry, =x

critical points are (0,0),(0,Rand (B,0).

It can be shown that (0,0) and (B, 0) are unstable and
(0,R) is asynptotically stable. Hence we conl cude, when
coexi stence is no |longer possible, that x - 0 andy - R
and thus the bluegill population will die out.

Setting each equation equal to zero, we obtain x = 0 or

(4- x-y) =0andy =00o0r (2 +2x-y - ox) =0. Thus we
have (0,0), (4,0), (0,2 + 20), and the intersection of
X+y=4and ox +y =2 + 20 If a=# 1, this yields (2,2)
as the fourth critical point.



12b.

12c.

12d.

Section 9.5 191

. . uY -2 -2Yu .
For o = .75 the linear systemis = , whi ch
Y -1.5 -2 A\v
has the characteristic equation r?2 + 4r + 1 = 0 so that
rr=-2 =+ y@?. Thus the critical point is an asynptotically

uY -2 -2Yu
stabl e node. For o = 1.25, we have = . SO
Y, -2.5 -2

r2+ 4 -1=0andr = -2 + yﬁg. Thus (2,2) is an unstable
saddl e point.

Letting x = u+2 and y = v+2 yields

u = (u+t2)(4 - u-2 - v-2) = -2u - 2v - u? - uv and

Vo= (v#2)(2 + 200 - V-2 - ou - 20) = -2au - 2V - V2 - ouv.
Thus the approximate |inear systemis u = -2u - 2v and
V' = -20u - 2v.

The ei genval ues are given by
-2-r -2
-200 -2-r
Thus for 0 < o < 1 there are 2 negative real roots

(asymptotially stable node) and for a > 1 the real roots

differ in sign, yielding an unstable saddle point. a =1
is the bifurcation point.

=r2+ 4 +4- 40,=0, or r = -2 + ZVq;.
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3b.

3c.

W have x = 0 or (1 - .5x - .5y) =0 andy =0 or
(-.25 + .5x) = 0 and thus we have three critical points:
(0,0), (2,0) and (1/2,3/2).

For (0,0) the linear systemis dx/dt = x and

1 0

dy/dt = -.25y and hence A = whi ch has
0-1/4

eigenvalues rq =1 and r, = -1/4 and correspondi ng

0

1). Thus (0,0) is an unstable

1
ei genvectors [O] and [

saddl e point.
For (2,0), we let x =2 +uandy =v in the given

d 1
equati ons and obtain a% = -(u+v) -AEu(u+v) and
dv. 3

1 . . . .
— = —v + —uv. The linear portion of this has matrix
dt 4 2
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3e.

3f.

Section 9.5
-1 -1 , .
A= , whi ch has the eigenvalues r; = -1,
0 3/4
_ _ 1 -4
ro = 3/4 and correspondi ng ei genvectors [O] and (7 }
Thus (2,0) is also an unstabl e saddl e point.

1 3
For [v ] we let x =1/2 +uandy =3/2 +v in the

2 2
d 1 1 d 3
gi ven equations, which yields au -—u - —V, L.
dt 4 4 dt 4
i1
. : 4 4 :
as the linear portion. Thus A = 3 . whi ch has
— 0
4

1 3
eigenvalues rq o = (-1 + +/11i)/8. Thus [272J is an

asynptotically stable spiral point since the eigenval ues
are conplex with negative real part. Using

r{ =(-1+ +/11i)/8 we find that one eigenvector is

-2
[ J and by Section 7.6 the second ei genvector is
1 +

V11
[Ljﬁi}

X

A A A

For (x,y) above the line x + y =2 we see that x’ < 0 and
thus x must remain bounded. For (x,y) to the right of

x =1/2, y* > 0 so it appears that y could grow | arge
asynptotic to x = constant. However, this inplies a
contradiction (x = constant inplies x* = 0, but as y gets
[ arger, x’ gets increasingly negative) and hence we
conclude y nmust remai n bounded and hence (x,y) —
(1/2,3/2) as't — o, again assum ng they start in the
first quadrant.
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The anplitude ratio is (cK/y)/(/acK a) = a/c/y/a.

FromEgq (2) o = .5 a=1, y=.25and ¢ = .75, so the

ratio is .5v/.75/.25\/1 = 2+/.75 = +/3 = 1.732.

A rough neasurenment of the anplitudes is (6.1 - 1)/2 = 2.55
and (3.8 -. 9)/2 = 1.45 and thus the ratio is approxi mtely

1.76. In this case the linear approximtion is a good
predi ctor.

The presence of a trapping conpany actually would require
a nodification of the equations, either by altering the
coefficients or by including nonhonmbgeneous terms on the
right sides of the D.E. The effects of indiscremnate
trappi ng coul d decrease the popul ati ons of both rabbits
and fox significantly or decrease the fox popul ation

whi ch coul d possibly lead to a large increase in the
rabbit population. Over the long run it makes sense for
a trapping conmpany to operate in such a way that a

consi stent supply of pelts is available and to disturb
the predator-prey systemas little as possible. Thus,

t he conpany should trap fox only when their population is
i ncreasing, trap rabbits only when their population is
increasing, trap rabbits and fox only during the tine
when both their popul ations are increasing, and trap
neither during the tinme both their popul ations are
decreasing. In this way the trappi ng conpany can have a
noderating effect on the popul ation fluctuations, keeping
the trajectory close to the center

The critical points of the systemare the solutions of
the al gebraic equations x(a - ox - ay) = 0, and

y(-c + x) = 0. the critical points are x =0, y = 0;
x =alo, y =0; and x =c/y, y = ala - colay = cA o
where A =alc - c/y > 0.

To study the critical point (0,0) we discard the
nonlinear terns in the systemof D.E. to obtain the

correspondi ng |linear systemdx/dt = ax, dy/dt = -cy. The
characteristic equation is re - (atc)r - ac = 0 so
r{ =a, rp =-c. Thus the critical point (0,0) is an

unst abl e saddl e point.

To study the critical point (a/c,0) we let x = (a/lo) + u
y =0 + v and substitute in the D.E. to obtain the al npst
linear systemdu/dt = -au - (ao/ o)V - ou? - ouv,

dv/ dt YAv + yuv. The corresponding |inear systemis
du/ dt -au - (ao/o)v, dv/dt = yAv. The characteristic

equation is r? + (a - YAr - ayA=0so0orq =-a, rp =9yA
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Thus the critical point (a/c,0) is an unstable saddle
poi nt .

To study the critical point (c/y, cAla) we |et

x =(cly) +u, y=(cAa) + v and substitute in the D E
to obtain the al nost |inear system

% = -(co/Yu - (ac/Yv - ou® - ouv
:—: = (cAy/ o) u + yuv

The corresponding linear systemis
du/dt = -(co/y)u - (oc/y)v, dv/dt = (cAy o)u. The
characteristic equation is r2 + (co/y)r + cocA =0, so

ri,ro = [-(coly = \/(cc/y)2 - 4ccA]/2. Thus, depending
on the sign of the discrimnant we have that (c/y, oA o)
is either an asynptotically stable spiral point or an
asynptotically stable node. Thus for nonzero initia
data (x,y) — (c/y, oAlo) as t — oo.
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1.

6a.

Assuming that V(x,y) = ax? + cy? we find Vi(x,y) = 2ax,

Vy = 2cy and thus Eg.(7) yields QKx,y) = 2ax(-x3 + xyz) +
2cy(-2x%y - y3) = -[2ax? + 2(2c-a)x%y? + 2cy?. If we
choose a and c to be any positive real nunbers with

2c > a, then V is a negative definite. Also, Vis
positive definite by Theorem 9.6.4. Thus by Theorem 9.6.1
the originis an asynptotically stable critical point.

Assuming the same formfor V(x,y) as in Problem 1, we
have

V(X,y) = 2ax(-x3 + 2y3) + 2cy(-2xyd) = -2ax* + 4(a-c)xyS.
If we choose a = ¢ > 0, then V(x,y) = -2ax* < 0 in any

nei ghbor hood containing the origin and thus V is negative
sem definite and Vis positive definite. Theorem9.6.1
then concludes that the origin is a stable critica

point. Note that the origin may still be asynptotically
stabl e, however, the V(x,y) used here is not sufficient
to prove that

The correct systemis dx/dt =y and dy/dt = -g(x). Since
g(0) = 0, we conclude that (0,0) is a critical point.
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7c.
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Fromthe given conditions, the graph of g nust be
positive for 0 < x < k and negative for -k < x < 0. Thus

i f 0 <x <k then I;g(s)ds > 0,
if -k<x<0 then ﬁ;g(s)ds = - Ifg(s)ds >0
Since V(0,0) =0 it follows that V(x,y) = y2/2 + ﬁ;g(s)ds

is positive definite for -k < X <k, -0 <y < oo. Next,
- dx dy

we have V(x,y) = V&Eﬁf + V@Eﬁ— = g(x)y + y[-g(x)] = 0.

Si nce V(x,y) is never positive, we may conclude that it

is negative semidefinite and hence by Theorem9.6.1 (0, 0)

is at least a stable critical point.

Vis positive definite by Theorem9.6.4. Since
Ve(X,y) = 2X, Vy(X,y) = 2y, we obtain

V(x,y) = 2xy - 2y2 - 2ysinx = 2y[-y + (x - sinx)]. If
X < 0, then V(x,y) <0 for all y >0. If x >0, choose y

so that 0 <y < x - sinx. Then V(x,y) > 0. Hence Vis
not a Liapunov function.

Since V(0,0) =0, 1 - cosx >0 for 0 < |x| < 2rn and y? >
O for y #0, it follows that V(x,y) is positive definite
i n a nei ghborhood of the origin. Next Vi(X,y) = sinx,

W(Xx,y) =y, so

V(X,y) = (sinx)(y) + y(-y - sinx) = -y2 Hence Vis
negative sem definite and (0,0) is a stable critica
poi nt by Theorem 9. 6. 1.

V(x,y) = (x+y)2/2 + x2 + y2/2 = 3x%/2 + Xy + y2 is
positive definite by Theorem 9.6.4. Next
Ve(X,y) = 3x +y, W(x,y) = x + 2y so

V(x,y) = (3xty)y - (x+2y)(y+sinx)
2xy - y2 - (x+2y)sinx

2xy - y2 - (x+2y) (x - ax3/6)
-x% - y? + a(x+2y) x3/ 6

-r2 + or? (cos® + 2sinB)(cos30)/6 < -r2 + r42
-r?(1-r%/2). Thus Vis negative definite for

r < y@f. From Theorem 9.6.1 it follows that the origin
is an asynptotically stable critical point.
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8. Let x = u and y = du/dt to obtain the systemdx/dt =y
and dy/dt = -c(x)y - g(x). Now consider

ka):y@24-KMSN& whi ch i el ds
V=g(x)y +y[-c(x)y - g(x)] = -yZe(x).
10b. Since V(x,y) = 2Ax + By, Vy(x,y) = Bx + 2Cy, we have

V(Xx,y) = (2Ax + By)(aiix + azpy) + (Bx + 2Cy)(azix + azy) =
(2Aay; + Bapy)x? + [2(Aagp + Capy) + B(ayitaz)]xy +

(2Capy + Bajp)y2. W choose A, B, and C so that

2Aa;; + Bapp = -1, 2(Aapx + Capi) + B(aiitaze) = 0, and

2Cayy + Bajp = -1. The first and third equations give us A
and Cin terns of B, respectively. W substitute in the
second equation to find B and then calculate A and C. The
result is given in the text.

10c. Since ajjazy - ajpaz; > 0 and aj; + axo < 0, we see that
A <0 and so A > 0. Using the expressions for A B, and
C found in part (b) we obtain

(4AC B?) A% = [a31+a3, + (ajiagy-apazi)][aii+ai, + (ariage-apaz:)]
- (agpagp+agiagy) 2
= (afj+air+a31+a3;) (aj1azp-arpazy) + (afi+afy) (a%i+asy)
+ (@180~ 812821) 2+ (a12822+811827) 2
= (afj+air+a31+a3;) (aj1azp- arpazy) + 2(aiidgp- apany) 2
Since ajjazy - azjpap; > 0 it follows that 4AC - B2 > 0.

1la. For V(x,y) = AXZ + Bxy + Q/Z we have

V = (2Ax + By) (aiix+appy + Fi(X,y)) + (Bx+2Cy) (azix+azy + Gi(X,y))
= (2Ax+By) (apix+aszy) +( Bx+2Cy) (az1x+azzy)
+ (2Ax+By) F1(Xx,y) + (Bx+2Cy) Gi(X,Y)
= -x%-y? + (2AX+By) F1(Xx,y) + (Bx+2Qy)Gi(x,y), if A B and C are
chosen as in Problem 10.

11b. Substituting x = rcos®, y =rsing we find that

V[x(r,8), y(r,0)] = -r2%+r(2Acos6+Bsine) Fi[x(r,8), y(r,0)]
+ r(Bcos6 + 2CsinB) G[x(r,0), y(r,0)]. Now we nake use
of the facts that (1) there exists an M such that

[2Al <M |Bl £M and |2 £ M and (2) given any

€ >0 there exists acircle r = R such that

| Fi(x,y)| < er and |G(X,y)| < e for 0 <r < R W have
| 2Acos® + Bsinfl < 2M and | Bcos6 + 2Csinf] < 2M Hence

VIX(r,8), y(r,0)] < -r2 + 2M(er)+2M (er) = -r2(1 - 4M).
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If we choose ¢ = M8 we obtain V[x(r,68), y(r,0)] < -r2/2

for 0 £r <R Hence Vis negative definitein 0 <r <R
and fromProblem 10c V is positive definite and thus Vis
a Liapunov function for the alnbst |inear system
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1.

8a.

Note that r =1, 6 =t + tg satisfy the two equations for

all t and is thus a periodic solution. |If r <1, then
dr/dt > 0, and the direction of notion on a trajectory is
outward. If r > 1, then the direction of notion is
inward. It follows that the periodic solutionr =1

6=t +tgis astable limt cycle.

rr =1, 6 = -t +tgis a periodic solution. If r <1,
then dr/dt > 0, and the direction of notion on a
trajectory is outward. If r > 1, the dr/dt > 0, and the
direction of motion is still outward. It follows that
the solutionr =1, 6 = -t + tgis a semstable limt
cycl e.

rr=1, 6 = -t +tgandr =2, 6 = -t +1tg are periodic
solutions. If r <1, then dr/dt < 0, and the direction
of nmotion on a trajectory is inward. If 1 <r < 2, then

dr/dt > 0, and the direction of motion is outward.
Simlarly, if r > 2, the direction of notion is inward.
It follows that the periodic solutionr =1

O =-t +tgis unstable and the periodic solutionr =2
0 =-t +tgis astable limt cycle.

Differentiating x and y with respect tot we find that
dx/ dt (dr/dt)cos6 - (rsing)de/dt and
dy/ dt (dr/dt)sin® + (rcos0)de/dt. Hence
ydx/dt - xdy/dt = (rsinBcose)dr/dt - (r?sin?@)de/dt -
(rcos6sin@)dr/dt - (r2cos6)de/ dt

= - r2de/dt.
Mul tiplying the first equation by x and the second by y
and adding yields xdx/dt + ydy/dt = (x2+y?)f(r)/r, or
rdr/dt = rf(r), as in the derivation of Eq.(8), and thus
dr/dt = f(r). To obtain an equation for 6 nultiply the
first equation by y, the second by x and substract to
obtain ydx/dt - xdy/dt = -x2-y2, or -r?de/dt = -r?, using
the results of Problem 7. Thus do/dt = 1. It follows
that periodic solutions are given by r = ¢, 6 =t + tg
where f(c) = 0. Since 6 =t + tg, the nmotion is
count ercl ockw se
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8b. First note that f(r) = r(r—2)2(r—3)(r-1). Thus r =1
6=t +tg; r =2, 8=t +tg;, andr =3, 6 =1t + 1ty are
periodic solutions. |If r <1, then dr/dt > 0, and the
direction of motion on a trajectory is outward. |If
1 <r <2, then dr/dt < 0 and the direction of nmotion is
inward. Thus the periodic solutionr =1, 6 =t +tgis
a stable linmt cycle. If 2 <r <3, then dr/dt < 0, and
the direction of motion is inward. Thus the periodic
solutionr =2, 6 =t +tgis asenmstable linmt cycle.
If r >3, then dr/dt > 0, and the direction of notion is
outward. Thus the periodic solutionr =3, 6 =t +tgis
unst abl e.

9. Setting x = rcos6, y = rsind and using the techni ques of
Probl em 8 the equations transformto dr/dt = r2 - 2,
do/dt = -1. This systemhas a periodic solutionr = yﬁf,
6 =-t +tg. Ifr < yﬁ?, then dr/dt < 0, and the
direction of notion along a trajectory is inward. |If
r > yﬁi, then dr/dt > 0, and the direction of notion is
outward. Thus the periodic solution r = yﬁf, 0 =-t +tg
i s unstable.

11. If F(x,y) = x+y+x3-y2, Q(x,y) = -x+2y+x2y+y3/ 3, then
Fu(X,y) + Gy(x,y) = 1+3x%+2+x2+y? = 3+4x%+y2.  Since the
conditions of Theorem9.7.2 are satisfied for all x and
y, and since Fy, + G, > 0 for all x and y, it follows that
t he system has no periodi c nonconstant sol ution

13. Since x = o(t), y = y(t) is a solution of Egs.(15), we
have do/dt = F[¢(t), w(t)], dy/dt = Go(t),y(t)]. Hence
on the curve C
F(x,y)dy - Gx,y)dx = ¢'(t)y(t)dt -y (t)¢’(t)dt = 0. It
follows that the Iine integral around Cis zero.
However, if Fy + G, has the same sign throughout D, then
the double integral cannot be zero. This gives a
contradiction. Thus either the solution of Egs.(15) is
not periodic or if it is, it cannot lie entirely in D

16a. Setting x’ = 0 and solving for y yields y = x3/3 - x + k.
Substituting this into y'= 0 then gives

X +.8(x%3 - x +k) - .7 =0 Using an equation solver we
obtain x = 1.1994, y = -.62426 for k = 0 and x = . 80485,
y = -.13106 for k = .5. To deternmine the type of critica

points these are, we use Eq.(13) of Section 9.3 to find the
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3(1-x3) 3

-1/3 -.8/3
is the critical point. For x. = 1.1994 we obtain conpl ex
conj ugat e ei genvalues with a negative real part, and
therefore k = 0 yields an asynptotically stable spira

point. For x. = .80485 the eigenval ues are al so conpl ex
conjugates, but with positive real parts, so k = .5 yields
an unstabl e spiral point.

Letting k = .1, .2, .3, .4 in the cubic equation of part (a)
and finding the correspondi ng ei genvalues fromthe matrix in
part (a), we find that the real part of the eigenval ues
change sign between k = .3 and k = .4. Continuing to
iterate in this fashion we find that for k = .3464 that the
real part of the eigenvalue is -.0002 while for k = .3465
the real part is .00005, which indicates k0 = .3465 is the

linear coefficient matrix to be A = { ], where X

critical point for which the systemchanges fromstable to
unst abl e.

You nust plot the solution for values of k slightly |less
than kg, found in part (c), to determ ne whether a limt
cycle exists.
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la.

1b.

FromEqg (6), A = -8/3 is clearly one eigenval ue and the
other two may be found from A2 + 11A - 10(r-1) = O using
t he quadratic formula.

For A = A; we have

-10+8/3 -10 0 Y& 0
r -1+8/3 0 | & |=|0}| which requires & =& =0
0 0 0 A& 0

and &; arbitrary and thus &Y = (0,0, 1)T
For A = A3 = (-11 + o)/ 2, where o = 1/ 81+40r , we have

-10+(11-0)/ 2 10 0 €1 0
r -1+(11-w)/ 2 0 &1 =10
0 0 -8/3+(11-0) /2 A &5 0

The last line inplies & = 0 and nmultiplying the first
[ ine by
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- o2 -
(-9+0)/2 we obtain ((81 a4 10( 9+a)/2] [&1} = [0}
r (9-a)/2 & 0

Substituting o? = 81+40r we have

9 - 1/ 81+40r

[-10r -10(9-00/2} (ilJ _ [Oj_ Thus &3 = -2r :
r (9-a)/2 & 0 0

which is proportional to the answer given in the text.
Sinmilar calculations give &2,

lc. Sinply substitute r = 28 into the answers in parts (a) and (b).

2a. The calculations are somewhat sinplified if you |et
X=B+u y=pB+v, and z = (r-1)+w, where

B=+8(r-1)/3. An alternate approach is to extend
Eqg. (13) of Section 9.3, which is:

’

u Fx Fy F; u
vi=1G& G G A

W Hy Fb He (Xos Yor Z0)

In this exanple F = -10x + 10y, G=rx - y - xz and
H=-8z/3 + xy and thus

’

u -10 10 0 u
v| = r -1 -Xp v which is Eq.(8) for Py since
w Yo Xo -8/3)\w
Xo = Yo = VQRFi?577§-
-10-2 10 0
2b. Eq.(9) is found by evaluating 1 -1-A -B = 0.
B B -8/3-A

2c. If r =28, then Eq.(9) is 3A% + 4102 + 3041 + 4320 = 0,
whi ch has the roots -13.8546 and .093956 + 10. 1945i

3b. If rq,ro,r3 are the three roots of a cubic pol ynom al
then the pol ynom al can be factored as
(x-rq)(x-rp)(x-r3). Expanding this and equating to the
gi ven pol ynoni al we have A = -(rq+ro+r3),
B =rqrp +rqrg +rorgand C = -rqror3. W are interested
in the case when the real part of the conplex conjugate
roots changes sign. Thus let r, = o+if and r3 = o-i B,
whi ch yiel ds
A= -(ri+20), B = 2arq + a® + B? and C = -r(a?+p?).
Hence, if AB = C, we have
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- (r1#+20) (20r 1+0?+B%) = -rq(a?+p?) or

-2a[r% + 20rq + (a2+B2)] =0 or -2a[(r1+a)2+B2] = 0.

Since the square bracket termis positive, we conclude
that if AB = C, then o = 0. That is, the conjugate
conplex roots are pure imaginary. Note that the converse
is also true. That is, if the conjugate conplex roots
are pure inmaginary then AB = C.

Conparing Eq.(9) to that of part b, we have A = 41/3,
B = 8(r+10)/3 and C = 160(r-1)/3. Thus AB = Cyields
r = 470/ 19.

We have V = 2x[o(-x+y)] + 2oy[rx-y-xz] + 20z[-bz+xy]
= -20x% + 20Xy + 2o0rxy - 2c5y2 - 20bz?
= 20{-[x2-(r+1)xy+y2]-bzz}. For r < 1, the
termin the square brackets remains positive for al

val ues of x and y, by Theorem 9.6.4, and thus Vis
negative definite. Thus, by the extension of Theorem
9.6.1 to three equations, we conclude that the originis
an asynptotically stable critical point.

V =rx?+oy? + o(z-2r)? = ¢ > 0 yields

%% = 2rx[o(-x+y)] + 2o0y(rx-y-xz) + 20(z-2r)(-bz+xy). Thus
-20[ rx2+y? + b(z% - 2rz)] = -20[rx? + y% + b(z-r)2 - br2].

Fromthe proof of Theorem9.6.1, we find that we need to

show that V, as found in part a, is always negative as it
crosses V(x,y,z) =c. (Actually, we need to use the

ext ensi on of Theorem 9.6.1 to three equations, but the
proof is very sinmilar using the vector calculus
approach.) Frompart a we see that

V<O0if rx2+vy2+b(z-r)2 > br2 which holds if (x,y,2)
2 2 ey 2
A AN
br br 2 r
Thus we need to choose ¢ such that V = c lies outside
Eg.(i). WitingV=cinthe formof Eq.(i) we obtain
2 2 ) 2
the ellipsoid ~— + Y 4 (2220)
clr clo clo

M= max(/br, ri/b, r), then the ellipsoid (i) is
x2 y2 (z-r)2
M M M
Let S2 be a sphere centered at (0,0,2r) with radius

lies outside the ellipsoid

= 1. (ii) Now |let

cont ai ned inside the sphere Si: = 1
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o X, yr L (zm2n)
Co(Me) 2 (M) 2 (M ?)

in S2. Thus, if we choose ¢, in Eq.(ii), such that

= 1, then S1 is contained

c c : .
- > (MH)2 and — > (N%r)z, then V < 0 as the trajectory
r c

crosses V(Xx,y,z) =c. Note that this is a sufficient
condition and there nay be many other “better” choices
using di fferent techniques.

Several cases are shown. Results may vary, particularly
for r = 24, due to the closeness of r to r, = 24. 06.

20 x(x) =22 1¢(3,8,0) 201 4(t) r=23 1¢(3,8,0)

0<e<s0

waxl 0<t<50 -20

x(t) =24 1c(3,8,0)

-20

x(t) =22 1C(5,5,5) 1C(5,5,5)

0<t<150

O alt) = 3c(s.5.3)

20) x(t) =22 1c(5,5,10)

|

=20 0<tds50
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CHAPTER 10

Section 10.1 Page 547

2

11.

15.

y(x) = Clcosyﬁfx + Czsinyﬁfx is the general solution of the

D.E. Thus y'(x) = —Vﬁfclsinyﬁfx + yﬁfczcosyﬁfx and hence

y'(0) yﬂicz = 1, which gives c, = 1/yﬁ§. Now,

y'(m = -y@fclsinyﬁfn + cosyﬁfn = 0 then yields

Cy = A—SQEXEEIE— = cotyﬁfrﬂyﬁf. Thus the desired solution is
yﬁfsinvﬁfn

y = (coty/2mosy/2x + siny2x)//2.

We have y(x) = cqcosx + cysinx as the general solution and
hence y(0) = c; = 0 and y(L) = cpsinL = 0. |If sinL # 0, then
co = 0 and y(x) Ois the only solution. |If sinL = 0, then
y(x) cosinx is a solution for arbitrary c».

y(X) = €c1€0S2x + cpsin2x is the solution of the rel ated

. 1 . .
honogeneous equation and yp(X) :Agcosx is a particular
. . . . 1
solution, yielding y(x) = c1€082X + C»Si n2x +A§cosx as the
. 1
general solution of the D.E. Thus y(0) = ¢, +A§ = 0 and

1 . . .
y(m = ¢, "3 = 0 and hence there is no solution since there

is no value of cq that will satisfy both boundary conditions.

If A <0, the general solution of the D.E. is

y = clsinhyqfx + czcoshyqfx where -A = 4. The two B.C.
require that c, = 0 and c; = 0 so A < 0 is not an eigenval ue.
If A =0, the general solution of the DDE. is y = cq1 + CyX.
The B.C. require that ¢4 = 0, ¢cp = 0 so again A = 0 is not an
eigenvalue. |If A > 0, the general solution of the D.E. is

y = clsinyﬁ(x + czcosyﬁ(x. The B.C. require that c, = 0 and
Vﬁ( clcosyﬁ(n = 0. The second condition is satisfied for
A#zO0and cp 20 if VAm=(2,1)W2, n=1,2... . Thus the
ei genval ues are Ay = (2n—1)2/4, n=1223... with the
correspondi ng ei genfunctions yp(x) = sin[(2n-1)x/2],
n=1,23..

For A < 0 there are no eigenval ues, as shown in Problem 11
For A = 0 we have y(x) = c1 + coX, so y'(0) = ¢, = 0 and
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y'(m = ¢, =0, and thus A = 0 is an eigenvalue, with

yo(x) = 1 as the eigenfunction. For A > 0 we again have
y(x) = clsinyﬁ(x + czcosyﬁ(x, so y'(0) = yﬁ(cl = 0 and

y'(L) = —czvs(sinyﬁ(L = 0. W knowA >0, in this case, so
the eigenvalues are given by siny/AL =0 or /AL = nm Thus
An = (nWL)? and yp(x) = cos(nmx/L) for n = 1,2 3...

Section 10.2, Page 555

3. We ook for values of T for which sinh2(x+T) = sinh2x for
all x. Expanding the left side of this equation gives
si nh2xcosh2T + cosh2xsi nh2T = sinh2x, which will be
satisfied for all x if we can choose T so that cosh2T =1
and sinh2T = 0. The only value of T satisfying these
two constraints is T =0. Since T is not positive we
conclude that the function sinh2x is not periodic.

5. We | ook for values of T for which tanm(x+T) = tanmx.
Expandi ng the left side gives
tanm( x+T) = (tanmx + tanmT)/(1l-tanmxtantTl) which is equa
to tantx only for tanml = 0. The only positive solutions
of this last equation are T = 1,2,3... and hence tantx is
periodic with fundanental period T = 1

Lo - <x <0
7. To start, let n =0, then f(x) = 3 ; for n=1
0l 0 <x <1
£(x) LO1<x<2 d 1 2. £(x) L0 3<sx<4 B
X) = ; and for n = 2, X) = .

%l 2 <x<3 %1 4 <x <5 Y
continuing in this fashion, and drawing a graph, it can be
seen that T = 2.

f(x)
10. The graph of f(x) is: : 1
W note that f(x) is z///;//// ,///,
a straight line with ¢ —
a sl ope of one in any N =2 A 1 2 3 x
interval. Thus f(x) has the formx+b in any interval for

the correct value of b. Since f(x+2) = f(x), we nmay set
X =-1/2 to obtain f(3/2) = f(-1/2). Noting that 3/2 is
on the interval 1 < x < 2[f(3/2) = 3/2 + b] and that -1/2
is onthe interval -1 < x < O[f(-1/2) =-1/2 + 1], we
conclude that 3/2 + b =-1/2 + 1, or b = -1 for the
interval 1 < x < 2. For the interval 8 < x < 9 we have
f(x+8) = f(x+6) = ... = f(x) by successive applications
of the periodicity condition. Thus for x = 1/2 we have
f(17/2) = f(1/2) or 17/2 + b = 1/2 so b = -8 on the
interval 8 < x < 9.
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In Problens 13 through 18 it is often necessary to use
integration by parts to evaluate the coefficients, although

al |

13a.

13b.

15a.

15b.

the details will not be shown here.

The function represents *\\\ L
a sawmtooth wave. It is '

periodic with period 2L. - \\\:: l\\\i ‘\\i“"
=L

The Fourier series is of the form

(o)
f(x) = agl2 + }E (apcosnmx/ L + bpsinmx/L ), where the
m=1

coefficients are conmputed fromEqs. (13) and (14).
Substituting for f(x) in these equations yields

ag = (I/L)ILL(-x)dx = 0 and anp = (I/L)J'LL(-x)cos(mD(/L)dx =
m=1,2... (these can be shown by direct integration, or
using the fact that Iag(x)dx = 0 when g(x) is an odd

- a

function). Finally,
by = (I/L)ILL(-x)si n( nmx/ L) dx

g

(X/nTOCOS(nﬂM/L)D - (I/nn?[icos(nnM/L)dx
-L

g

(2Lcosnm) / mt — ( L/ nfr®) si n( mx/ L)g = 2L(-1) " m
- L

Substituting these terns in the above Fourier series for
f(x) yields the desired answer.

See the next page.

In this case f(x) is periodic of period 2m and thus
L=min Egs. (9), (13,) and (14). The constant ag is

found to be ag = (1/Toloxdx = -1 2 since f(x) is zero on
Tt

the interval [0, 1. Likew se
an = (l/TDJOxcosnxdx = [1 - (-1)"/n?m using integration
- TU
by parts and recalling that cosnm = (-1)". Thus a, = 0
for n even and a, = 2/nm for n odd, which may be witten
as asp.1 = 2/(2n-1)2n since 2n-1 is always an odd nunber
In a simlar fashion by = (1/T0I0xsinnxdx = (—1)”ﬂln and
Tt
thus the desired solution is obtained. Notice that in

this case both cosine and sine terns appear in the
Fourier series for the given f(x).

01
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15a. 21a.

12 x? 1 4 a
21b. aozfzfdxzfxsg =2 so 2 =% and

2)22 12- B, 7 3 2

1 p2 X2 nTX

an = — cos——dx
2)22 2
1. 2x2 . nm 8x nTX 16 . nm . f
= *[ sin + cOoS - sin ] 0

4° nm 2 n2m? 2 n3s 2 “H,

(8/ nm?) cos(nm) = (-1) "8/ n?m?
where the second line for a, is found by integration by
parts or a conputer algebra system Simlarly,

1 2 n n
b, = — 2X—si n—nxdx = 0, since x2si n—nx is an odd
2)22 2 2
. 2 8 — (-1)" nTX
function. Thus f(x) = — + —Z (-1) cos—.
3 1'[2n_1 n2 2

21c. As in Eq. (27), we have sy {x) =

w| N

8 & (-1)" nTx
o cos——

NPANVAND

21d. Qbserving the graphs we see that the Fourier series
converges quite rapidly, except, at x = -2 and x = 2,
where there is a sharp “point” in the periodic function.

25.

LE L] e

" le.|R,|
leatzs |

|e.tnl|

L

Ll

el

[t] [} L]

s

w40

—

L]
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27a. First we have ﬁa”g(x)dx = J;ag(s)ds by letting x =s + T

inthe left integral. Now, if O <a < T, then from
el ementary cal cul us we know t hat

f”g(x) dx = LTg<x) dx + [*Tg(x)dx = ﬂg(x) dx + L""g(x) dx

using the equality derived above. This last sumis
J;Tg(x) dx and thus we have the desired result.

Section 10.3, Page 562

2a.

2b.

4a.

Substituting for f(x) in Egs.(2) and (3) with L =

yields ag = (1/TOJTde = 12

am = (1/T[)Lnxcosm<dx = (cosmm - 1)/mf = 0 for meven and
= -2/m? for modd; and

bm:(umﬁﬁmnmmx:-ummmnnm:(-nwﬁm

m=1,2... . Substituting these values into Eq.(1) wth

L = myields the desired sol ution.

The function to which the series converges is indicated
inthe figure and is periodic with period 2t Note that

£(x)
n
. /o ] °
- ! t ¥ - X
=in -2n -7 n 2w In
the Fourier series converges to W2 at x = -1, 1, etc.,

even though the function is defined to be zero there.
This value (1 2) represents the nean val ue of the |eft
and right hand limts at those points. In (-m O0),

f(x) =0 and f'(x) =0 so both f and f' are continuous and
have finite limts as x - -mfromthe right and as

X - 0 fromthe left. In (0, mM, f(x) =x and f'(x) =1
and again both f and f' are continuous and have limts as
X - 0 fromthe right and as x - mfromthe left. Since
f and f' are piecew se continuous on [-TL 1 the

condi tions of the Fourier theoremare satisfied.

Substituting for f(x) in Egs.(2) and (3), with L =1

yields ag = J'll( 1-x3) dx = 4/3;
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ap = Ill( 1- x?) cosntxdx = (2/ nn)Illxsi nnTxdx
= (-2/n?m?) [xcosnT[xE:Ll - Illcosnnxdx]
= 4(-1) " n%n?, and
b, = Ill( 1-x%)sinntxdx = 0. Substituting these val ues

into Eg. (1) gives the desired series.

4b. The function to which the series converges is shown in
the figure and is periodic of fundanental period 2. In
[-1,1] f(x) and f'(x) = -2x are both conti nuous and have
finite limts as the endpoints of the interval are
approached fromw thin the interval.

£(x)
1
-3 -1 1 Ix
7a. As in Problem 15, Section 10.2, we have
m & 2cos(2n-1)x (-1) "Lsi nnx
f(x) ==, + >l ;o * ]
4 L m(2n-1) n

2cos(2k-1)x  (-1) K*lsi nkx

_ T %
7b. en(x) = F(x) + kzl[ 1.

n( 2k-1) 2 k
Using a conputer algebra system we find that for
n =5, 10 and 20 the naxi mumerror occurs at X = -Ttin

each case and is 1.6025, 1.5867 and 1.5787 respectively.
Note that the author’s n values are 10, 20 and 40, since
he has included the zero cosine coefficient terns and the
sine terns are all zero at x = -Tt

7c. 1t’s not possible in this case, due to G bb's phenonenon,
to satisfy Oen(x)d < 0.01 for all x.
-rn 3 - - rn 3 - i
12a. ag = Il(x-x )dx = 0 and ap = J'l(x—x )cosntxdx = 0 since

(x-x%) and (x-x%) cosnmx are odd functions.
b, = J:ll(x—xe’) si nntxdx

x3 3x% (n2m2+6) (n2m2+6) 1
= [ —cosnTx— Si NNTX————5——XCOSNTX+——————Si nnTX] =1
nTt n2m2 n3m3 n4m
i cosntm, so f(x) = 12 i (-n" Si NN
n3m ™ & nd '
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n
12 -1k .
12b. ep(x) = f(x) + — }E( k) sinktx. These errors will be
much smaller than in the earlier problens due to the nd
factor in the denom nator. Convergence is much nore
rapid in this case

14. The solution to the correspondi ng honogeneous equation is
found by nethods presented in Section 3.4 and is
y(t) = cqcoswt + cysinwt. For the nonhonbgeneous terns
we use the nethod of superposition and consider the
sequence of equations yp + uﬁyn = bpsinnt for
n=1223... If w>01is not equal to an integer
then the particular solution to this |ast equation has
the formY, = ajcosnt + d,sinnt, as previously discussed
in Section 3.6. Substituting this formfor Y, into the
equation and solving, we find a, = 0 and d, = b/ (w? n?).
Thus the formal general solution of the origina
nonhonogeneous D.E. is

[o0]
y(t) = cicoswt + CpSinwt + }E bn(si nnt)/ (w?-n?), where
n=1
we have superinposed all the Y, terms to obtain the
infinite sum To evalute ci; and co we set t = 0 to
obtain y(0) = ¢, = 0 and
(o)
y'(0) = wcy + }Enbn/(uﬁ-nz) = 0 where we have formally
n=1
differentiated the infinite series termby term and
evaluated it at t = 0. (D fferentiation of a Fourier
Series has not been justified yet and thus we can only
consider this nethod a fornmal solution at this point).

Thus ¢, = - (1/ w) }Enbn/(wz—nz), whi ch when substit ut ed
n=1
into the above series yields the desired sol ution

If w=m a positive integer, then the particul ar
solution of yp + nfyy, = bpysinnt has the form

Ym = t(apcosm + dpsinnmt) since sinnmt is a solution of
the rel ated honbgeneous D.E. Substituting Yy, into the
D.E. yields ap = -by{2mand d, = 0 and thus the genera
solution of the DDE. (when w =m is now y(t) = cicosnt

+ Cpsinnt - bpf (cosnt)/2m + Z bn(si nnt)/ (nf-n?) .
n=1, nZm
To evaluate c; and c, we set y(0) = 0 = c; and
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15.

16.

18a.

Section 10.3

y'(0) = com- by 2m + Z byn/ (mf-n2) = 0. Thus

n=1, n#m
(o)

c, = by 2n? - z byn/ m(nf-n?), whi ch when substituted
n=1, nZm
into the equation for y(t) yields the desired sol ution

In order to use the results of Problem 14, we nust first
find the Fourier series for the given f(t). Using Egs.(2)
and (3) with L = m we find that

ag = (1/Tr)£de . (1/Tr)ﬁndx = 0;

an (1/TQJTéosnxdx - (1/T0anbosnxdx 0; and

bn 0 for n even and

(llrojjéinnxdx - (Um 211éinnxdx

= 4/nmfor n odd. Thus
f(t) = (4/mn }Esin(Zn-l)t/(Zn-l). Conparing this to the
n=1

forcing function of Problem 14 we see that b, of
Probl em 14 has the specific values by, = 0 and

bon.1 = (4/M/(2n-1) in this exanple. Substituting these
into the answer to Problem 14 yields the desired
solution. Note that we have asuned w is not a positive
integer. Note also, that if the solution to Problem 14
is not available, the procedure for solving this problem
woul d be exactly the sane as shown in Problem 14

From Problem 8, the Fourier series for f(t) is given by

(o)
f(t) =1/2 + (4/n2)Zcos(Zn-l)T[t/(Zn—l)z and thus we may
n=1
not use the formof the answer in Problem 14. The
procedure outlined there, however, is applicable and will
yield the desired sol ution.

W will assune f(x) is continuous for this part. For the
case where f(x) has junp discontinuities, a nore detailed
proof can be devel oped, as shown in part b. From Eq. (3)

1
we have b, = I‘[LLf(x)si n%dx. If we let u=f(x) and
L
dv = sinDEidx, then du = f'(x)dx and v = ——cosﬂﬂi.
L nrt L

Thus
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1 -L L
by = [ —f(x)cos "t + —ILf'(x)cosﬂdx]
L nm L nmJL L

1 1
= - [f(L)cosnm - f(-L)cos(-nm] + —ILf'(x)cosﬂdx
nTt nmJL L

1
= f'(x)cos "™ dx, since f(L) = f(-L) and
nmJL L

1 NI .
cos(-nm = cosnm. Hence nb, = —ILLf '(x)cosde, whi ch
T

exists for all n since f'(x) is piecew se continuous.
Thus nb, is bounded as n - . Likew se, for a, we

. 1 . NTX .
obtain na, = -—ILLf "(x) si anx and hence na, is al so
Tt

bounded as n - oo.

Note that f and f' are continuous at all points where f"
is continuous. Let X1, ..., Xmbe the points in (-L,L)
where f" is not continuous. By splitting up the interval
of integration at these points, and integrating Eq.(3) by
parts twi ce, we obtain

n%b, = :Zl[f(xi+)-f(xi-)]cosnmi

- F(L-)-f(-L+)] cosn
Tt

Lm, , oo Lo, o 0 NTX
nzizl[f (x;+)-f'(x1-)]sin - r@ILf (x)sin=—dx, where
we have used the fact that cosine is continuous. W want
the first two terns on the right side to be zero, for
otherwi se they grow in magnitude with n. Hence f nust be
continuous throughout the closed interval [-L,L]. The
last two ternms are bounded, by the hypotheses on f' and
f". Hence n?b, i s bounded; sinilarly n?a, i s bounded.
Conver gence of the Fourier series then follows by

(o)
conparison wth Zn'z.
n=1

Section 10.4, Page 570

3.

Let f(x) = tan2x, then
in(-2 -sin(2

f(-x) =tan(-2x) = si n(-2x) - n(2x) = —tan2x = -f(x)
cos(—2x) cos(2x)

and thus tan2x is an odd function.

Let f(x) = eX, then f(-x) = eX so that f(-x) # f(x) and
f(-x) #-f(x) and thus e * is neither even nor odd.
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7. 24
ey — e
3 ' f —t—x w/,////, *

Even Extension 0dd Extension

.,
4

%
N

_4:/

Even Extension 31 Odd Extension

-3

13. By the hint f(—Xx) = g(—x) + h(—x) = g(x) - h(x), since g
is an even function and f is an odd function. Thus
f(x) + f(—x) = 2g(x) and hence g(x) =[f(x) + f(—x)]/2
defines g(x). Likew se
f(x)-f(-x) = g(x)-g(-x) + h(x)-h(-x) = 2h(x) and thus
h(x) = [f(x) - f(-x)]/2

Al'l functions and their derivatives in Problens 14 through 30
are piecewi se continuous on the given intervals and their
extensions. Thus the Fourier Theoremapplies in all cases.

14. For the cosine series we use the even extension of the
function given in Eq.(13) and hence

EO -2 <£x <1 .
f(x) = on the interval -2 < x < 0.

Dl+x -1<x<0
However, we don’t really need this, as the coefficients
in this case are given by Egs.(7), which just use the
original values for f(x) on 0 < x < 2. Applying Egs.(7)
we have L = 2 and thus

ao (2/2)F(1-x)dx + (2/2)L20dx =1/2. Sinilarly,

an (2/2)1?(1-x)c03(nnm/2)dx = 4[1-cos(n1 2)]/n?n? and

b, = 0. Substituting these values in the Fourier series
yields the desired results.

For the sine series, we use Egs.(8) with L = 2. Thus

ap = 0 and

= (2/2)L1(1-x)sin(nm/2)dx = 4[nW 2 - sin(nw 2)]/n’m?



15.

18.

20.

Section 10.4 213

The graph of the function to which the series converges
is shown in the figure. Using Egs.(7) with L = 2 we have

'ax = 1 and an = 1cos(nnD(/Z)dx = 2sin(nt 2)/ nm

ap =
Thus a, = 0 for n even, a, = 2/nmufor n =1,5,9,...and
ap = -2/ntfor n=3,7,11, ... Hence we may wite

asy = 0 and apn.1 = 2(-1)"1/(2n-1)m1 which when
substituted into the series gives the desired answer.

b (x)

—_—

x

3

[T 3

Cu— -1 1

The graph of the function to which the series converges
is indicated in the figure.

f(x)

-1

Since we want a sine series, we use Egs.(8) to find, with
L =1 that b, = (2/TOJ:éinnxdx = 2[1-(-1) "]/ nm and thus

b, = 0 for n even and b, = 4/nm for n odd.

The graph of the function to which the series converges
is shown in the figure.

LL N 0L

We note that f(x) is specified over its entire
fundamental period (T = 1) and hence we cannot extend f
to nmake it either an odd or an even function. Using
Egs. (2) and (3) from Section 10.3 we have (L = 1/2)

ag = %I?xdx =1, aj = ZIjXCOS(ZnﬂM)dX = 0 and

b, = Zj?xsin(ZnﬂM)dx = -1/nmt  [Note: W have used the
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25a.

25

25c.

Section 10.4

results of Problem 27 of Section 10.2 in witing these
integrals. That is, if f(x) is periodic of period T,
then every integral of f over an interval of length T has
the sane value. Thus we integrate fromO to 1 here,
rather than -1/2 to 1/2.] Substituting the above val ues
into Eg. (1) of Section 10.3 yields the desired sol ution.
It can also be observed fromthe above graph that

g(x) =f(x) - /2 is an odd function. |If Egs.(8) are
used with g(x), then it is found that

(o]

g(x) = (-1/m Zsi n(2nmx)/n and thus we obtain the sane
n=1
series for f(x) as found above.

2
by = ELZ( 2-x2) si n "% dx

—2 2 NTX 8x NTX 16 NTX
= [ —(2-x“)cos - sin - cos ]
ntt 2 n2m? 2 n3me 2

4
= —(1+cosnm) + 3(1—cosm'[) and t hus
Nt

= 4n?m?(1+cosnm) + 16(1-cosnm) . . NI
= Z( 33 )sin

MANEAUAN
\ A\ VU

t(x) , £(x) 2
1
o X - x
’ 1 12

R ey i ?

f(x)

m=10

28b. For the cosine series(even extension) we have

2
= —ledx =1
2 2
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2 A NTIX 2X . NTX 4 NTIX
ap = —L xcos——dx = [~=sin + cos—]
2 2 nTt 2 n2m 2
= 2sian+ 4 cosmT— 4 so
nT 2 n2.,.[2 2 n2 2’

cos
n2m? 2

For the sine series (odd extension) we have

_ 1 - 4cos(n1’ 2) + 2ntsin(nw2) - 4 NTX
9(x) = + Zl :

24 . NTX -2X NTIX 4 . NTX
by, = —L xsin— dx = [——cos + sin ]%
2 2 nm 2 N2 2
-2 nTt 4 . N7t
= —cos— + sin—, so
nTt 2 n2m? 2
00
4sin(nt/ 2) - 2ntcos(ntv 2 . NTX
h(x) = Z ( ) 3.5 ( ) sin .
- neTr 2
n=1
o 9ix)
28c.
L even
m=40
[ 1]
"
¥ N
e

“r

¥ "ﬂi& * é‘" n!

L

28d. The maxi num error does not approach zero in either case,
due to G bb’s phenonenon. Note that the coefficients in
both series behave like 1/n as n - o since there is an
n in the numnerator.

31. V& have J'LLf(x)dx :IOLf(x)dx +‘[)Lf(x)dx. Now, if we |et
X = -y inthe first integral on the right, then

J’L"f(-y)(-dy) :J(;Lf(-y)dy = -J(',Lf(y)dy. Thus
-J;Lf(y)dy + J;)Lf(x)dx = 0.

'_2)
—
—
X
~
o
x
1

—
—~
X
~
o
X
1

32. To prove property 2 let f1 and f, be odd functions and
let f(x) =fq1(x) £ fo(x). Then f(-x) = fq1(-%x) £ fo(-x) =

-Fa(x) £ [-fa(x)] = -fi(x) + fa(x) = -f(x), so f(x) is
odd. Now let g(x)= f1(x)fa(x), then

9(-x) = fa(-x)fa(-x) = [-f10)T[-Fa(x)] = Fa(x)f2(x) = g(x)
and thus g(x) is even. Finally, let h(x) = f{(x)/fa(x)
and hence h(-x) = fq1(-x)/fa(-x) = [-f2(xX)]/[-f20x)] =
f1(x)/fo(x) = h(x), which says h(x) is also even.
Property 3 is proven in a simlar manner.
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34. Since F(x) = fo(t)dt we have

F(-x) :L‘Xf(t)dt = -fo(-s)ds by lettingt = -s. |If f
is an even function, f(-s) = f(s), we then have
F(-x) = -fo(s)ds = -F(x) fromthe original definition of

F. Thus F(x) is an odd function. The argunent is
simlar if f is odd.

35. Set x = L/2 in Eqg.(6) of Section 10.3. Since we know f
is continuous at L/2, we may conclude, by the Fourier
theorem that the series will converge to
f(L/2) =L at this point. Thus we have

L=L/2+ (2L Z(-l)”+l/(2n-1), since
n=1
si n[ (2n- 1)TV2] = (-1)™% Dividing by L and sinplifying

n+1 ® n
yields — z (-1) CH7

(2n-1) = 2n+1

37a. Multiplying both sides of the equation by f(x) and
integrating fromO to L gives

J;L[f(x)]zdx = J(;L[f(x) ansin(nnx/L)]dx
n=1

[ee]

= an “f(x)sin(nm/L)dx = (L/2) sz, by Eq.(8).

n=1 n=1
This result is identical to that of Problem 17 of Section
10.3 if we set a, =0, n=20,1,2,... , since
1 2 . .
IILL[f(X)]ZdX = I-[)I‘[f(x)]zdx . In a sinilar nmanner, it

can be shown that

00

(2/L)LL[f(x)]2dx = a3/2 + Zaﬁ.

n=1

37b. Since f(x) = x and b, = 2L(-1) " nmt (from Eq. (9)), we
obtain

(2/L)L[f(x)]2dx = (2/L)J(;L x2dx = 2L%/3 = sz =

Z4L2/ n?m? = 4L% 1 2(1/ n2) or T4 6 = 2(1/ n2).

n=1 n=1
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We assune that the extensions of f and f' are piecew se
continuous on [-2L,2L]. Since f is an odd periodic
function of fundanmental period 4L it follows from
properties 2 and 3 that f(x)cos(nmx/2L) is odd and
f(x)sin(nmx/2L) is even. Thus the Fourier coefficients
of f are given by Egs.(8) with L replaced by 2L; that is
ap,=0, n=0,1,2,... and

bn (2/2L)L2Lf(x)sin(nnx/ZL)dx, n=12.... The

Fourier sine series for f is f(x) = ansi n(nmx/ 2L) .
n=1
From Probl em 38 we have b, = (1/ L)LZLf(x)si n(nmx/ 2L) dx

(1/ L)LLf(x)si n(nmx/ 2L) dx + (1/ L)J’LZLf(zL-x)si n( nmx/ 2L) dx
(1/L)E‘f(x)si n(nmx/ 2L) dx - (1/L)ff(s)si n[nm(2L -s)/2L]ds
(1/ L)LLf (x) si n(nTx/ 2L) dx- ( 1/ L)LLf (s) cos(nT) si n(nTs/ 2L) ds

and thus b, = 0 for n even and
b, = (2/ L)LLf(x)si n(nmx/ 2L)dx for n odd. The Fourier

series for f is given in Problem 38, where the b, are
gi ven above.

Section 10.5, Page 579

3.

We seek solutions of the formu(x,t) = X(x)T(t).
Substituting into the P.D.E vyields X'T + XT + XT' =
XT+ (X + XT =0. Formally dividing by the quantity
(X + X)T gives the equation X'/ (X + X) = -T/T in which
the variables are separated. 1In order for this equation
to be valid on the domain of u it is necessary that both
sides be equal to the same constant A. Hence

XT(X +X) =-T/T = A or equivalently,

X' - MX +X) =0and T + AT = 0.

We seek solutions of the formu(x,y) = X(x)Y(y).
Substituting into the P.D.E. yields X'Y + (x+y)XY" =

X'Y + xXY" + yXY" = 0. Formally dividing by XY yields
X'IX + xY''Y + yY'[Y = 0. Fromthis equation we see that
the presence of the independent variable x nultiplying
the termuyy in the original equation leads to the term
xY'I'Y when we attenpt to separate the variables. It
follows that the argunent for a separation constant does
not carry through and we cannot replace the P.D.E. by two
O D E.
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Fol | owi ng the procedures of Egs.(5) through (8), we set
u(x,y) = X(x)T(t) in the P.D.E. to obtain X'T = 4XT', or

X'X = 4T'/T, which nmust be a constant. As stated in the text
this separation constant nust be -2 (we choose -A? so that
when a square root is used later, the synbols are sinpler)
and thus X" + A°X =0 and T + (A% 4)T = 0. Now u(0,t) =
X(0)T(t) =0, for all t >0, yields X(0) = 0, as discussed
after Eq.(11) and sinmlarly u(2,t) = X(2)T(t) = 0, for al

t >0, inplies X(2) = 0. The D.E for X has the solution
X(x) = CicosAx + GsinAx and X(0) = 0 yields C = 0. Setting
X =2 in the remaining formof X yields X(2) = Cysin2a = 0,
whi ch has the solutions 2\ = nttor A = nw2, n=1,2,..

Note that we exclude n = 0 since then A = 0 would yield

X(x) = 0, which is unacceptable. Hence

X( x) sin(nx/2), n=1,2,... . Finally, the solution of the
D.E. for T yields T(t) = exp(-A%t/4) = exp(-n?m?t/16). Thus we
have found up(x,t) = exp(-nm?t/16)sin(nmx/2). Settingt = 0
in this | ast expression indicates that u,(x,0) has, for the
correct choices of n, the sane formas the terns in u(x,O0),
the initial condition. Using the principle of superposition
we know t hat

u(x,t) = cqui(x,t) + coup(Xx,t) + caus(x,t) satisfies the
P.D.E. and the B.C. and hence we let t = 0 to obtain

u(x,0) = cqui(x,0) + coux(x,0) + cgus(x,0) =

€C1Si NTX/ 2 + cysinmX + c4sin2mx. |If we choose cq = 2,

Cr, =-1and ¢4 = 4 then u(x,0) here will nmatch the given
initial condition, and hence substituting these values in
u(x,t) above then gives the desired sol ution

Since the B.C. for this heat conduction problemare
u(0,t) = u(40,t) =0, t >0, the solution u(x,t) is given
by Eq.(19) with a® = 1 cnf/sec, L = 40 cm and the
coefficients c, determ ned by Eq.(21) with the |I.C

u(x,0) =f(x) =x, 0<x <20; =40 - x, 20 < x < 40.

1 . N1 . N
Thus cp, = —[ 2Oysindx + 40(40—x)S|n“ldx]
20 40 0 40
160 . nm
= 5 ,sin—. It foll ows that
neT 2
(o]
160 sin(nt/ 2 . NTX
u(x,t) = ( ) o-n2ret/1600; |,

™ n? 40
n=1
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15a.
L]
«| u(lo,t
L]
15b W 11 i T b
| “(S:t-) R
= (L U{ls.tl
LA o
L L 10 tl‘. e i Wi I‘.’h
15c.
LT
'l u(20,t
(] T e tHe

15d. As in Exanple 1, the maxi numtenperature will be at the
m dpoint, x = 20, and we use just the first term since
the others will be negligible for this tenperature, since
t is so large. Thus

160
u(20,t) =1 = ——sin(mw2)e ™/1600gi n( 201 40). Sol ving

2
for t, we obtain e ™t/1600 = 12/ 160, or
1600 160
t = ——In—— = 451. 60 sec.
™ ™

18a. Since the B.C. for this heat conduction problemare
u(0,t) = u(20,t) =0, t >0, the solution u(x,t) is given by
Eg.(19) with L = 20 cm and the coefficients c, deterni ned by
Eg.(21) with the 1.C u(x,0) = f(x) = 100°C. Thus
cn = (1/10) [*°(100) si n(nmx/ 20) dx = -200[ (-1) "™ 1]/nm and hence



220

18b.

19b.

20.

22.

Section 10.5

Con = 0 and con.1 = 400/ (2n-1)1t  Substituting these val ues
into Eqg.(19) yields

00 — -1) 21202
400 e (2n-1) 21202t / 400 . 2n-1) Tx
u(x,t) = Z Si n( )
s 2n-1 20
n=1
For al uninum we have a? = .86 cnf/sec (from Tabl e

10.5.1) and thus the first two termnms give

u( 10, 30) 400{e—rr2(.86) 30/400 _ 1 -ore(.86)30/ 400y
T 3
67.228°C. If an additional termis used, the
tenperature is increased by
80 -25m2(.86)30/400 — 3 » 10-6 degrees C.
)

Using only one termin the series for u(x,t), we nust
solve the equation 5 = (400/ ) exp[—nz(.86)t/400] for t.
Taking the | ogarithm of both sides and solving for t
yields t 0400l n(80/m)/m?(.86) = 152.56 sec.

Applying the chain rule to partial differentiation of u
with respect to x we see that ux = ugx = ug(l/L) and
Uxx = Ug(1/L)%  Substituting ug/L? for uy in the heat
equation gives a?ug/L? = uy or ug = (L% a?)u. Ina

2

simlar manner, u; = Uy = uT(cle L2) and hence Ui = Ug

a?
and thus ug = ur.

Substituting u(x,y,t) = X(x)Y(y)T(t) in the P.D.E. vyields
0(2(X"YT + XY'T) = XYT', which is equivalent to

X + Y = T . By keeping the independent variables x

X Y a’T

and y fixed and varying t we see that T/ a®T nust equal
some constant o; since the left side of the equation is
fixed. Hence, X'/X + Y'/Y = T/a?T = gy, or

X'IX =07 - Y/Y and T' - 0,0°T = 0. By keeping x fixed

and varying y in the equation involving X and Y we see
that o7 - Y'Y nust equal sonme constant oy since the |eft
side of the equation is fixed. Hence,

X'IX =01 - YIY =0y s0 X" - 0X=0and Y -(o; - 0)Y = 0.
For T'- 01a?T = 0 to have solutions that remain bounded as
t - oo we nust have o; < 0. Thus, setting o; = -A%, we have
T + a?A?T = 0. For X' - 02X = 0 and honpgeneous B.C., we
conclude, as in Sect. 10.1, that o, < 0 and, if we |et
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0, = -p%, then X' + p?X = 0. Wth these choices for o; and o
we then have Y" + (A2-pd)Y = 0.

Section 10.6, Page 588

3. The steady-state tenperature distribution v(x) nust
satisfy Eq.(9) and also satsify the B.C. v,(0) = 0,

v(L) = 0. The general solution of v" =0 is

V(X) = AXx + B. The B.C. v4(0) =0 inplies A =0 and then
v(L) =0 inplies B =0, so the steady state solution is
v(x) = 0.

7. Agai n, v(x) nust satisfy v" =0, v'(0) -v(0) =0 and v(L) = T.
The general solution of v" = 0 is v(x) = ax + b, so v(0) = b,
v(0) =aand v(L) = T. Thus a- b =0 and aL + b = T, which
give a =b = T/(1+L). Hence v(x) = T(x+1)/(L+1).

9a. Since the B.C. are not honobgeneous, we nust first find
the steady state solution. Using Egs.(9) and (10) we have
v = 0 with v(0) = 0 and v(20) = 60, which has the
solution v(x) = 3x. Thus the transient solution wx,t)
satisfies the equations a®wy = w, WO,t) = 0,
w(20,t) = 0 and w(x,0) = 25 - 3x, which are obtained from
Egs. (13) to (15). The solution of this problemis given
by Eq.(4) with the c, given by Eq.(6):

1 . NTX
Ch = — 20(25—3x)5|n4—ldx = (70cosnm+0)/ nm, and thus
10 20
[0
70cosnmt + 50 . N
u(x,t) = 3x + j{ g0 8621t/ 400g; n " gj pce
nTt 20
n=1
a? = .86 for alum num
9b. 9c.
m U
» steady statefl s =
| 0(:-0)? u(x,5) x=10
1]
o u(x,15) g x=5
x o t
D (] [ 1] ™ L] (L] e (L]

9d. Using just the first termof the sum we have
20 . T
u(5,t) = 15 — ——g0- 867t/ 400g; n, =15 % .15 Thus
I
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12a.

12b.

12c.

12d.

Section 10.6

20 . T . .
A—fe*186“”’4005|n2: = .15, which yields t = 160.30 sec.

Tt

To obtain the answer in the text, the first two terns of
the sum nust be used, which requires an equation sol ver
to solve for t. Note that this reduces t by only .01
seconds.

Since the B.C. are uy(0,t) = u,(L,t) =0, t >0, the
solution u(x,t) is given by Eq.(35) with the coefficients
Ccn determ ned by Eq.(37). Substituting the I.C

u(x,0) =f(x) =sin(rx/L) into Eq.(37) yields

co = (2/L)j:sin(nM/L)dx = 4/m and

ch = (2/L)jjsin(nx/L)cos(nnx/L)dx

(1/L)j}{sin[(n+1)nM/L] - sin[(n-1)mx/L]}dx

(/m{[1 - cos(n+l)m]/(n+l) - [1 - cos(n-1)m/(n-1)}
0, nodd; = -4/(n%1)m n even. Thus

u(x,t) = 2/TE(4/n)}Eexp[-4n2n2a2t/L2]cos(2nnu/L)/(4n2-1)
n=1

where we are now sunmming over even ternms by setting
n = 2n.

As't - oo we see that all terns in the series decay to
zero except the constant term 2/1m Hence
{in1u(x,t) =2/m

- 00

1 1
08 b u(s,t)
06 £=100 -
04 o /
u(x,t) t=20
0.2 [}]
t=0
TR H m h LIRS e T e
11 19
10,
as uf t) " \
I.--"""-----—___

s os
" L u(20,t)
02 02

o ] F] E ] 0 ® o [] F ] £ (] ]

The original heat in the rod is redistributed to give the
final tenperature distribution, since no heat is |ost.
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14b.

14c.
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Since the ends are insulated, the solution to this
problemis given by Eq.(35), with 0° =1 and L = 30, and

_ Co c 2.2
Eg. (37). Thus u(x,t) = > + chexp(—n 1“t / 900) cos( ntix/ 30) ,
n=1
wher e
2 1 25
Cop = — 30f(x) dx = — [*%5dx = 2 and
30 15 3
2 NTX 1 NTX 50, . nm . nm
—LSf(x)cos—dx = — 1025005—dx = —J[sin— - sin—].
30 30 15 30 nTt 3 6
- 8 \
o uix,t) ‘ ;
15
10 4 ufo, ) :: ul5,t)
5 2 0
o 5§ W 5 2 2% B o CE EEE] % ] au

wi20,t) L

ullo.z)

FEEEELLELEEE]

“ s
[] . il e
’ \

steady state

°o. 2 © | ® ) %0

Although x = 4 and x = 1 are synmetrical to the initial
tenmperature pul se, they are not symetrical to the insulated
end points.

Substituting u(x,t) = X(x)T(t) into Eg.(1) leads to the
two OD.E. X' - oX =0 and T' - a?T = 0. An ar gunment
simlar to the one in the text inplies that we nust have
X(0) =0 and X(L) = 0. Also, by assunming o is real and
considering the three cases 0 <0, 0 =0, and 0 > 0 we
can show that only the case o < 0 leads to nontrivial
solutions of X' - oX =0 with X(0) = 0 and X(L) = 0.
Setting 0 = -A%, we obtain X(x) = kiSi nAX + kyCOSAX.

Now, X(0) =0 - kp = 0 and thus X(x) = kiSi nAx.
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15b.

19.

Section 10.7

Differentiating and setting x = L yields AkjcosAL = 0.
Since A =0 and k; = 0 lead to u(x,t) = 0, we nust choose
A so that cosAL = 0, or A = (2n-1)1W2L, n=1,23,..
These values for A inply that o = -(2n-1)2n% 4L2 so the
solutions T(t) of T - 00T = 0 are proportional to

exp[ - (2n-1) ?rma?t/4L%]. Conbining the above results

| eads to the desired set of fundanmental sol utions.

In order to satisfy the I.C. u(x,0) = f(x) we assune that
u(x,t) has the form

u(x,t) = chexp[-(Zn-l)znzazt/4L2]sin[(2n-l)nx/2L]. The
n=1

coefficients c, are determ ned by the requirement that
(o)

u(x,0) = }Ecnsin[(Zn—l)ﬂMIZL] = f(x). Referring to
n=1

Probl em 39 of Section 10.4 reveals that such a

representation for f(x) is possible if we choose the

coefficients c, = (2/L)J?f(x)sin[(2n-1)nx/2L]dx.

W nust solve vi(x) =0, 0 £ x < a and v3(x) = 0,

a <x <L subject to the B.C. v1(0) =0, vy(L) =T and
the continuity conditions at x = a. For the tenperature
to be continuous at x = a we nust have vi(a) = vy(a) and
for the rate of heat flow to be continuous we must have
-K1Avi(a) = -KpAvh(a), fromEq. (2) of Appendix A The
general solutions to the two OD.E are vi(x) = Cx + Dy
and vy(x) = Gx + Dp,. By applying the boundary and
continuity conditions we may solve for C, Dy, and C, and
D, to obtain the desired solution.

Section 10.7, Page 600

la.

Since the initial velocity is zero, the solution is given
by Eq.(20) with the coefficients c, given by Eq.(22).
Substituting f(x) into Eq.(22) vyields

2X NTIX 2(L—x NTIX
Ch = 47[ L1228 sin ™ gy + J'L (LX) §in dx]
n L L/2 L L
8 . nm
= 5 5sin—. Thus Eq. (20) becones
neT 2
8 «— 1 nrt NTX nrat
u(x,t) = }E—Af n4473|ngggfcos .
n2 L L

n=1
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]
&
1
)
— :

-1 | u(x,7.5) -1 | u(x,10)

ull,t) 1, uld,t) ut! t)
DR 10 Y S _\ 10 L
20 D

‘ ¥ -__-_.L/
=5

The graphs in part b can best be understood using Eq. (28)
(or the results of Problens 13 and 14). The origina
triangul ar shape is conposed of two sinmilar triangles of
1/2 the height, one of which noves to the right, h(x-at),
and the other to the left, h(x+at). Recalling that the
series are periodic then gives the results showm. The
graphs in part ¢ can then be visualized fromthose in
part b.

The notion is governed by Egs. (1), (3) and (31), and thus
the solution is given by Eq.(34) where the k, are given
by Eq. (36):

4x_ NTIX . NTX 4(L-x) . nTX
4447[ L4 n—-adx + JGL/4S|n4447dx + J: ( ) sin dx]
L L L/ 4 L

nma L L L
8L . nm . 3nm . . S
= 55 (sin—= +sin—=). Substituting this in Eq.(34)
n>ma 4 4
3nmt

8L — sty + 8! 4 NTIX nrat
yields u(x,t) = 3 }E 3 sin sin

arm & n L L

t-!-i-?.!j
t=0,10, N-‘

T ] [} ¥
tel2.5, l?.!-j
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6¢C. 4 ul2.5.t) au(5,t)

VN L |
R AV

9. Assuming that u(x,t) = X(x)T(t) and substituting for uin
Eg. (1) leads to the pair of OD. E. X' + oX = 0,
T + a’0T = 0. Applying the B.C. u(0,t) = 0 and
uy(L,t) = 0 to u(x,t) we see that we must have X(0) =0
and X' (L) = 0. By considering the three cases o < 0,
0=0, and 0 > 0 it can be shown that nontrivial solutions of
the problem X' + oX = 0, X(0) =0, X(L) = 0 are possible if
and only if o = (2n-1)2n2/4L2, n=12,... and the
correspondi ng solutions for X(x) are proportional to
sin[(2n-1) ™/ 2L]. Using these values for o we find that T(t)
is a linear conbination of sin[(2n-1)mat/2L] and
cos[(2n-1)mat/2L]. Now, the I.C u;(x,0) inplies that
T(0) = 0 and thus functions of the form
un(x,t) = sin[(2n-1)mx/2L]cos[(2n-1)mat/2L], n =1,2,...
satsify the P.D.E. (1), the B.C. u(0,t) =0, uyx(L,t) =0,
and the I.C. ui(x,0) = 0. W now seek a superposition of
t hese fundanmental solutions u, that also satisfies the
I.C. u(x,0) =f(x). Thus we assune that

u(x,t) = chsi n[ (2n-1) x/ 2L] cos[ (2n-1) mat/ 2L]. The
n=1
I.C. nowinplies that we nmust have

f(x) = chsi n[ (2n-1) mx/ 2L]. From Probl em 39 of Section
n=1

10.4 we see that f(x) can be represented by such a series

and t hat

ch = (2/ L)E‘f(x)si n[(2n-1)mx/2L]dx, n =1,2,...

Substituting these values into the above series for
u(x,t) yields the desired sol ution.

10a. From Probl em 9 we have
2 L+2)/ 2. n(2n—1)Tl><

Ch = — dx
LXL-2)/2 2L
-t [ cos( (2n-1) n(L+2) ) — cos( (2n-1) n(L-2) )1
(2n-1) 1t 4L 4L
8 Si n(zn_l)nsi n(2n—1)n usi ng the

C (2n-1) T 4 2L
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10c.

13.

14.
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trigonometric relations for cos(A £ B). Substituting
this value of c, into u(x,t) in Problem9 yields the
desired sol ution.

I = Wa T VI

u(x,5.5) J' u(x,8) u(x,10)
Ll

| U-._.L;—.I—; —-Dﬂ—l—-l—’a — 1%

L -
P =T

o x=7.5

X x=2.% | 2?5

o x=2.5

Using the chain rule we obtain uy = ugy + uyny =

Ug + Uy since & =ny = 1. Differentiating a second tine
gi VeS Uyxyx = Ug + 2Ugy + Upp.  In a similar way we obtain
U = Ugg + upne = -aug + aup, since & = -a, ng = a. Thus
Ut = a@®(Ug - 2Ugy + Upy). Substituting for uxx and ugy

in the wave equation, we obtain ug = 0. Integrating
both sides of ug = 0 with respect ton yields

ug(&n) = y(& where yis an arbitrary function of &
Integrating both sides of ug(&n) = y(§ wth respect to g
yields u(g,n) = Jy(&dg + P(n) = @& + Y(n) where Y(n)

is an arbitrary function of n and [y(&) d§ is some
function of & denoted by @ &) . Thus

u(x,t) = u(&(x, t),n(x,t)) = @x - at) + d(x + at).

The graph of y = sin(x-at) for the various values of t is
indicated in the figure on the next page. Note that the
graph of y = sinx is displaced to the right by the

di stance “at” for each value of t.
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16.

17a.

17b.

17c.
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Simlarly, the graph of y = @ x + at) would be displaced
to the left by a distance “at” for each t. Thus
@o(x + at) represents a wave noving to the left.

Wite the equation as a?uyx = Uiy + au and assune

u(x,t) = X(x)T(t). This gives a?xX'T = XT" + a?XT,

or X oL (T
X a2 T

-A? usi ng the same argunments as in the text and earlier

problems. Thus X" + A2X = 0, X(0) = 0, X(L) = 0 and

T + (a2 + z2A9)T =0, T(0) = 0. If we let B = A2a+a?,

. NTX N7
we then have up(x,t) = cosPptsi nT, where A, = I

+ 02) = 0. The separation constant ¢ is

(o)
NTX
Usi ng superposition we obtain u(x,t) = chcoantsi nT
n=1
— NnTX
and thus u(x,0) = chsi nT = f(x). Hence c, are given
n=1
by Eq. (22).

We have u(x,t) = ¢@(x-at) + Y(x+at) and thus
ut(x,t) = -ag@'(x-at) + ax'(x+at). Hence

u(x,0) = @x) + W(x) = f(x) and

ut(x,0) = -ag@(x) + a@'(x) = 0. Dviding the |ast
equation by a yields the desired result.

Using the hint and the first equation obtained in part (a)
leads to @(x) + Y(x) = 2¢(x) + ¢ = f(x) so

e x) = (1/2)f(x) - c/2 and Y(x) = (1/2)f(x) + c/2. Hence
u(x,t) = @x - at) + @(x + at) = (1/2)[f(x - at) - c] +
(1/2)[f(x +at) +c] = (1/2)[f(x - at) + f(x + at)].

Substituting x + at for x in f(x) yields

[2 -1 <x+at <1
f(x +at) = . .
00 ot herw se
Subtracting “at” fromboth sides of the inequality then

yi el ds
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L2 -1- at <x < 1- at
f(x +at) = _ .
00 ot herw se

As in Problem 17a, we have u(x,0) = ¢@(x) + ¢(x) = 0 and
ur(x,0) = -a@(x) + ay' (x) = g(x).

From part (a) we have Y(x) = -@(x) which yields
-2a@(x) = g(x) fromthe second equation in part a.
-1
Integration then yields @ x) - @(xg) = —Lxg(i)dz and
2a Ko
hence

W(x) = (1/2a)J’XXOg(£)da - ®(xo) -

u(x,t) = @(x-at) + Y(x+at)
= -(1/2a) [ g(&)dE + @(xo) + (1/2a) [g(&)dE - @(x0)

X0

X +at

(1/2a)[ g(&)dE - Lx'atg(z)da]

0

g9(&) dg + L g( &) dg]

-at

0
X +at

(1/2a) [

X +at

(1/2a 9( &) de.
-at

Substituting u(r,0,t) = R(r)©(8)T(t) into the P.D. E.
yields ROT + ROT/r + RO"T/r? = ROT"/a% or equivalently
R/R+ R/ITR+ ©76r2 = T"/a%T. In order for this
equation to be valid for 0 <r <rg, 06 <2m, t >0,
it is necessary that both sides of the equation be equal
to the sane constant -o. Qherw se, by keeping r and 6
fixed and varying t, one side would remain unchanged
while the other side varied. Thus we arrive at the two
equations T" + 0a’T = 0 and r°R'/R + rR/R + or? = -@"/ ©.
By an argunent simlar to the one above we concl ude that
both sides of the last equation nust be equal to the sanme
constant & This leads to the two equations

r’R' + rR + (or? - 3R =0 and © + 30 = 0. Since the
circul ar nenbrane i s continuous, we mnmust have

O(2m) = ©(0), which requires & = uz, [ a non-negative
integer. The condition ©(2mM = ©(0) is also known as
the periodicity condition. Since we also desire
solutions which vary periodically in time, it is clear
that the separation constant o should be positive,

o = A2 Thus we arrive at the three equations

rR' + rR + (AMr2 - p)R=0, @ + p%0 = 0, and

T + A\2%a%T = 0.
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la. Assuming that u(x,y) = X(x)Y(y) leads to the two O D. E
X'"- 0oX=0, Y +0oY=0 The B.C. u(0,y) =0,
u(a,y) = 0 inply that X(0) = 0 and X(a) = 0. Thus
nontrivial solutions to X' - oX = 0 which satisfy these
boundary conditions are possible only if o = -(n1 a)z,
n=12...; the corresponding solutions for X(x) are
proportional to sin(nmx/a). The B.C. u(x,0) =0 inmplies
that Y(0) = 0. Solving Y" - (nTVa)ZY = 0 subject to this
condition we find that Y(y) mnust be proportional to
sinh(nmny/a). The fundamental solutions are then
unp(x,y) = sin(nmx/a)sinh(nmy/a), n=1,2,..., which
sati sfy Laplace's equation and the honbgeneous B.C. W
assune that u(x,y) = chsi n(nmx/ a) si nh(nmny/ a), where

n=1
the coefficients c, are determned fromthe B.C
u(x,b) = g(x) = chsi n(nmx/ a)sinh(nmb/a). It follows
n=1

t hat
cpSinh(nmb/a) = (2/ a)-Lag(x)si n(nix/a)dx, n =1,2,...

1b. Substituting for g(x) in the equation for c, we have
cpSi nh(ntb/a) = (2/ a)[Lalzxsi n(nmx/ a) dx +

Ez(a-x)si n(nmx/a)dx] = [4a si n(m‘d2)]/n2n2, n=12...,

so ¢y = [4a sin(nt 2)]/[n?n?si nh(nmb/a)]. Substituting
t hese val ues for c, in the above series yields the
desired sol ution.

lc.
u
1.4}
x=1.5
12
1
(1]
" x=1,2
(X
L x=.5,2.5
0.2 "
x=0,3 -I
b [¥] [0 [ [ 1Y
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Y‘ ‘Qgg%%%i// |

LA

[ L]

\—l”
e
oy \ /
M e a

4 [ S T T S R X M
In solving the D.E. Y" - A2Y = 0, one normal ly wites
Y(y) = cisinhAy + cocoshAy. However, since we have
Y(b) =0, it is advantageous to rewite Y as
Y(y) = disinhA(b-y) + dycoshA(b-y), where d;, d, are al so

arbitrary constants and can be related to c;, c» using

t he appropriate hyperbolic trigononetric identities. The
i mportant thing, however, is that the second formal so
satisfies the D.E. and thus Y(y) = disinhA(b-y) satisfies
the D.E. and the honbgeneous B.C. Y(b) = 0. The rest of
the problemfollows the pattern of Problem 1.

Let u(x,y) = v(x,y) + w(x,y), where u, v and w al
satisfy Laplace's Eq., v(Xx,y) satisfies the conditions in
Eq. (4) and w(x,y) satisfies the conditions of Problem 2.

Foll owi ng the pattern of Problem 3, one could consider
addi ng the solutions of four problens, each with only one
non- honogeneous B.C. It is also possible to consider
adding the solutions of only two problens, each with only
two non-honogeneous B.C., as long as they involve the
sanme variable. For instance, one such problem would be
Uxx + Uyy = 0, u(x,0) =0, u(x,b) =0, u(0,y) = k(y),
u(a,y) = f(y), which has the fundanental sol utions
un(Xx,y) = [cpsinh(nmx/b) + dhcosh(nmx/b)]sin(nmny/b).

(o)

Assum ng u(x,y) = }Eun(x,y) and using the B.C

n=1
u(0,y) = k(y) we obtain d, = (2/b)J:k(y)sin(nny/b)dy.
Using the B.C. u(a,y) = f(y) we obtain
cpsi nh(nma/b) + dycosh(nma/b) = (2/b)Jff(y)sin(nny/b)dy, whi ch
can be solved for cp, since d, is already known. The second
problem in this approach, would be uyx + uyy = 0, u(x,0) =

h(x), u(x,b) = g(x), u(0,y) =0 and u(a,y) = 0. This has the
fundanment al sol utions
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un(x,y) = [apsinh(nmny/a) + b,cosh(nmy/a)]sin(nmx/a, so that
u(x,y) = Zun(x,y). Thus u(x,0) = h(x) gives

n=1
b, = (2/ a)Lah(x)si n(nmx/ a)dx and u(x, b) = g(x) gives

apsi nh(nmb/a) + bjcosh(nmb/a) = (2/ a)Lag(x)si n(nmx/ a) dx, which

can be solved for a, since b, is known.

5. Using Eq.(20) and foll owi ng the sane argunents as
presented in the text, we find that R(r) = kqr" + kpr™"
and ©(8) = cqsinnB + cycosnB, for n a positive integer,
and ug(r,0) =1 for n = 0. Since we require that u(r,0)
be bounded as r - o, we conclude that k; = 0. The
fundanmental solutions are therefore
un(r,8 = r""cosnd, vu(r,B8 =r""sinnG n =1,2,...
together with ug(r,0 = 1. Assumng that u can be
expressed as a |linear conbination of the fundanmental
sol utions we have

u(r,8 = col2 + Zr'”(cncosne + kpsinnB). The B.C
n=1
requires that

u(a,B) =cg/2 + Za'”(cncosne + kpsinnB) = f(0) for
n=1

0 <0 <2 This is precisely the Fourier series

representation for f(0) of period 2m and thus

a"c, = (1/11)J;2f(6)cosn6d6, n=012... and
a "k, = (1/T[)L2f(e)si nnede, n = 1,2...

7. Again we let u(r,8) = R(r)©(6) and thus we have
r’°R' + rR - oR =0 and © + 0® = 0, with R(0) bounded and
the B.C. ©(0) = ©(a) = 0. For 0 < 0 we find that
©(0) =0, so we let 0 = A2 (A% real) and thus
O(0) C1COSAB + cpsinAB. The B.C. ©(0) =0 - ¢; = 0 and
the B.C. ©(a) =0 - A =nwWa, n=1,2,...
Substituting these values into Eq.(31) we obtain
R(r) = kyr"® & kor-"W A  pHowever k, = 0 since R(0) nust
be bounded, and thus the fundanmental solutions are
Un(r,8) = r""%jn(nm@ a). The desired solution may now
be fornmed using previously discussed procedures.
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Separating variables, as before, we obtain

X" + A2X = 0, X(0) =0, X(a) =0 and Y" - A2Y = 0, Y(y) bounded
as y - oo. Thus X(x) = sin(nm/a), and A2 = (nTVa)?

However, since neither sinhy nor coshy are bounded as y - oo,
we nust wite the solution to Y" - (nTVa)ZY =0 as

Y(y) = ciexp[nny/a] + coexp[-nny/a]. Thus we nust choose

c1 = 0 so that u(x,y) = X(x)Y(y) - 0as y - oo. The

fundanental solutions are then un(x,t) = e "/ 3sjn(nmx/a).
(o)

u(x,y) = }Ecnun(x,y) t hen gives
n=1
- 2 M NTX
u(x,0) = }Ecnsin(nnula) = f(x) so that c, = Aigf(x)sin———dx.
a a

n=1

2 . nTX 43?2
Cn :A—J?x(a—x)5|n———dx = 3 3(1—cosnn}
a a n°T

Using just the first termand letting a = 5, we have

200
u(x,y) = e /5 sinﬂ%, which, for a fixed y, has a maxi num
e 5

at x = 5/2 and thus we need to find y such that

2
u(s/2,y) = ;2)e'm”5 = .1. Taking the logarithmof both

sides and solving for y yields yg = 6.6315. Wth an equation
solver, nore terms can be used. However, to four decim
pl aces, three terms yield the sane result as above.

Assuming that u(x,y) = X(x)Y(y) and substituting into
Eg. (1) leads to the two OD.E. X' - oX =0, Y + oY = 0.
The B.C. u(x,0) =0, uy(x,b) =0 inply that Y(0) = 0 and
Y(b) = 0. For nontrivial solutions to exist for

Y' + oY = 0 with these B.C. we find that ¢ nust take the
val ues (2n-1)2m?/4b%, n = 1,2,...; the corresponding
solutions for Y(y) are proportional to sin[(2n-1)mny/2b].
Solutions to X" - [(2n-1)2m?/ 4b%]X = 0 are of the form
X(x) = Asinh[(2n-1) ™x/2b] + Bcosh[(2n-1)m/2b]. However,
t he boundary condition u(0,y) = 0 inplies that

X(0) =B =0. It follows that the fundanental solutions
are up(x,y) = cpsinh[(2n-1) ™/ 2b]sin[(2n-1)ny/2b],
n=122... . To satisfy the remaining B.C. at x = a we

assune that we can represent the solution u(x,y) in the
0]

formu(x,y) = }Ecnsinh[(Zn—l)nM/Zb]sin[(2n—1)ny/2b].
n=1
The coefficients c, are determned by the B.C.
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(o)
u(a,y) = chsi nh[ (2n-1) ma/ 2b] sin[ (2n-1) y/ 2b] = f(y).
n=1
By properly extending f as a periodic function of period
4b as in Problem 39, Section 10.4, we find that the
coefficients c, are given hy

cpSinh[(2n-1) ma/ 2b] = (2/ b)Lbf (y)sin[(2n-1) ny/ 2b] dy,
n=12...
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2

Since the B.C. at x = 1 is nonhonbgeneous, the B.V.P. is
nonhonbgeneous.

The D.E. may be witten y" + (A-x2)y = 0 and is thus
honogeneous, as are both B.C.

Since the D.E. contains the nonhonbgeneous term1, the
B. V. P. i s nonhonbgeneous.

If A 0, then y(x) = cix + c, and thus y(0) = cy,

y(1) c1 + Cc2, y¥'(0) =c¢q and y'(1) = c1. Hence the B.C
yield the two equations ¢c, - ¢1 =0 and ¢c;1 + ¢, + ¢4 =0
which give c; = ¢cp, = 0 and thus A = 0 is not an

ei genval ue.

If A >0, the general solution of the D.E. is
y = clsi nﬁx + czcosﬁx. The B.C. require that

c, - ﬁclzo, and
(sinﬁ + MTCOSMT)C1 + (cosﬁ - ﬁsinﬁ)czzo. In

order to have nontrivial solutions A nust satisfy

(A-l)sinﬁ - Zﬁcosﬁ = 0. In this case c, = ﬁcl
and t hus 0, = sim/)\nx + x/)\n cosw)\n Xx. If A#1, the

ei genval ue equation is equivalent to tanﬁ = Zﬁ/()\— 1)

and thus by graphing f(ﬁ) = tany/A and

g(ﬁ) = Zﬁ/(h—l) we can estinmate the eigenvalues. Since
g(ﬁ) has a vertical asynptote at A = 1 and f(ﬁ) has a
vertical asynptote at ﬁ =12, we see that 1 < W < 17 2.
By interating numerically, we find /A7 0O 1.30655 and thus
A1 0 1.7071. The second eigenvalue will lie to the right of
m, the second zero of tanﬁ. Again iterating nunerically,
we find W 0 3.6732 and thus A, [0 13.4924. For |arge val ues
of n, we see fromthe graph that VAT] O(n-1)m which are the

zeros of tanﬁ. Thus )\n O (n-1)?m2 for large n.

For A < 0, the discussion follows the pattern of Exanple 1
yi el ding y(x) = cisi nhx/ﬂx + czcoshx/ﬂx. The B.C. then yield
Cy - \/ﬂcl = 0 and

(si nhﬁ + ﬁcoshx/ﬂ)cl + (coshﬁ + \/ﬂsi nh@)cz =0, which
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have a non-zero solution if and only if

(p+1) si nhﬁ + Zﬁcoshﬁ = 0. By plottingy = tanh\/H and
y = —2ﬁ/(p+l) we see that they intersect only at p = 0, and
thus there are no negative eigenval ues.

10. If A =0, the general solution of the D.E. is

y =c t+cx The B.C. y(0) + y'(0) = 0 requires

c, +¢c, = 0 and the B.C. y(1) = 0 requires c, +¢c, = 0

and thus A = 0 is an eigenvalue with correspondi ng
ei genfunction (po(x) = 1-X.

If A <0, set -A =p2 to obtainy = c,Cosux + C,Si nuXx.

2
In this case the B.C. require c, +uc, = 0 and

c,cosp + c sinu = 0 which yields nontrivial solutions for c,

2
and cz(i.e., clz-ucz) if and only if tany = p. By
plotting on the same graph f(u) = p and g(p) = tany, we see
that they intersect at uO:O(u:O - A = 0, which has

al ready been di scussed), My 0 4.49341 (which is just to the

left of the vertical asynptote of tanu at p = 317 2,
Mo O 7.72525 (which is just to the left of the vertical

asynptote of tanyg at p = 51 2) and for |arger val ues
w, O(2n+1)W 2. Since A = -uﬁ, we have A, O -20.1907,

Ao = -59. 6795, )\n O -(2n+1)2T[2/4 and 0, = Si NP X - M _COSH X.

If A >0, the general solution of the D.E. is
y(x) = c,coshy/Ax + c,sinh/Ax. The B.C. respectively
require that c, + ﬁcz = 0 and clcoshﬁ + czsi nhﬁ = 0 and

thus A nmust satisfy tanhﬁ = ﬁ in order to have
nontrivial solutions. The only solution of this equation is
A = 0 and thus there are no positive eigenval ues.

1la. From Eq. (i) the coefficient of y' is puQand fromEqg.(ii) the
coefficient of y"is (uP)'. Thus (uUP)' = p@Q which gives
Eq. (iii).
11b. Eq.(iii) is both linear and separable. Using the latter
approach we have dw/ u = [(Q P)/P]dx and thus
[ np = LX[QS)/P(S)]ds - InP. Taking the exponential of
0

both sides yields Eq.(iv). The choice of X, sinply alters
the constant of integration, which is imuaterial here.
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Since P(x) = x2 and Qx) = x, we find that
u(x) = (1/x2)exp[l?(s/sz)ds] = k/x, where k is an
0
arbitrary constant which nmay be set equal to 1. It

foll ows that Bessel’s equation takes the form
(xy)'" + (x2-02/x)y = 0.

18a. Assuming y = s(x)u, we have y' = s'u + su' and

20.

y" = s"u + 2s'u’ + su” and thus the D.E becones

su” + (2s'+4s)u’ + [s" + 4s' + (4+9N)s]u = 0. Setting

2s' + 4s = 0 we find s(x) = e2¥ and the D.E. becomes

u’” + 9xu = 0. The B.C. y(0) =0 yields s(0)u(0) = 0, or

u(0) = 0 since s(0) #0. The B.C. at L

is y'(L) =s'(L)u(L) + s(L)u'(L) = e?(-2u(L) + u(L)) =0
and thus u'(L) - 2u(L) = 0. Thus the B.V.P. satisfied by
u(x) is u” + 9wu =0, u(0) =0, u'(L) - 2u(L) = 0.

If A <0, the general solution of the DDE. u”" + 9Aau = 0
is u = cysinh3px + cpcosh3ux where -A = p2. The B.C.
require that co = 0, cq(3ucosh3uL - 2sinh3uL) = 0. In
order to have nontrivial solutions p nust satisfy the
equation 3w/ 2 = tanh3puL. A graphical analysis reveals
that for L < 1/2 this equation has no solutions for p #0
so there are no negative eigenvalues for L < 1/2. |If

L > 1/2 there is one solution and hence one negative

ei genval ue with eigenfuction @.1(x) = e ?*si nh3px.

If A =0, the general solution of the DDE. u”" + 9Aau = 0
is u==cy +cox. The B.C. require that c; = 0,

co(1-2L) = 0 so nontrivial solutions are possible only if
L =1/2. 1In this case the eigenfuction is @g(x) = N

If A >0, the general solution of the DDE. u” + 9Au = 0
is u=cysin3/Ax + cycosy/Ax. The B.C. require that
cp, =0, cl(3v5(cos3V5(L - 2sin3y/AL) =0. In order to
have nontrivial solutions A nust satisfy the equation
/A = (2/3)tan3\/AL. A graphical analysis reveals that

there is an infinite nunber of solutions to this
ei genval ue equation. Thus the eigenfunctions are

Pn(x) = e ®sin31/A, x where the eigenval ues A, satisfy

/An = (2/3)tan3y/A, L.

This is an Eul er equation whose characteristic equation
has roots r;y = Aand rp, = 1. If A =1 the genera

solution of the DDE. is y = c,x + c2xlnx and the B.C
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require that c, =¢c, = 0 and thus A = 1 is not an
eigenvalue. If A #1, y = c,x + czxA is the genera
solution and the B.C. require that c, +¢c, = 0 and

2c, + c22A - (¢, + A022N1) = 0. Thus nontrivial solutions

exist if and only if A = 2(1-2%). The graphs of

f(N) =X and g(A\) = 2(1-2°}) intersect only at A =1
(whi ch has al ready been discussed) and A = 0. Thus the
only eigenvalue is A = 0 with correspondi ng ei genfunction
@x) =x - 1 (since c, = —c2).

For positive A, the general solution of the DE. is

y = clsinyﬁ(x + czcosyﬁ(x. The B.C. require that
’V7(01 +ac, =0, clsin A+ c2cosvﬁ( = 0. Nontrivial
solutions exist if and only if /Acosy/A - asiny/A = 0.

If a =0this equation is satisfied by the sequence
A= [(20-)W2% n=1,2,... . If a#0, A nust

sati sfy the equation y@(/a = tanxfx. A plot of the
graphs of f(y@() = y@(/a and g(y@() = tanvﬁ( reveal s

that there is an infinite sequence of postive eigenval ues
for a < 0 and a > 0.

By procedures shown previously, the cases A < 0 and

A =0, when a <1, lead to only the trivial solution and
thus by part a all real eigenvalues are positive. For

0 < a <1, the graphs of f(v@() and g(v@() (see part a)

i ntersect once on 0 < y@( < 1mW2. As a approaches 1 from
bel ow, the sl ope of f(y@() decreases and thus the

i ntersection point approaches zero.

If A =0, then y(x) = cq + cpx and the B.C. yield
acy + ¢co = 0 and ¢ + ¢co = 0, which have a non-zero
solution if and only if a =1

Let -A = p2, then y(x) = cicoshpx + c,sinhpx and thus the
B.C. yield acy + pcy, = 0 and (coshy)cq + (sinhg)cy, = 0, which
have non-zero solutions if and only if tanhy = W/a. For a>1
the straight liney = wa intersects the curve y = tanhy in
one point, which increases as a increases. Thus A = —pz
decreases as a increases.

Using the D.E. ¢n and follow ng the hint yields:
Iiji;mﬁmndx + ATLlwnmndx = 0. Integrating the first term by
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parts yields: ¢H@M$ - jj@&mhdx = -Aqi;¢nmndx. Upon utilizing
he B.C. the first termon the left vani shes and thus
-[)(p'n(p}djx )\mLL(pn;pndx. Simlarly, the D.E. for ¢, yields
ijhmhdx = Anjj@n¢ndx and thus (A, - An).I;¢nmndx =0. |If

An Z Amthe desired result foll ows.

The general solution of the DLE. is

Yy = C1Si NPX + CpCOSUX + C3Sinhux + cizcoshux where A = pb.
The B.C. require that cp + ¢4 = 0, -cp + ¢4 = 0,

c1Si npL + cpcospL + c3sinhpyl + c4coshpyL = 0, and

ciCcospL - cpsinuL + czcoshpL + cysinhpl = 0. The first two
equations yield co = c4 = 0, and the last two have nontrivia
solutions if and only if sinuLcoshpyL - cosuLsinhpyL = 0. In
this case the third equation yields c3 = -cysinuL/sinhuyL and
thus the desired eigenfunctions are obtained. The quantity
ML can be approximated by finding the intersetion of

f(x) = tanx and g(x) = tanhx, where x = pL. The first
intersection is at x O 3.9266, which gives Ay O 237.72/L* and
the second intersection is at x O 7.0686, which gives

Ao 0 2,496.5/ L%
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1.

We have y(x) = clcosvﬁ(x + czsinvﬁ(x and thus y(0) =0
yields ¢; = 0 and y'(1) = 0 yields V@(czcosvﬁ( =0. A=0
gives y(x) = 0, so is not an eigenvalue. O herw se

A = (2n-1)%n?/ 4 and the eigenfuctions are sin[(2n-1)m/2],
n=122,... . Thus, by Eq.(20), we nmust choose kn so that

1{knsin[(2n—1)ncx/2]}2dx = 1, since the weight function

r(x) =1 (by conparing the D.E. to Eq.(1)). Evaluating the
i ntegral vyields kﬁ/Z = 1 and thus kn = VG? and the desired
normal i zed ei genfuctions are obtai ned.

Not e here that mo(x) = 1 satisifes Eq.(20) and hence it
is already normalized.

From Probl em 17 of Section 11.1 we have eXsi nnTx,
n =12 ... as the eigenfunctions and thus kn must be chosen
so that j?r(x)kﬁezxsinznnxdx = 1. To determine r(x), we nust

wite the DE. in the formof Eq.(1). That is, we multiply
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10.

14.

17.
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the DDE. by r(x) to obtain ry” - 2ry" + ry + Ary = 0. Now
choose r so that (ry’)’ = ry"-2ry', which yields r' = -2r or

-2
r(x) =e X. Thus the above i ntegral becomnes
2 .2
J?knsin nmxdx = 1 and kn = 4/2. Hence @n(x) = x/2exsinnnx

are the normalized eigenfunctions.

Using Eq.(34) with r(x) =1, we find that the
coefficients of the series (32) are determ ned by

= (f.9) = ﬁﬁxsi n[ (2n- 1) ™/ 2] dx

= (4y77/(2n 1)2n2)sin(2n-1)rv2. Thus Eq. (32) vyields
_ 4W -nmt
- Z (2n-1)2

whi ch agrees mnth t he expansi on using the approach
devel oped in Problem 39 of Section 10. 4.

f(x) V2sin[(2n-1)™/2], 0 < x < 1,

In this case wn(x) = (Vﬁf/an)cos«/hnx, wher e
= (1 + sin/x Y2 Thus Eq.(34) yields

= (VES/G&J:COSVX;XdX :'MféinVK;/anvxz.

In this case L[y] =y" +y" + 2y is not of the form shown
in Eq.(3) and thus the B.V.P. is not self adjoint.

In this case L[y] = [(1+x?)y']' + y and thus the D.E. has
the formshown in Eqg.(3). However, the B.C. are not
separated and thus we nust determine by integration
whet her Eq.(8) is satisfied. Therefore, for u and v
satisfying the B.C., integration by parts yields the
fol | owi ng:

(L[u],v) = Ll{[(1+x2) u'+ulvdx = vu'(1+x2) %:-E{(uxZ)v'uwuv}dx

21a.

g d

= vw(1+x2)a)-uv%1+x2)q)+ J?{[(1+x2)v1'+v}udx
= (u, L[v])

since the integrated terns add to zero with the given
B.C. Thus the B.V.P. is self-adjoint.

Substituting @ for y in the D.E., multiplying both sides
by @ and integrating formO to 1 yields

Al?rmzdx = j?{-[p(x)qﬂ'w + g(x)@2}dx. Integrating the
first termon the right side once by parts, we obtain
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Aﬁrcpde = -p(1) (1) (1) + p(0)@(0)@0) + Jj(pcp'hqcpZ) dx.

| f a, # 0, b2 # 0, then ¢@(1) = -blcp(l)/b2 and

o'(0) = —a.lcp(O)/a2 and the result follows. |If a, = 0,

then @0) = 0 and the boundary termat 0 will be missing.
A simlar result is obtained if b2 = 0.

21b. Fromthe text, p(x) > 0 and r(x) > 0 for 0 < x <1 (follow ng
Eg.(4)). If g(x) =0 and if by/by and -aj/ap are non-negati ve,
then all ternms in the final equation of part a are non-negative
and thus A nust be non-negative. Note that A could be zero if
g(x) =0, by =0, a; =0 and @ x) = 1.

21c. If either q(x) # 0 or a; # 0 or by # 0, there is at |east one
positive termon the right and thus A nust be positive.

23a. Using @(x) = U x) + iV(x) in Eqg.(4) we have
Ll = L[UXx) + iV(x)] = Ar(x)[U(x)+i V(x)]. Using the
linearity of L and the fact that A and r(x) are real we
have L[U(x)] + iL[V(X)] = Ar(x)U(x) + iAr(x)V(x).
Equating the real and inaginary parts shows that both U
and V satisfy Eq.(1). The B.C. Eq.(2) are also satisfied
by both U and V, using the same argunents, and thus both
U and V are eigenfunctions.

23b. By Theorem 11. 2.3 each eigenvalue A has only one linearly
i ndependent eigenfuction. By part a we have U and V
bei ng ei genfunctions corresponding to A and thus U and V
nust be linearly dependent.

23c. Frompart b we have V(x) = cU(x) and thus
o(x) = Ux) + icuU(x) = (1+ic)U(x)

24. This is an Euler equation, so for y = x" we have
re - (AM1)r + A =0 or (r-1)(r-A) =0. If A =1, the genera
solution to the DDE. is y = c,x + clenx. The B.C. require
t hat c, = 0, 201 + 2(In2)c2 =0 so c, =¢c, = Oand A =1 is
not an eigenvalue. If A # 1, the general solution to the

DE isy=cx+ czxA. The B.C. require that ¢, + c, = 0 and

2c1 + 2)‘02 = 0. Nontrivial solutions exist if and only if

2 - 2 =0. If Ais real, this equation has no solution
(other than A = 1) and againy = 0 is the only solution to
t he boundary val ue problem Suppose that A = a + bi with
b # 0. Then 2* = 2a+bi = papbi = 2aexp(ibln2), which upon

. . . A . .
substitutioninto2 = 2yields the equation
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exp(ibln2) =22  Since e = cosx + isinx, it follows that
cos(bln2) = 2¥2 and sin(bln2) = 0, which yield a = 1 and
b(In2) = 2nmor b =2nwWlIn2, n =41, #2,... . Thus the only
ei genval ues of the problemare

An =1+ i(2nWlIn2), n = #1, £2,..

For A <0, there are no eigenfuctions. For A > 0 the
general solution of the D.E. is

y =c, +cx+ cssinyﬁ(x + c4cosvﬁ(x. The B.C. require
t hat

c,+¢, =0, ¢, =0, ¢, +c,L + c3S|nv7(L + c4cosv7(L =0,
and

c, + yﬁ(c3cosyﬁ(L - v@(c4sinvﬁ(L = 0. Thus c,=¢,=0
and for nontrivial solutions to exist A nust satisfy the
equati on y@(Lcosx/XL - siny@(L = 0. In this case

c, = (—Vﬁ(cosyﬁ(L)(CS) and it follows that the

ei genfunction 9, is given by

ml(x) = sin(«/Alx) - x/A1x005x/Al L where Al is the
smal | est positive solution of the equation
'V?(L = tan\/XfL. A graphical or nunerical estimate of Al

2
reveal's that A, O (4.4934)%/L".

Assuming A # 0 the eigenval ue equation is

2(1-cosx) = xsinx, where x = y@(L. G aphi ng

f(x) = 2(1-cosx) and g(x) = xsinx we see that there is an
intersection for 6 < x < 7. Since both f(x) and g(x) are
zero for x = 2m this then is the precise root and thus

Al = (2n)2/L2. In addition, it appears there mght be an

intersection for 0 < x < 1. Using a Taylor series
representation for f(x) and g(x) about x = 0, however,
shows there is no intersection for 0 < x < 1. O course
Xx =0 is also an intersection, which yields A = 0, which
gives the trivial solution and hence A = 0 is not an

ei genval ue.

Section 11.3, Page 651

We nust first find the eigenval ues and nornalized

ei genfunctions of the associ ated honbgeneous probl em
y" + Ay =0, y(0) =0, y(1) = 0. This problemhas the
solutions ¢ (x) = k sinnmx, for A = n?m2, n =1,2,...
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Choosing k_ so that Llcpﬁdx =1 we find k_ = /2. Hence

the solution of the original nonhonbgeneous problemis

given by y = an(pn(x), where the coefficients bn are
n=1

found from Eq. (12), bn = cn/()\n-Z) wher e c, is given by

n

c = \/Ej;lxsi nnixdx (Eq.9). [Note that the original
problemcan be witten as -y" = 2y + x and therefore
conparison with Eq.(1) yields r(x) =1 and f(x) = x].
Integrating the expression for c, by parts yields c, =

a1 — /2 (-1)"*1 .
VvV2(-1)"" nmtand thus y = —————— 1/ 2 Si NNTKX.
< ( n2m2- 2) nm

From Problem 1 of Section 11.2 we have

0, = \/Esin[(Zn-l)TD(IZ] for )\n = (2n—1)2n2/4 and from
Probl em 7 of that section we have

c, = 4+/2 (-1)™1/ (2n-1)?m2. Substituting these val ues

into bn = cn/()\n—Z) and y = an(pn yi el ds the desired
n=1
result.

Referring to Problem 3 of Section 11.2 we have
y = by + an(ﬁcosnnx), where b = c /(A -2) for
n=1

n=20,1,2,... . The rest of the calculations follow
t hose of Problem 1.

Not e that the associated ei genval ue problemis the same
as for Problem1 and that |1-2x|] = 1-2x for 0 < x < 1/2
while |1-2x| = 2x-1 for 1/2 < x < 1.

Witing the D.E. in the formEqg. (1), we have -y" = py + f(x),
so r(x) = 1. The associated ei genval ue problemis
y" + Ay =0, y'(0) =0, y'(1) = 0 which has the eigenval ues

A = nm?, n =0,1,2... and the nornalized ei genfunctions

@ = 1, ou(x) = ﬂcosnnx, n=12.., as found in Problem 3,
[o0] [o0]

Section 11.2. Now, we assune y(x) = bg + Z bhon(x) = Z)
n=1 n=

n

C
bn@n(X), Ed.(5), and thus by = ", where cy = Llf(x)cpn(x)dx,
n- M
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n=20,1,2..., Eq.(9). Thus
(o)

Cn CphCOSNTIX
y(x) = On(X) = -col W + 22 ST where we
n= )\n-l‘l n=1 )\n-“‘

have assumed @ # A, n = 0,1, 2..

10. Since p = m? is an eigenval ue of the corresponding
honbgeneous equation, Theorem 11.3.1 tells us that a
solution will exist only if -(a+x) is orthogonal to the

correspondi ng ei genfunction yﬁfsinnu. Thus we require
J?(a+x)sinﬂudx = 0, which yields a = -1/2. Wth a = -1/2,
we find that Y = (x-1/2)/ m? and Yo = csinmx + dcostx by
net hods of Chapter 3. Setting y = Yo Y and choosing d

to satisfy the B.C. we obtain the desired famly of
sol uti ons.

11. Note that in this case p = 4m@ and 0, = yﬁisinZnM are the

ei genval ue and ei genfunction respectively of the
correspondi ng honogeneous equati on. However, there is no

val ue of a for which —y@?l?(a+x)sin2nudx = 0, and thus

there is no solution.

12. In this case a solution will exist only if -ais
ort hogonal to yﬁicosnu., that is if [‘acosmxdx = O.

Since this condition is valid for all a, a famly of
sol uti ons exists.

14. Since }Ecnwn(x) converges to zero we have }Ecnwn(x) = 0.
n=1 n=1
Mul tiplying and integrating as suggested yields

L1[zcncpn(x)]r(x) 0.(x)dx = 0 or
n=1

}Ecq[?r(x)@n(x)¢n$x)dx = 0. The integral that nultiplies c,
n=1

is just qmlEq.(ZZ) of Section 11.2]. Thus the infinite sum
becones cn]and the | ast equation yields Cp = 0.

18. A twice differentiable function v satisfying the boundary
conditions can be found by assuming that v = ax + b
Thus v(0) = b =1 and v(1) = a + 1 while v'(1) = a.
Hence 2a + 1 = -2 or a = -3/2 and v(x) =1 - 3x/2.
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Assuming y = u + v we have (u+v)" + 2(u+v) =

u" + 2u + 2(1-3x/2) =2 - 4x or u" + 2u = -x, u(0) =0,
u(l) + u(1l) = 0 which is the sane as Exanple 1 of the
text.

(o)

From Eqg. (30) we assume u(x,t) = }Ebn(t)wn(x), where the
n=1

@, are the eigenfunctions of the rel ated ei genval ue

problemy” + Ay = 0, y(0) =0, y'(1) =0 and the bn(t) are
given by Eq.(42). From Problem 2, we have

= y/2sin[(2n-1)™/ 2] and A= (2n-1)’m%/ 4. To
eval uate Eq. (42) we need to calcul ate
o = J?sin(nMIZ)VEESin[(2n—1)nu/2dx [Eg. (41) with
r(x) =1 and f(x) = sin(mx/2)], which is zero except for
n =1 in which case o, = yﬁilz, and

1(-x)yﬁ?sin[(Zn-l)n&x/Z]dx [Eq. (35) with

yn
F(x,t) = -x]. This integral is the negative of the c, in
Probl em 2 and t hus
Y, = -44/2 (-1)™Y (2n-1)2m2 = -c, n=1,2... . Setting
Y, = -¢, in Eq.(42) we then have
b = \/Eie-na/4 - ¢ [tem2(t-5)/44g
1 2 lJ(-)
4
- nge-na/4 ) Cle-nqt-g/4
2 ™
4 4
- nge-nﬁl4 . ‘1 n Cle-nn/4 and
2 ™ ™
A A (t-
sinilarly bn:-cnﬁe s = (e raye S)a
-A
= -(c/A)(1-e ), where A= (2n-1)2r2 4,
n=23,... Substituting these values for b al ong

with o, yrfs|n[(2n 1)/ 2] into the series for u(x,t)
yields the solution to the given probl em

In this case o = 0 for all n and Y, is given by

y = Lle-t(l-x)ﬁsi n[ (2n- 1) ™/ 2] dx

n
= e*J?(l-x)Vﬁisin[(2n-1)nu/2]dx. This last integra

can be witten as the sumof two integrals, each of which
has been evaluated in either Problem6 or 7 of Section
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11.2. Letting c, denot e the val ue obtained, we then have

t A (t-s)

y =cetlt and thus b =c¢ J'e e Sds =
n n n

n o
-)\nt t (An-l)s _ -t -Ant
c.e j;e ds = [c /(A -1)](et-e " n), where
An = (2n-1)2n2/4. Substituting these values into Eq.(30)
yi el ds the desired sol ution.

Usi ng the approach of Problem 23 we find that v(x)
satisfies v" =2, v(0) =1, v(1) = 0. Thus

v(x) = x2 + c,x +¢c, and the B.C. yield v(0) = c, = 1 and
v(l) =1 + c, 1 =0 or c, = -2. Hence

v(x) =x2 - 2x + 1 and W(x,t) = u(x,t) - v(x) where, from
Probl em 23, we have W= W, w(0,t) =0, w(1,t) = 0 and
W(x,0) =x2 - 2x + 2 - v(x) =1. This last problemcan
be solved by nethods of this section or by nethods of

Chapter 10. Using the approach of this section we have
wWx,t) = j{ bn(t)wn(x) wher e @n(x) = yﬁfsinnnw
n=1

[which are the nornalized ei genfunctions of the
associ ated ei genval ue problemy” + Ay = 0, y(0) = 0,
y(1) = 0] and the bn are given by Eq.(42). Since the

P.D.E. for w(x,t) is honbgeneous Eq.(42) reduces to
A
b = oe nt(An = n?m2 fromthe above eigenval ue problen,
wher e
a = Ijlw/fsinnnxdx = +/2[1-(-1)"/nt  Thus

= /2 [1-(-1)"
u(x,t) = x2-2x + 1 + §E444l44£44)4L e N2, /2 si nnmx,
nTt
n=1
which sinplifies to the desired solution

Since y. = c1+tCoX, we assune that
Y(x) = ul(x) + xuz(x). Then Y' = u, since we require
ul + xué = 0. Differentiating again yields Y = u& and

thus u, = -f(x) by substitution into the D.E. Hence
uy(x) = -fo(s)ds, u, = xf(x), and u(x) = Lxsf(s)ds.
Therefore Y :Lxsf(s)ds - xﬁ(f(s)ds = -Lx(x-s)f(s)ds and

®x) =c, +CX - Lx(x—s)f(s)ds.

N~
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Frompart a we have y(0) = c; = 0. Thus
y(x) = cox - J(')X(x-s)f(s)ds and hence

y(1) = cy - j?(l-s)f(s)ds = 0, which yields the desired

val ue of c».

From parts a and b we have

@(x) = xLl(l-s)f(s)ds - J;X(x-s)f(s)ds
:‘[)Xx(l-s)f(s)ds +L1x(1-s)f(s)ds - Lx(x-s)f(s)ds

= Lx(x-xs-x+s)f(s)ds + le(l-s)f(s)ds
= ‘[)Xs(l-x)f(s)ds + J;lx(l-s)f(s)ds.

Ve have @(x) = Ee(x,s)f(s)ds

:Lxe(x,s)f(s)ds +L1qx,s)f(s)ds
= j?s(l-x)ds + l?x(l—s)ds, which is the sane

as found in part c.

In this case yl(x) = si nx and y2(x) = sin(1l-x) [assune
yz(x) = c,cosx + czsinx, let x = 1, solve for c, in terms

of c, using y(1) = 0 and then let c, = sinl]. Using

t hese functions for Y, and y, we find wal,yz) = -sinl
and thus (x,s) = -sins sin(1-x)/(-sinl), since p(x) = 1,
for 0 £s <£x. Interchanging the x and s verifies x,s)

for x < s < 1.

Since Wy, ,y,)(x) = yl(x)yé(x) - yz(x)y&(x) we find that
[PCX)WY L Y,) ()] = P (X) LY (X)Y,(X) - y,(X)y (X)]

+ P(X) LY (X)Yy5(x) + y (X)y5(X) - y(x)y (X)) - y,(X)y;(x)]
= y,lpy,]" -y eyl =y [a(x)y,l - y,[a(x)y,] = 0.

Let ¢ = p(x)VVyl,yz)(x). If 0 <s <x, then
G(x,s) = -yl(s)yz(x)/c. Since the first argument in

G(s,x) is less than the second argunent, the bottom
expression of formula (iv) nust be used to determ ne
G(s,x). Thus, s,x) = —yl(s)yz(x)/c. A simlar argunent

holds if x < s < 1.
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30e. V& have ¢(Xx) = Lle(x,s)f(s)ds

_ _LXYI(S)VZ(X)f(S) ds - Llyl(X)YZ(S)f(S)d
c c
(where ¢ = p(x)Wyy,y2) and thus, by Leibnitz's rule,

c@(x) = -yi(x)ya2(x)f(x) - nyl(S)Y'z(X)f(S)dS + y1(x) y2(x) f(x)
-ij&(x)yz(s)f(s)ds. Fromthis we obtain
-c(pg)’ = (py'z)’nyl(S)f(S) ds + pyayaf(x)

Nl ' A
+ (pY1)LYZ(5)f(5)dS - pywy2f(x). Dividing by
¢ and addi ng g(x)@(x) we get

(-pg) '+q = (py” Ly f(s)ds - qyzfyl(s)f(s)ds
(pyl) [ya)(sds - %ﬁyxs)f(s)ds + £(x)

(pyz) qy»

(py1) - qylj?yz(s)f(s)ds £ £(x)
c

LX y1(s)f(s)ds +

1‘(X),

since y; and y, satisfy L[y] = 0. Using @(x) and ¢@'(x) as
found above, the B.C. are both satisfied since yi(x)
satisfies one B.C. and yy(x) satisfies the other B.C

33. In general y(x) = c,cosx + czsinx. For y'(0) = 0 we nust

choose c, = 0 and thus yl(x) = cosx. For y(1) = 0 we have
clcosl + czsinl = 0, which yields c, = -cl(cosl)/sinl and

t hus y2(x) = c,cosx - cl(cosl)sinx/sinl

cl(sinlcosx - coslsinx)/sinl

sin(l-x) [by setting c, = sinl].

Furt her nor e, Vlyl,yz) = -cosl and thus
L coss sin(1-
0 (1-x) 0 <s <x
ax, s) E cosl
X, = ’
cosx sin(1-
(1-5) s <1
0 cosl
and hence

o x) = j?[cosssin(l—x)f(s)/cosl]ds
l[cosxsin(l-s)f(s)/cosl]ds is the solution of the

gi ven B. V. P.
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2a.

2b.

2cC.

The D.E. is the same as Eqg.(6) and thus, fromEq.(9), the
general solution of the D.E. is

y = clJO(ﬁx) + cZYO(ﬁx). The B.C. at x = 0 requires

t hat c, = 0, and the B.C. at x = 1 requires

clﬁJb(ﬁ) = 0. For A =0 we have @, (x) =J,(0) =1
and if A is the n'h positive root of J'O(ﬁ) = 0 then
cpn(x) = JO(«/)\n X). Note that for A = 0 the D E. becones

(xy)" = 0, which has the general solutiony = cll nx + c,.
To satisfy the bounded conditions at x = 0 we nust choose
c, = 0, thus obtaining the sane solution as above.

1

For n # 0, set y = ‘]o(”)‘nx) inthe DDE. and integrate
. 1, oy e 1
fromO to 1 to obtain -JE)(XJO) dx = )\anJO(«/)\nx)dx.

Integrating the left side of this equation yields

1 T I - T - I —_ H
L(XJO) dx = xJ(1/A x)a =3 (4/A,) - 0 =0 since the A_

. 1 _
are eigenvalues frompart a. Thus LXJO(”)‘n x)dx = 0.
For other n and m we let L[y] = -(xy")'. Then

L[Jo(x/)\n x)] = )\nxJO(x/)\n x) and

L[Jo(x/)\mx)] = )\meO(x/)\mx). Multiply the first equation

by JO(«/)\mx), t he second by ‘]o(”)‘n X), subtract the

second fromthe first, and integrate fromO to 1 to
obtain

FOG AL 0T = 360 A LI A0 Tk =
(A, - A) J(;liO(MTnx)JO(Vme)dx. Again the left side

is zero after each termis integrated by parts once, as
was done above. |If )\n % )\m the result follows with

0,(x) = J,(1/A, %)

Since A = 0 is an eigenval ue we assune that

[o]
y = by + anJo(«/)\n x). Since
n=1

—[xJ'O(x/)\nx)]' = )\nxJO(«/)\nx), n=2~0,1,..., we find that
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00
~(xy)" = x) A b J(1/A %) [note that A, = 0 and by are
n=1

m ssing on the right]. Now assune
(o)

f(x)Ix = Cy t chJo(«/Anx). Mul ti plying both sides by

n=1
xJO(«/)\mx), integrating fromO to 1 and using the
orthogonality relations of part b, we find

c, :Llf(x)JO(ﬁx)dx/ﬁlig(\/Tnx)dx, n=012...

[ Not e t hat Cy = 2 lf(x) dx since the denoni nator can be

integrated.] Substituting the series for y and f(x)/Xx
into the D.E., using the above result for -(xy')’, and
simplifying we find that

(Wb, + c.) + Z[cn - b (A, - p)]Jo(ﬁx) = 0. Thus
n=1

bO:-CO/u and bn:cn/()\n-p), n=12 ..., were )\n

are obtained from J;)(«/)\n) = 0.

Let L[y] = -[(1-x2)y']". Then Lle] = A ¢ and

L[(p"] = )\mcpm. Multiply the first equation by O t he
second by Q. subtract the second fromthe first, and
integrate fromO to 1 to obtain

Ll(mmL[ 0] - oLlg])dx = (A - )\n)E(pncpmdx. The integral
on the left side can be shown to be 0 by integrating each
termonce by parts. Since )\n # )\mif m# n, the result
follows. Note that the result nmay also be witten as
Llpzm(x) P, (X)dx =0, m#n,

(o)
First let f(x) = ZCn(pn(x), mul tiply both sides by (pm(x),
n=1
and integrate termby termfromx =0 to x = 1. The
orthogonal ity condition vyields

c :.Llf(x)(pn(x)dxlﬁl(pﬁ(x)dx, n=12 ... where it is

n
under st ood t hat (pn(x) = P2n_l(x). Now assumne

(o)
y = an(pn(x). As in Problem 2 and in the text
n=1
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(o]
-[(1-x2)y]" = }EAnbnwn since the @ are ei genfuncti ons.
n=1
Thus, substitution of the series for y and f into the D E

(o)

and sinplification yields }E[bn(An-p) - cn]wn(x) = 0. Hence
n=1

b, =c/(A - W, n=12... and the desired solution is

obtained [after setting @n(x) = szl(x)]'

Section 11.5, Page 666

la.

1b.

1c.

Since u(x,0) = 0 we have Y(0) = 0. However, since the
other two boundaries are given by y = 2x and y = 2(x-2)
we cannot separate x and y dependence and thus neither X
nor Y satisfy honmbgeneous B.C. at both end points.

The liney = 2x is transfornmed into £ = 0 and y = 2(x-2) is
transformed into & = 2. The linesy =0 andy = 2 are
transformed inton =0 and n = 2 respectively, so the
paral l el ogramis transforned into a square of side 2. From
the given equations, we have x = & + n/2 and y = 1. Thus
Ug = UxXg + Uyyg = Uy and
Uy = UxXpy + Uyyy = 1/2uy + uy. Likew se
Ugg = Uxx - Xg + UxyYeg = Uxx
Up = UyxxXp + UxyYn = 1/ 2uyx + Uuyxy and
Upn = 1/ 2UxxXy + 1/ 2UxyYn + UyxXy + UyyYp

= 1/ 4uyx + Uxy + Uyy. Therefore,
5/4ug - Ugy + Upy = Uyx + Uyy = 0.

Substituting u(&n) = U V(n) into the equation of part b
yields 5/4U'V - UV + W' = 0 or upon dividing by W
5U . AAR VA,
4 U Vv
B.C. becorme U(E,0) =0, UE 2) = f(&+t1l) (since x =& + n/2),
Uo,n) =0, and U 2,n) = 0.

, Which is not separable. The

This problemis very simlar to the exanple worked in the
text. The fundanental solutions satisfying the
P.D.E. (3), the B.C. u(1,t) =0, t =0 and the finiteness
condition are given by Egs.(15) and (16). Thus assune
u(r,t) is of the formgiven by Eq.(17). The I.C require
0]
that u(r,0) = chao(xnr) = 0 and
n=1
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5a.

5b.

Section 11.5

(o]

u (r,0) = Z)\naknJo()\nr) = g(r). From Eq. (26) of
n=1

Section 11.4 we obtain c, = 0 and

_ 1 (— _
Aka = Lrg(r)Jo(Anr)dr/LrJO()\nr)dr, n=12...

This problemis the sanme as Problem 22 of Section 10.7.
The periodicity condition requires that p of that problem
be an integer and thus substituting p2 = n2 into the
previous results yields the given equations.

Substituting u(r,0,z) = R(r)©(6)Z(z) into Laplace’s
equation yields ROZ + ROZ/r + RO"Z/r2 + ROZ" = 0 or

equivalently R/R+ R/TR + ©"/r20 = - Z'/Z = ¢. |n order
to satisfy arbitrary B.C. it can be shown that o nust be
negative, so assume o = -A2, and thus Z" - A2Z = 0 and,

after sonme algebra, it follows that

r’R/R+ rR/IR+ A2r2 = -0Q"/© = a. The periodicity
condition ©(0) = ©(2m requires that \/F be an integer n
so a = n2 Thus r2R' + rR + (A%r2 - n2)R = 0,

@" + n20 = 0, and Z" - A2Z = 0.

If u(r,8,z) is independent of 8, then the ©"/r20 term
does not appear in the second equation of part a and thus
RIR+ R/rR=- Z"1Z = -A2, fromwhich the desired result
fol | ows.

Assuming that u(r,z) = R(r)Z(z) it follows from Problem5
that R = cl.JO()\r) + czYO()\r), fromEq. (13), and

Z = kle'xZ + k2e7\z. Since u(r,z) is bounded as r - 0 and
approaches zero as z - o we require that c, = 0, k2 = 0.
The B.C. u(l1,z) = 0 requires that JO()\) = 0 leading to an

infinite set of discrete positive eigenval ues
)\1, )\2, c An. .. . The fundanental solutions of the

-A
probl em are then un(r,z) = JO()\nr)e nz, n=12...

- A
Thus assume u(r,z) = chJO()\nr)e "“.  The B.C.
n=1
f(r), 0O <r <1 requires that

chJO()\nr) = f(r) so

n=1
Y o (- _
c, = er(r).]o()\nr)dr/‘[)rJO()\nr)dr, n=12...

u(r, 0)

u(r,0)
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10.
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Again, O periodic of period 2minplies A2 = n2. Thus the
solutions to the D.E. are R(r) = clJn(kr) + czYn(kr) (note

that A and k here are the reverse of Problem 3 of Section
11.4) and ©(6) = dlcosne + dzsi nnG, n=20,1,2... . For the

solution to remai n bounded, c2 = 0 and thus

v(r,0) = (1/2)cgdo(kr) + ZJn{kr)(bmsi nrr9+cmcosrrﬁ).
m=1

Hence v(c,0) is then a Fourier Series of period 2m and
the coefficients are found as in Section 10.2, Egs.(13),
(14) and Probl em 27.

Substituting u(p,0,@ = P(p)O(0)P(@ into Laplace's
equation | eads to

Pp2P"/ P + 2pP/P = -(csc2@)@"/O - @'/ - (cotg) @/ d = o.

In order to satisfy arbitrary B.C. it can be shown that o
must be positive, so assume o = p2.

Thus p2P" + 2pP' - p2P = 0. Then we have

(sin2@) @"/ ® + (singcosg) @/ d + p?sin2p = - O"/O = a.

The periodicity condition ©(0) = ©(2m requires that \/F
be an integer A so a = A2, Hence ©" + A\20 = 0 and

(sin2@) @" + (singcos@) @' + (p2sin2g - A2)d = 0.

Since u is independent of 6, only the first and third of
the Egqs. in 9a hold. The general solution to the Euler
equation is

P = clprl + czpr2 where r, = (-1+\/1+4p2)/2 > 0 and
r, = (-1-1/1+4p2)/2 < 0. Since we want u to be bounded

as p - 0, we set c, = 0. As found in Problem 22 of

Section 5.3, the solutions of Legendre’s equation,

Probl em 9c, are either singular at 1, at -1, or at both
unless p2 = n(n+l), where n is an integer. In this case,
one of the two linearly independent solutions is a

pol ynom al denoted by Pn (Probl ens 23 and 24 of

Section 5.3). Since r, = (-1 + /1+4n(n+l) )/2 = n, the
fundanental solutions of this problemsatisfying the
finiteness condition are un( p, O = pnPn(s) = p“Pn(cosq)),
n=122... . It can be shown that an arbitrary

pi ecewi se continuous function on [-1,1] can be expressed

as a |linear conbination of Legendre polynom als. Hence
we assune that
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(o]

u(p,® = chp”Pn(coqu). The B.C. u(1,¢9 = f(@ requires

n=1
(o)

that u(l, ¢ = ZCnPn(coscp) =f(g), 0 <=1 From
n=1
Probl em 28 of Section 5.3 we know t hat Pn(x) are

ort hogonal . However here we have Pn(coscp) and t hus we

must rewite the equation in Problem9b to find
-[(sing @]' = p2(sing ®. Thus Pn(coscp) and Pm(coscp) are

ort hogonal with weight function sing. Thus we nust
nmultiply the series expansion for f(¢@ by si n(me(COS(p)

and integrate fromO to mto obtain
c = Lnf(@) si ngP (cosq) d(p’L"Si ngP2(cos@) dg. To obtain the
answer as given in the text let s = cosq.

Section 11.6, Page 675

2a. by = «/Zj;lxsi nmxdx = /2 (-1) ™1/ mt and t hus
n
2 - 1) ™1si npx
s, = 72 (-1) _
T m

m=1

2b. W have R, = Ll[x - Sn(x)]zdx, where S,(x) is given in

part a. Using appropriate conmputer software we find
Ry = .1307, R, = .0800, R; = .0367, Ryp = .0193, Rz = .0131
and Rig = .0104.

2c. As in part b, we find Rg = .0099, and thus n = 20 wll
i nsure a mean square error less than .O0Ll.

4da. Wite Sn(x) as n\/;/e”“/2 and use L' Hopital’s Rule:

X X

enx2/ 2 - nLgJ X2

2

Sh(0) = 0 and thus Inim Sh(x) =0 for all x in [0,1].
— 00

Ry, > Ll[ 0- Sp(x)]2%dx = nz‘[)lxe‘”xzdx

lim =0 for x #0. For x =0,
n-oo

2
en></2

n n .
= —Ee”XZEé = E(l—e'”). Since e™ - 0as n - o, w

have that R, - o© as n - oo.
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Expandi ng the integrand we get
- 2
R —Lr(x)[f(x) - S (x)]%dx

= [fr(x)f2(x)dx - 2 N ¢ [r(x)f(x) @ (x)dx
! 2k '

+ jé jicicjj?r(x)@i(x)¢j(x)dX,
i=1j-=1

where the last termis obtained by cal cul ating Sﬁ(x).
Using Egs. (1) and (9) this becones
n

R = Llr(x)fz(x) olx-zzlciai + icf

1
n n

:Llr(x)fz(x)dx ; Zaﬁ + Z(ci - @)% by conpleting
i=1 i=1

the square. Since all terms involve a real quantity
squared (and r(x) > 0) we may concl ude qus m ni mzed by

choosi ng c, = a. This can al so be shown by cal cul ating
6Ftn/6ci = 2(ci-ai) and setting equal to zero.

From part a we have fo(x) = 1 and thus fl(x) =c, t X

: _ _
must satisfy (fo,fl) = I;(cl+02x)dx = 0 and
(fl,fl) = j?(cl+czx)2dx = 1. Evaluating the integrals

yields ¢, + c,/2 = 0 and ci +c,c, + 03/3 = 1, which have

1 172
the sol ution c, = yﬁ?, c, = —Zyﬁg and thus

f(x) = /3 (1-2x).

_ 2 ; —
fz(x) = ¢, *t C,x + Cc X2 nust satisfy (fo'fz) = 0,

(f,.f,) =0and (f,f) =1

For gz(x) =Ccp t o+ c3x2 we have (go,gz) = 0 and
(91'92) = 0, which yield the sane ratio of coefficients
as found in 7c. Thus gz(x) = cfz(x), where ¢ may now be

found fronwgz(l) = 1.

This problemfollows the pattern of Problem 7 except now
the limts on the orthogonality integral are from-1 to

: _ B : .
1. That is (P, P) —J_'lPi(x)Pj(x)dx =0, i #j. For

i = 0 we have Po(x) =1land for i =0andj =1 we
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- n _ 2 _ _
have(PO, Pl) = _[1(C1+02X) dx = (c1x+czx /2) gl = 201 = 0 and
thus P(1) = 1 yields Pl(x) = X. The others followin a

simlar fashion.

9a. This part has essentially been worked in Problem5 by
setting c, = a.

9b. Eqg.(6) shows that Rn > 0 since r(x) =2 0 and thus
n
J;lr(x)fz(x)dx - Zaiz > 0. The result follows.
=1
9c. Since f is square integrable, J;)lr(x)fz(x)dx = M< o and
t heref ore the nonotone increasing sequence of partial
n
sums T = Za? i s bounded above. Thus |imTl_exists,
n | N-ooo N
i=1
whi ch proves the convergence of the given sum
9d. This result follows frompart a and part c.

(o)
9e. By definition if Zai(pi(x) converges to f(x) in the
i=1
00
mean, then R - 0 as n - co. Hence Llr(x)fz(x)dx = Zaiz.
i=1
o]
conversely, if [fr(x)f2(x)dx = Y a2 |imR = 0 and
Y, L 2, LimR
i=1
(o)
Zai(pi(x) converges to f(x) in the nean.
i=1
(o)
10. Bessel’s inequality inplies that Zaiz converges and thus
i=1
the nth terma - 0as n - oo

12. If the series were the eigenfunction series for a square

[oe]

i ntegrable function, the series Zaiz woul d have to

i=1
converge. But aozl, alzllx/f,..., anzllx/ﬁ,...,

00 [oe]

and Zaﬁ = Zl/n is the well-known harnonic series which
n=1 n=1

does not converge.
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